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Unit Lessons

Lesson One : Organizing data in matrices.
LessonTwo : Adding and subtracting matrices.
Lesson Three:  Multiplying matrices.

Lesson Four : Determinants.

Lesson Five : Multiplicative inverse of a matrix.

Learning outcomes

By the end of this unit, the student should be able to :

e Recognize the concept of the matrix and its order.

* Model some real life problems using the matrices.

e Recognize some special matrices.

¢ Recognize the equality of two matrices.

e Find the transpose of a matrix.

e Multiply a real number by a matrix.

e Recognize the concept of symmetric matrix and skew symmetric matrix.
e Carry out the operations of addition , subtraction and multiplication on matrices.
e Recognize the properties of addition and multiplication of the matrices.
¢ Use matrices in other domains.

® Recognize the determinant of a matrix of order 2 x 2 and 3 x 3

¢ Find the value of the determinant of order 2 x 2 and 3 x 3

e Find the surface area of the triangle using the determinants.

¢ Solve a system of linear equations using Cramar’s rule.

¢ Find the inverse of the square matrix of order 2 x 2

¢ Solve two simultaneous equations using the inverse of a matrix.

Brief History

¢ The British scientist J.J. Sylvester was the first to use the expression
“matrix”.

¢ The British scientist Cayley was the first to use the matrices, and R
he is a mathematical scientist and has a lot of searches especially in (181 4y_ 1897)

algebra which included the theorem of matrix.

e Matrix is commonly used in modern times, and it includes many
branches of science and knowledge, we use it in statistics and
economics, sociology, psychology and so on. Fruther more, matrices
have an important role in mathematics especially in the branch of
linear algebra. Arthur Cayley

(1821 - 1895)




¢ A pizzeria sells four kinds of pizzas : (Vegetarian - Chicken -
Beef - Cheese) and serves for each kind three different sizes
: (small - medium - large)

* To remember these data and compare between them easily »

the shop owner arranged the average of the number of sold

pieces daily in the following table :

| Size
Small Medium Large
Vegetarian 15 13 9
B Chicken 16 18 12
;’5 Beef . 13 | 10 8
| Cheese 18 | 20 17

* Each number in this table has a certain meaning » for example » the number 10 refers
to the number of sold pieces of beef with medium size and the number 12 refers to the

number of sold pieces of chicken with large size and so on.

* For we know that the numbers of the first row refer to the average of sold pieces of
vegetarian daily with the sizes : (small - medium - large) respectively s similarly »
the numbers of the second row for chicken s the numbers of the third row for beef and the
numbers of the fourth row for cheese respectively » then we don't need the previous table »

and we are satisfied to write the data in a simple form by writting only the contained
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Matrices

numbers in the table in the same order inside two large parentheses as ( )
15 13 9
16 18 12

Then we write the daily averages for the sales of the shop = 13 10 S

18 20 17

e This form is called a number matrix and the numbers contained inside the two parentheses
are called the elements of the matrix.

o This matrix is formed from four rows

1% column 2™ column 3 column
and three columns as in the opposite ¢ ¢ ¢
figu we sa it is a matrix
gure » SO y that mat: 15 13 9 | «—1%row
of order 4 x 3 or simply "a 4 x 3 matrix" d
) 16 18 12 | «—2" row
and we notice that we mention the J
_ 13 10 8 | «—3% row
number of rows firstly » then the .
18 20 17 | «—4" row

number of columns.

" _Remorit

The owner of the shop can organize his previous data in another table as the following table : |

( Kind |
- \ Vegetarlan | Chicken __ B _B_ee_t_'_ ) _|_ _Chges_e _ |
(] Smam | 1 ‘ 16 ‘ 13 18 |
2| Medium ‘ 13 | 18 | 10 | 20 |
‘ ~ Large 9 | 12 | 8 Y

Similarly » we don't need the previous table and we are satisfied with writting the numbers

inside a matrix » then the daily averages for the sales of the

15 16 13 18
shop=| 13 18 10 20 |and it is a matrix of order 3 x 4

L9 12 8 17

11




Unit 1 _

From the previous s we can define the matrix as follows :

' Definition of the matrix

 The matrix is an arrangement of a number of elements (variables or numbers) in
rows and columns enclosed by two parentheses as () » such that the position of each
element in the matrix has a meaning.

e If the number of rows is m and the number of columns is n 5 then the form of the

matrix is m X n or of order m x n or of type m X n (it is read as m by n) where m and n

are positive integers.

» The number of the elements of the matrix = number of rows x number of columns
=mXn

\ Expressing an element inside a matrix

» Capital letters are used to name the matrix or to symbolize itas: A sB »C s X 5Y ...

» but small letters are used to name the elements of the matrix as:a sb sc s X 5y » ...

» If we want to express an element inside the matrix A that lies in the i row and the i

column s then we can express it by the form : &y

B
0o

The element a,, lies in the 2% row and the 3" column (it is read as : a two three)

The element a,, lies in the 3" row and the 2™ column (it is read as : a three two)

X _Example 1 B

) 0 i
IfA= 2 " B:( 4 S)aml(‘z( -
1 6 -4 -1 8 \

-3 ﬁ

0 -2
9 )

b — 3

1 Write the order of each of A » B and C

2 Write the following elements : 8yy 1Dyy 283 3byy 9C55 9Cyg

. Solution ,

Ais a matrix of order 2 x 3 »
B is a matrix of order 2 x 2 and
C is a matrix of order 3 x 3

8 =6 > by=—1 5 ay=-4 , b,=5 » cpy=T s cpy=-2

12



Matrices

[ TRY TO SOLVE

5 -2
If the matrix X =| 4 1
-7 0

1 Write the order of the matrix X.

2 Write the following elements X5, 5 X5, » X5

Remark

If A is a matrix of order m x n » then we can express it by the form :
A= (aij) where :

i=152535..om and j=1352+35...5n

In our study » the cases in which m < 3 and n < 3 will be sufficient.

I Examplc 2}

Write all the elements of the following matrices, showing the order of each matrix:

1 The matrix A= (a;) wherei=1,2,3 and j=1,2
2ThematrixB=(bij)wherei=1 and j=1,2,3

. Solution ’ = =

a1 3y

1 A= ay  ay, |»amatrix of order 3 x 2

43) A3

2 B= ( b, b b13) » a matrix of order 1 x 3

Example 3 ),

Write the matrix (aii) of order 3 x 2 where a; = 2i-j

< Solution —
a;=2x1-1=152,=2x1-2=0 52, =2x2-1=3, . i
a22=2><2—2=2 ’ a31=2><3—1=5 ’ a32=2><3—2=4 (aij)=(3 2)
5 4
( TRY TO SOLVE
Write all the elements of the matrix C = (cij) wherei=1s2and j=1+2+3 W

13



Unit 1

1\, Some special matrices

n' The row matrix | =

L It is a matrix that consists of one row and any number of columns.

For example :

A= (2 3 - 1) is a row matrix of order 1 x 3

3 the column matrix | - -

l_ It is a matrix that consists of one column and any number of rows.

For example :

X =

1. :
, ) is a column matrix of order 2 x 1

ﬂ The square matrix ] =

I It is a matrix in which the number of rows = the number of columns.

For example :

A= ( VEZ 2 ) is a square matrix of order 2 x 2

nlhe zero matrix J

It is a matrix whose all elements are zeroes. We denote it by O__ » it may be a square
matrix or not,

For example :

=(O g ) is a zero matrix of order 2 x 2
2x?2 0

0

0
»O =| O |is azero matrix of order 3 x 1
0

14



Matrices

[ he diagonal matrix |

It is a square matrix in which all elements are zeroes except the elements of its main

diagonal » then at least one of them is not equal to zero. (Where the main diagonal that
contains the elements a;; »a,, »a33 5 ...)

For example :

3 0 0
Y=| 0 ™2 0 |is a diagonal matrix of order 3 x 3
0 0 5

0 0
3 the unit matrix |

sR = ( 2 0 ) is a diagonal matrix of order 2 x 2

L It is a diagonal matrix in which each element on the main diagonal is the number 1 »

and it is denoted by I
y = 1 0. : :
For example : 1= 0 : o83 unit matrix of order 2 x 2
1 0 0
I=[ o 1 0 |is a unit matrix of order 3 x 3
0 0 1

B\ The equality of two matrices

The two matrices A and B are said to be equal if and only if s they have the same order
and their corresponding elements are equal.

T ~ . '
.e. | aj; = bij for each 1 and |

Fovenample:(l ) ~2): . O =2
2 3 -1 % 3 -1

while ( i i ) % ( i Z )because the corresponding elements are different.

and so ( 1 1 i ) * ( 1 i ) because they don’t have the same order.

15



Unit 1 . -

I Example| 4 )8

T

Find the value of each of X sy and z if ( Z

7 5 4 2y-3 5
. Solution |
*.* The two matrices are equal. soz=-1
s X+5=2 S X=-3 s2y-3=7 sLy=5

( TRY TO SOLVE

3 . -
Find the value of each of X and y if (X 2 ) _ ( 8 -2 )
3 2y-9) \3 -y

(\, Multiplying a real number by a matrix

If A is a matrix of order m X n s then the product of any real number k by the matrix A
is the matrix C = k A of the same order m x n » and each element of the elements of
the matrix C equals the corresponding element to it in the matrix A multiplied by the
real number k

ie. ‘cij=kaij s wherei=1+25... smandj=1+25..5n

i.e.| Multiplying a real number by a matrix means multiplying each element of the
elements of the matrix by that real number.

For example :
6 -2 3
2 4 0

6x2 -2x2 3x2 — . —
E booincior & GRS IEREEVS (S
2x2 4x2 0x2 4 8 0 -6-12 0

IfAz( ),then:

| Remark

|
. From the previous s we deduce that it is possible to take a common factor among all
. the elements of the matrix.

Fare..vmmple:(4 : 6):2(2 4 3)
2 0 -14 1 o -7

16



Matrices

I Example 5 )

— == 3
If( g 20)=-2( : Sx),thenfindthevalueofﬂ/xy

~8 16 4 —2y
-_Sotutlon-
--(10 “2‘)):(10 —1ox) f—20=-10X . X=2
~8 16/ \ -8 4y
3 3
y16=4y s y=4 ~Axy=Ys8=2
( TRY TO SOLVE

1 IfA=( ‘I’ _04),thenfind:3As—Aa—5A

24 -8 6 2y
2132 0|=4{_2x 0 ]>thenfind: Xy
12 -4 3 -1

N\ Matrix transpose

-

In any matrix A of order m X n s if we replace the rows by columns or the columns
by rows in the same order » then we will get a matrix of order n x m that is called the

transpose of the matrix A and we denote it by A*

i.e.| TfA=(ay »then A'= (a)

For example :

-IfA=( 21 2 )isamatrixoforder2x3
Notice that
(2 -1 . o (230
sthenA'=| 3 5 |is a matrix of order 3 x 2 ,(A ) = At)t=
o & 15 6/ (a)=a

9
*IfB= ( -2 ) is a matrix of order 3 x 1 (column matrix)
4

9
athenBt=(9 -2 4)isamatrixoforderlx3(rowmatrix) ,(B‘)t:(__z ):B

(F0) Y 0l V/ ol - olsly, - yalsdl 17



Unit 1

Example| 6
0 ° 1
1fA=<"°t30 et ) B 13 27\ ,and A =Bt
csc 30°  sin 30° V? x %
» then find the value of each of : X 5y
. Solution
13 = 3 Y3x
s A= 13| » B‘:( | 1 ) , o A=B!
1 i =L
2 5 27y 2
. _ 2 . e 1. _ R
-'VEX_W --X— 3 L] 2 y—2 .y—4
[ TRY TO SOLVE ]
[ 9 0 t
If 2 x+2 -3 ): 4 6 ,thenfind:-—x—
0 6 3 5y y

™\ Symmetric and skew symmetric matrices

If A is a square matrix » then :
« Ais called a symmetric matrix if and only if A = A*
* A s called a skew symmetric matrix if and only if A=— A

For example :

2 -1 -3 2 -1 -3
«IfA=(_1 4 ¢ |sthenA'=|_1 4 o
-3 0 5 -3 0 5
i.e.| Aisasymmetric matrix because A = A"
' dly -
el
\ 4 -2
' 1 [ A
hen B' 01 2 (1) ’ :
thenB'=| _ 1 _2 == 1
2 > 0 2 3 0 2
= 2 0 4 =2 0

I.&. | Bis askew symmetric matrix because B = - B

18



Remarks

If A is a symmetric matrix s we notice that its elements are symmetric about the main

diagonal » then a;; = a; @@
as in the opposite figure » where (d) \b X\ f)
g =ap=dray =a3=esay=ay="1 (&) () \&

~» The main diagonal

The elements of the main diagonal in the skew symmetric matrix have the numeral zero

» and its elements satisfy the relation % =—ay
0 _% -4
and we notice that in the matrix A = % 0 )
4 -2 0

1
where a,; =—a;, = » v Ay =—ap=4 s ap=-au=-2

Any diagonal matrix is a symmetric matrix.

I Example|7)

5 2X 8

1 IfA= —4 -3 6 |is a symmetric matrix » then find the values of : X 9y
X+2y 6 4
0 3 X 7
QIfB=| z+3 0 -2z |is a skew symmetric matrix
3y-x 6 0

s then find the valuesof : X sy 9z

. Solution ,
" A is a symmetric matrix
S 2X=-4 o X==2
s X+2y=8 sL—2+42y=8

ny=5

19
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Unit 1

2 - B is a skew symmetric matrix

L Z+3=-3X (1) '3y-X=-7 (2)
9—22=—-6 nz=3
Substitutingin (1) : .. 3+3=-3X L X==2
Substitutingin (2): . 3y+2=-7 sy=-3
( TRY TO SOLVE
Complete the following :
1IfA= ( ) - )is a symmetric matrix » find the value of : X
~2X 6
0 -8 5
2 IfB= %X 0 12 |is a skew symmetric matrix » find the values of : X 5y
-5 y-X 0

Now at all bookstores

L CL-MORSSER

@

*Chemistry +Physics
*Biology *Hello English |
*Mathematices

*French

Your way lo success
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Lesson IWO Adding and subtracting matrices

Y aaand

FSH)\ Adding matrices

If A and B are two matrices of the same order » then the addition operation is possible
and the result of addition 1s a matrix of the same order and each of its elements is the
sum of the two corresponding elements in A and B

For example :

IfA:(2 1)andB=(5 2),thenA+B= 2+5 1+2=(7 3)
3 2 2 3

3+2  -2+3 5 1
Example 1
N —————T
1 -2 -1 =2
IfA=|3 51 B=[ 5 1 andC:(2 ) ﬁl)
4 2 302 .
Find each of the following if it is possible : 1 2A + C! 2B+C

1 Solution >

1 -2 t
1 2A+C'=2{3 5 +(2 0 _1)
4 2 3 4 6

2 -4 2 3 4 -1
=[6 10|+ 0O 4]|=|6 14
8 4 -1 6 7 10

2 It is impossible to add B and C s because they don’t have the same order » since B is of
order 3 x 2 and C is of order 2 x 3

21



Unit 1

¥ Example[2 )
2 3 0 4
IfA={_1 s5]and B={2 _3|>checkthat:(A+B)'=A"'+B'
6 7 4 -8
‘._80‘"*‘0".‘
2 3 0 4 2 7
“A+B=(-1 5]|+(2 _-3|=[ 1 2
6 7 4 -8 10 =1
(A+B)‘=(2 ; "1’) (1)
At=(2 -1 6),Bt=<0 2 4)
3 5 7 4 -3 _8
.-.At+Bt=(2 -1 6)+(0 2 4)=<2 I 10) @
3 5 7/ \4 -3 -8/ \7 2 -1

From (1) and (2) > we deduce that : (A + B)! = A' + B

( TRY TO SOLVE

IfA=<5 _2> ’ B=( 4 _3) ,thenf'md:l(A+Bt)
3 4 1 8 3

b,

Find the values of a s b and c that satisfy the equation :
3(a b)=2< a 6)+< 4 b+4)
c 3 -1 3 c+3 3

\ Solution ;

(3a 3b)=(23 12)+< 4 b+4 )(multiplyingareal number by a matrix)
3¢ 9 -2 6 c+3 3

.(3a 3b)_(2a+4 b+16)
“\3¢ 9 c+1 9

and from the property of equality of two matrices :

s 3a=2a+4 sa=4
s3b=b+16 . b=8
s3c=c+1 .'.c=%

22



Matrices

( TRY TO SOLVE

If3(a b)=2(a+1 3)+(2 4+b)
c =) -1 2 c+3 - 10

s then find the value of each of : a sb and ¢

)\, Properties of adding matrices

Let A 5 B and C be three matrices of the order m x n and Q is a zero matrix of

the same order s then the following properties will be satisfied :

Closure property : [ A + B is a matrix of the same order m x n

P31 Commutative property : [ A+B=B+A J

For example :

( 4 2) (—3 1)_<—3 1) ( 4 2)_( 1 3)
+ = + =

-1 5/ \-2 -3/ \-2 -3 -1 5 -3 2

Associative property : L (A+B)+C=A+B+C) J

For example :

A= (1 ) 3)

6 7 8 -9 6 7 16
sthen (A+B)+C = ( B )+(_2 1 4) +<1 ) _5)
7 8 -9 6 7 16
( 1 7)+(1 3 -5)=(0 2 2)
11 ~15) \6 7 16/ \17 20 1

,A+(B+C)=(1—2 3)+[<—21 4)+(1 3 -5)]
4 5 -6 7 8 -9/ \6 7 16

_(1 -2 3)+(—1 4 _1)=<0 2 2)
4 5 -6/ \13 15 7/ \17 20 1
i.e.l (A+B)+C=A+B+C)

23



Unit 1

B The existence of the additive identity :
Zero matrix O is the additive identity “neutral”

'i.e.| A+O=0+A=A

For example :

G o )

B} The existence of the additive inverse :

{ A+(A)=(-A)+A=0 ‘ where (— A) is the additive inverse of the matrix A

For example :

4 1 0
3 9 5 ) s then the additive inverse of Ais — A = (

where

4 1 0 +(—4 -1 0)_0 0 0)_q
3 2 5 3 -2 -5/7\0 0 0/ 2x3
\ Subtracting matrices

If A and B are two matrices of the same order m x n s then the remainder of subtracting

IfA=( 4 -1 0)

3 -2 -5

(A — B) is the matrix C of the order m x n that is defined as follows :
C=A-B =A + (- B) where (— B) is the additive inverse of the matrix B

For example :

IfA=<5 2) findl B=(4 3)
3 _4

meenf] 2 R DM

We can carry out the subtraction operation directly by subtracting the corresponding elements |
- of the two matrices.

For example :
(3 4 5)_(—3 -2 6)=( 6 6 -1)
-2 1 0 0 -1 8 -2 2 -8

24



Matrices

I Example |4

2 1 2 —2 0 4
= 3 s B={_1 5landC={_2 _6

0 4 3 =B 8 -2
, find the value of : 4 A—2 B + + C

IfA=

2
— . Solution ,——— —
g 2 1 2 -2\ [0 4
4A—2B+7C=4 ] 3 1-2|-1 5/*51-2 -6
0 4 3 -3 8 -2
8 4\ (-4 4\ [0 2 4 10
=[-4 12|+ 2 -10|+{-1 =3|=[-3 -1
0 16/ -6 6/ \4 -1/ \-2 21
(TRY TO SOLVE
HA:(‘3 2) ) B=(2 0)andC=(3 2)
0 -2 0 5 2 1

s then find the valueof : 2A+3C-2B

_Remori:

| Subtracting matrices operation is not commutative and not associative.

Example 5
-1 1 4 1 2 3
IfA=] 2 5 0] and B=|-2 4 0
3 7 2 0 -1 -3

, find the matrix X suchthat :3X +2B=A

— — SOIution - =

+ 3X + 2B =A (Add the additive inverse of the matrix (2 B) to both sides)
W 3X+2B+(-2B)=A+(-2B)

W3X+0;43=A-2B

n3X=A-2B (Multiply the two sides by %)

s X = % (A—2B)

(£:0) ¥ o/ust \/ o - obsl, - yalsdl 25



= b —
|

—_— N
|

w o W
—_—
)

1 - 2
-3 -3 -2 L 1“?
.-.x:% 6 -3 o0ol=| 2 -1 0
3.9 8 1 3 8
3
P Example 6}
IfA=< L ‘2) and B=< 0 -1 3)
1 4 5 5 2 _4

s find the matrix X that satisfies : 2 [Xt - A] =3B

. Solution -
2[xt-A] =3B
- 2X'-2 A =3B (Add the matrix 2 A to both sides)
L 2X'-2A+2A=3B+2A
2 2X'+0,43=3B+2A

2Xt=3B+2A=3(O 1 3)+2< S ‘2)=(4 i 5)
5 2 -4 -1 4 5/ \13 14 -2
2 8 B
& X= l(4 & 5): 2 2|(Take the transpose of both sides)
2\13 14 -2/ |13 7 4
2
2 15
3 5 2
G I S X=|32 7
13 7
7 ) -1
2 )
Example 71
bl RS
IfX+2Xt=( ?3 24) , then find the matrix X
-_Solut(on ’
X+2Xt=<?3 é4) (1) (Take the transpose of both sides) Notice that S
-(A+B)'=A'+B!
-(X+2xt)t_(9 14)' (A=A
B 13 6

26



Matrices

.-.xt+2x=(9 13) @
14 6
Multiply (2) by — 2 :
.-._2xt_4X=(—18 ‘26) )
~28 -12
Add (1) and (3) :
.,‘_3X=(—9 —12) .-.x=i(‘9 —12)=(3 4)
-15 -6 3 \-15 -6 5 2
( TRY TO SOLVE
2 4 i -2
IfA=( 0) s B=(421 1),thenfindthematriwahere:
n 2

3A-2B=2X-31whereIis of the order 2 x 2

' 'Remorit

|
You can use the scientific calculator to add and subtract the matrices s and we will show
| that at the end of the unit.

27



Lesson Three Multiplying matrices

If the matrix A expresses the results of 20 matches for Al-Ahly team and Zamalek team in

general league of football where :

Win Drawn Loss

A= 12 6 2
11 4 5 | —» Zamalek

—» Al-Ahly

and the matrix B expresses the number of points that the team gains in the cases of win »
drawn and loss where :
3\ —> Win

B=| 1 | — Drawn
0 / —» Loss

» then the sum of points that Al-Ahly gained = 12 x 3+ 6 x | + 2 x (! = 42 points

» the sum of points that Zamalek gained = 11 x 3 +4 x 1 + 5 x () = 37 points and we

can express the sum of points that each team gained by the matrix C = ( 23)

We notice that : 42 is the sum of products of the elements of first row in the matrix A by
the elements of the column in the matrix B 5 37 is the sum of products of the elements of

second row in the matrix A by the elements of the column in the matrix B

« The matrix C is the product of multiplying the matrix A x the matrix B

3 .
. ) 12x34+6%x1+2x10)
i.e. | C=AB:(]2 6 ’) 1 :( ) ): 42

' 11 4 S 0 IMMx3+4x1+5x1) 37

28



Matrices

N  Multiplying matrices

If A is a matrix of the order m x { » B is a matrix of the order r x n s then :
« Their product C = AB will be defined if and only if { =
I.2. the number of columns of the matrix A = the number of rows of the matrix B

* The matrix C = AB will be of the order m x n

A B = (AB)
mx;(  BEqual 1‘|x n mxn

| B 1.1

* Each element S in the matrix C = AB equals the sum of products of elements of i" row in

the matrix A by the elements of jth column in the matrix B » one by one corresponding to it.

To explain the concept of multiplying matrices :

&, B b b . :
IfA=|a, a,]| s B= ( 11 12 ) » then A is a matrix of order 3 x 2 and B is
a, A by, by,

a matrix of order 2 x 2 Since s the number of columns of matrix A = the number of rows
of matrix B =2 s then :

EE— - = AB
32 Bqual 2 Y

_1 3 x2

1

The multiplying operation of the matrix A by the matrix B is defined and produces

a matrix AB of order 3 x 2 and can be obtained as follow :

* Multiply each element from the first row in the matrix A by the corresponding element
in the first column in the matrix B and adding up their products to get the element in (the

first row and first column) in the matrix (AB) as follow :

a3y, (b11 ) ay;byy +a;,by
by,

e Then multiply each element from the first row in the matrix A by the corresponding

element in the second column in the matrix B and adding up their products to get the

29



Unit 1 R -

element in (the first row and the second column) in the matrix (AB) as follow :

( a2 )( b, )_ ( a11byp +255by,

b22

« and so on till we get all elements of the matrix (AB) as follow :

a; by +a, by ay by +a by,
an 42y b b b b b
AB=|a, ay ( 11 12 | =| 81095 T a5 Dyy  3y; Byp + 35, by
b b
437 43 21 22 ag by +ag, by a5 by +ag, b,y

The multiplying operation of matrix B by matrix A is not defined.
BA is not defined because the number of columns of matrix B # the number of

rows of matrix A

B ;o | 1 YR

Find AB if possible in each of the following :

2 1
A )( )

0 4 0 =3

1 2 3 1 5 3
92 A= s B=

1 0 -2 —1 2 -4

*.» A is a matrix of order 3 x 2 and B is a matrix of order 2 x 2

.. The number of columns of matrix A = the number of rows of matrix B

.. AB is defined of order 3 x 2
RQEHL+MO) 2)2)+(1)(=3)

2 1\ =
AB=|3 _1 ( 0 "ﬁ): BEH+EHO) B+ (=1)(=3)
0 4/° " T OEDF@O)  O@+ @) (3
2 1
:(_3 9
0 -12
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9 - Ais a matrix of order 2 x 3 and B is a matrix of order 2 x 3

.. The number of columns of matrix A # the number of rows of matrix B
.. AB is not defined.

3 - Ais amatrix of order 1 x 3 and B is a matrix of order 3 x 1

.. The number of columns of matrix A = the number of rows of matrix B

.. AB is defined of order 1 x 1

=2
.-.AB=(2 1 3) 1 =((2)(—2)+(—1)(1)+(3)(4))=(7)
4
[ Example| 23
SRl L4P Y,
1 2 3 1 5 3
IfA= and B =
0o - -1 2 -4
, find : AB'if possible.
'Solution‘
1 3 1 -1
A= oforder2x3 , B'=| 5 2 |of order 3 x 2
1 0 -2 3 _4

-+ The number of columns of matrix A = the number of rows of matrix B

. AB'is defined of order 2 x 2

1 2 3\/1 -1
. AB'= PR =(20 —9>
1 0 -2 \3 _4 —5
( TRY TO SOLVE
5 -2 =3 9
IfA=(3 _l)andB= 4 —1 |»then find if possible : AB > AB' s A'B
= 2 1
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M\ Properties of multiplying matrices

If A » B and C are three matrices » I is the identity matrix s then the following properties
are satisfied.

KB Associative property :

(AB)C = A(BC) | where multiplying operations are defined.
) £ op

!
3|
=]

,thenAB=< 2 _3)(3 1 ~4)=(0 2 —23)
1

.-.(AB)CZ(O 2 —23)_2 =(19)

5 -1 24 1 -17
I \
IR EY e
20 Sdgf B
.'.A(BC):( 2 —3)( 5 )=(19)
-1 4 -3 - 17

. (AB)C = A(BC)

For example :

IfA=< 2 _3>,B=(3 1 _4)andC=
1 4 20 S

B) The existence of multiplicative neutral (identity) property :

The identity matrix I is the multiplicative neutral matrix.

ie. _ FAI =JA=A l where A is a square matrix of the same order of I

For example :
(2 3)(1 0)_(1 0)( 2 3)_(2 3)
-1 s5/\o 1/ Vo 1/\=1 5/ \-1 5

E] Distributing multiplication of matrices on addition property :

A(B+C)=AB +AC

,(A+B)C =AC +BC where multiplying and adding operations are defined.
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For example :

e e e T
wennve=( 50 Y5 )
samro=( 0o )= ) 0
smenc( 2200 3)e 2T )
L3 L) e

.. From (1) and (2) s we deduce that : A(B + C) =AB + AC

Remark

If A and B are two matrices whose multiplying operation is possible in any form

i.e. AB is defined and BA is defined too » then it is not necessary that : AB = BA

that means that : the multiplying operation is not commutative.

For example :

1AB=(4 —3)(—2 1)=(—23 —14) Notice that =

N
2 -1 It is possible to multiply

JBA = -2 1 4 —3)=< -6 5) any two square matrices
5 6 of the same order.

i.e.| AB=BA
mac<( 21)(3 )=( :)
2 -1/\ o0 -2 2

-3

-1

,CA=(-2 0)(4
0 -2/\2
ie.l AC=CA

(0:f)Yo/gst \/¢Lﬂ-c)L,bbJ—)lﬂ|*J| 33
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[ Example| 3 )
AR S
IfA=( i ?),find:Az,A3
\ Solution ; —
A2=A><A=( = 2)( ) 2)
-1 1/\-1 1
_( 7 8)
—4
,A3=A2xA=( 7 8)( 3 2) Notice that S
-4 -1/=1 1 If A is not a square matrix
_( 13 22) » then A? is not defined.
-1 -9
[ Example | 4)
N ———— "

IfA=(_(1) i),thenprovethat:A2—2A—3I=O

— Solution ; —

[ TRY TO SOLVE

IfA=( 2 ' 1),thenprovethat:A2—5A+2I=O
-4 3

Critical thinking . I — T ———

If A and B are two matrices s AB =0

Does it mean that A = O or B = O always ?
No

Explanation of the answer :

LetA:(_1 2)andB:(2 ),then
2 -4 1

[\)|»—n —
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AB:(—I 2\/[2 1)= 0 0
2 —4/\1 % 0 0
s A0 .B#0

ie.l IfAB = O , it is not always that : A=0orB=0
9

"\, Transpose of the product of two matrices

If A and B are two matrices and AB is defined s then (AB)'=B'A'

Generally »

(ABC ....couuee. E)=E'.........C"'B' A" where multiplying operations are defined.
P Exampio|s)
2 -1 4 . 1 t_ ptat
IfA= andB=| -3 9 |» check that : (AB) =B'A
305 7 5 &
, Solution ;
..AB_(z -1 4) 5 e _(23 -39)
' 3 5 7 5 _8 17 -8
23 17
(AB)t=<_39 s ) 1)

2 3
.'.BtAt=( g 2) -1 5
7

1 9 -8 4
From (1) and (2) :
- (AB)'=B'A!
Example j
: 1 =3
Ir.t\:( 2 _1) s B=(_2 ) 6)andC= -5 2 |
-3 5 5 -7 4 3 4

find the matrix X that satisfies the relation : 15 X' = A? + (BC)"
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. Solution

e Y3 )

36 -13
15 %t { 7 -7 ) ( 1 52 ]_( 8 45)
-21 28 36 13 15 15
8 8 1
1 1 3 1

S 211\ |7 )

Find the values of a s b and c if :

1 a 21(-1 0 2 -19 -6 4
0 2 4 7 6 4 |= 6 c 28
5 -1 b/\-2 3 5 -24 12 36

. Solution

We can find a 5 b and ¢ without carrying out a complete multiplication operation but we
will just :

» multiply the elements of the first row of the first matrix by the elements of the first column
of the second matrix

Slx-1l+ax7+2x-2=-19 Sa=-2

* multiply the elements of the third row of the first matrix by the elements of the first column
of the second matrix.

SSx-1-1xT7+bx-2=-24 . .b=6

» multiply the elements of the second row of the first matrix by the elements of the
second column of the second matrix.

LOx0+2%x6+4%x3=c¢ sc=24

[ Remark

We can use the scientific calculator for multiplying matrices and we will represent it
~ at the end of the unit.
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Lesson FOUTr Determinants

k The second order determinant

If A is a square matrix of order 2 x 2 where A = ( 2

b ) » then the determinant of
e

the matrix A is denoted by the symbol | A | and is called determinant of the second order
and it is the number defined as follows :

a‘\ v
RN

|A| = =ad-cb
c4 ~d

e _The value of the determinant of the second order equals the product of the two
elements of the principal diagonal minus the product of the two elements of

the other diagonal.

[ Example|1)

Find the value of each of the following determinants :

2 5 4 -7
1 2
3 8 2 6
6 3 i
3 4 sin © cos 0
-8 -4 —cos® sinB

— Solution —

2 5
1 =2x8-3x5=16-15=1
3 8
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( TRY TO SOLVE

6
-8

sin 0

3
—4

—cos 0

cos 0

=4x6-2x(=T)=24+14=38
=6x(-4)—(-8)x3=-24+24=0

= sin 0 x sin 0 — (— cos 0) x cos B =sin® O + cos? B =1
sin O

Find the value of each of the following determinants :

3 7 -1 3
1 2
0 -4 -5 -2
¥ Example|2 }
Find the value of X which satisfies each of the following equations :
2 _ I 3
l -2 x-2
— -1;_5olution_r
2_ 1
1 |X 4 =(X2-4)x1-0x1=x%-4
1" O 1
L X2-4=0 s X2=4
S X=x\4=x2
Q -.-"”; ‘:(x+2)(x—2)—(—2)><3=x2—4+6=x2+2
L Xr+2=1 s Xr=-1
s X=x\-1
s X =1ior X =-i(where 2= -1
(TRY TO SOLVE
Find the value of X which satisfies the equation :
-2
0.3 —6
4 1
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L The third order determinant

4 25 A
If A is a square matrix of order 3 x 3 where A=| 3; 25, a3
31 43 A5
» then the determinant of the matrix A is denoted by the symbol | A | and is called

a1 4 A3
determinant of the third order where |A|=|2y; a3 a3

31 83 A3
And before knowing how to expand the third order determinant s we will recognize
the "minor determinant" corresponding to any element of the matrix A » and how to

determine its sign.

For every element of the matrix A there exists a minor determinant which we can get

by elemenating the row and the column intersected at this element.

For exam ple : We can get the minor determinant corresponding to each element of

the first row as follows :

To get the minor determinant é “) Sy o - dyq a B
i 3k = 2 923
corresponding to a;; which is mp ||y Yy Ap =)
. a a
denoted by | a, | dy) 43 a3y 2
. 5 b e ————l]
S _ = —
To get the minor determinant ayy @ 443 5 N
: 9 F : al 21 723
corresponding to a,, which is m_p | (2 A Ay m)
. . ' 31 433
l denoted by | a,, | dyy 81y A
To get the minor determinant App- - ilyg - @? g) n o
_ . . . o 21 22
corresponding to a,, which is e 21 A a3 i
! a a
denoted by | a,, | 81 Ap Hag =
——— A - e

e To determine the sign of the minor determinant of any element of a matrix » we add the

two orders of the row and the column intersected at this element.
If the sum of the two orders is :  even : then the sign is positive.

¢ odd : then the sign is negative.
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Note that : N

- The sign of | a;, | is positive because 1 + 1 =2 (even) Tt oo nift

- The sign of | a,, | is negative because 1 + 2 = 3 (odd) determinant corresponding

- The sign of | a, | is positive because 1 + 3 = 4 (even) to the element a is

* Hence » we can write the rule of signs dete@ned by the rule :
of the minor determinant as in the L 5 - SV
opposite figure : LA

b Expanding the third order determinant

It is possible to expand the third order determinant in terms of the elements of any row

or column and its minor determinants s taking into account the rule of signs.

a1 4y A3

If[A|=|3 ap a3|>then:
431 43 a3
N ay A3 ay 3 421 322 | (Using the elements
L —a +a
2 1
. a3 33 ! d37 A3 83, 45 | of the first row)
*|Al=—a 1 %3 oy A : 411 %13 | (Using the elements
22y ag 2lag  ag 32|ay; | of the second column)

Example | 3 J— S—

2 3 -1
Find the value of the determinant : |_2 () 4

1 1 =3

. Solution ,

Using the elements of the first row » we find that :

> o al=2]® fles|™? Aleen|?
= = e + (—
i ? ‘3‘ | _3 1 -3 |1 1
| = ol

=20 x(=3)—1x4)—3(2x(3)—1x4)—(=2x1-1x0)
=2(0-4)-3(6—-4)—(-2-0)
=2 x(—4)-3x2+2=-12
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' Remark

It is possible to expand the determinant using any row or column as mentioned before »
and we will expand it again using the elements of the second column taking into account
the rule of signs.

2 3 -1 3‘-2 4 02 —1| ! 2 -1‘
—2 0 4|=- + -
L 0 =3 1 -3 1 -3 -2 4

=3 (2x3)-1 x4)+0~(2x4-(2) x (-1))
=-36-4)-88-2)=-3x2-6=-12
Which is the same result we get before (try to use any other row or column)

[ Examplo [ 4}

4 -1 3
Find the value of the determinant : ’() 5 _o
[0 -3 -1

. Solution -

It is preferable to expand this determinant in terms of the elements of the first column because
of the existence of the greatest number of zeroes

5 =2 -1 3 -1 3
.. The value of the determinant = 4 -0
-3 -1 -3 -1 5 =2

=4(5x (D= (=3)x(=2)-0+0
—4(-5-6)=4x(-11)=—-44

[ TRY TO SOLVE .
3 0 =5
Find the value of the determinant : | _2 4 1
7 -3 6

N\ The determinant of the triangular matrix

It is a matrix in which all its elements above or below the principal diagonal are
Zeros as :

RN R IR
2 9 -2 19l =1 -
0 1 3 4 0 0 6 4 2 7

The value of the determinant of the triangular matrix equals the product of the elements

of its principal diagonal.

(Vi) Y o/get \/QW—OWLJ‘)'QI*'JI 41
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a. a i 22 43
0 |31 212 0
e..1g =251 8y 0 Y M3 =a); 8y
)
0 0 a3
dy, @
Proof : 0 8y, =a; a,-0xa,=2a,,a,-0=aa,,
G i Yo 53 dip O A 'dp (Using the
.10 ay Ap|=a -0 +0 elements of the
0 ag 0 ay A Ay first column)
0 0 as4
=2y (4 33— 23 X 0) =a;; 2, ag,
5 0] 2 0 0
s then 3 2|'=10 > 1 -3 0/=2x(3)x7=-42
4 2 17
( TRY TO SOLVE 3
-1 2 5
Find the value of the determinant:| o 3 _2
0 O 6|
Example| 5 K
S
X 0 1
Solve the equation: [8 1-X —Xx |=0
| X -1 1+X
. Solution ;
Expanding the determinant :
ax|mX 0 TX g8 —X 4|8 1-X],
-1 1+X X 1+X X -1
.-.x((l—x)(l+x)—(—x)><(~1))—0+1(8><(_1)-(1_x)><x)=0
XA -XEP-X)+1(-8-X+X%)=0 LX-X3-X2-8-X+X%=0
n=X3-8=0 nX3=-8
- X==2
( TRY TO SOLVE ] -
X 2 -2
Solve the equation : | 2 X =-2/=0
- 2 X
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[ Example 6

If A is a matrix of order 2 x2and |A|=7 > find | 3A |

 Solution ,—
LetA:(x y) s Al=xl-yz=7 (1)
z
. (x Y\ _[3x 3Y
,3A—3<z f)“(3z 3@)
.'.|3A|=‘3X 3Y|29xl-9yz=9x!-y2) )
3z 31

from (1) 5(2): .. |[3A][=9x7=63
from the previous example we can conclude that :

' Remarks
1| If Ais a matrix of order n x n » K ER » then |[KA[=K" | A|

For example :
» If Ais a matrix of order 2 x 2 and |A|=3
sthen | 5A|=5>x|A|=25%x3=75
o If Ais a matrix of order 3 x 3 and |A|=5
sthen |2A]=23x|A|=8x5=40
(2) If A is a square matrix then |A|=[A"|
3] If A and B are two square matrices such that AB exists then » |AB|=|A|x|B|

k Finding the area of a triangle by using determinants

We can use determinants to find the area of a triangle in terms of the coordinates of its

vertices as follows :

If XYZ is a triangle where X (a sb) s Y (c»d) » Z(e>f)

» then the area of A XYZ is | A | Remember that -

b 1
Where A= 1 d | A | means t.he absoh'lte
2 value of A (i.e. only its
positive value)

o o ®

1
1

R

f
I _ y — coordinates of
| the triangle vertices

X — coordinates of
the triangle vertices
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I Example 78

Find using determinants the area of the opposite triangle

whose verticesare X (1 52) 9 Y(39-4) 9 Z(-2+3) 7 j
v X
b'e :\\
1‘1 2 1 MEEGLNR B
VA=53 41]
-2 3 1
By using the elements of the third column Y
R TR AR T AR Y
A= ll-2 3|72 3[F|3 —4|

szl (0 Qy _4_
=L{0-8)-G+a)+(-4-6)

L aa_7-100=—

—2(1 7-10)=-8
.. The area of A XYZ =|A|=|- 8 | = 8 square units.

Note that we used the elements of the third row to expand the determinant because it is easily

for performing mathematical operations because of the existence of ones.

( TRY TO SOLVE
In the opposite figure : g

XYZ is a triangle where X = (4 »-2) s Y =(=2 »-2)
»Z = (-2 »5) find using determinants the arca

of A XYZ s and check your answer using the rule

of calculating the triangle area.

' IRemurl-f.

To prove that the three points X (a sb) s Y(c»d) » Z (e »f) are collinear by using

a b 1
determinants s then we provethat: (¢ d 1 /=0
e =f- «l
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Example| 8%
Prove using determinants that the points (-2 s 4) 5 (3 5 0) > (8 5 —4) are collinear.
e , Solution
-2 4 1 3 0| [-2 4 -2 4
30 11Slg 47 8 —4|f 3 o0
8 —4 1
=(-12-0)-(8-32)+(0-12)
=-12+24-12=0 |
.. The points (-2 »4) s (3 50) » (8 »—4) are collinear.
( TRY TO SOLVE |
Prove using determinants that the points (4 94) 5(2 s1) 5 (-2 9—5) are collinear. 1 |

k Solving a system of linear equations by Cramer’s rule
m Solving a system of linear equations in two variables

* Solving a system of linear equations in two variables means to find the values of the

two variables satisfying the two equations together.
aX+by=m

* If we have a system of linear equations in two variables as follows :
cX+dy=n

» then to solve this system we do the following :

1 Find the values of three determinants s after putting the two equations in the
previous form s and these determinants are :

| o Is called the determinant of the matrix of coefficients and denoted by
a b ‘ . the symbol A (is read as delta)

! * We get it by putting the two coefficients of X in the two equations in
the first column s and the two coefficients of y in the two equations
in the second column.

¢ Is called the determinant of the variable X and denoted by the

m ‘ symbol Ax (is read as delta X)

n ‘ : » We get it from the determinant A by changing the elements of the
first column (coefficients of X) by the constants m and n

| * Is called the determinant of the variable y and is denoted by the
a m symbol Ay (is read as delta y)
c n » We get it from the determinant A by changing the elements of the

second column (coefficients of y) by the constants m and n
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2 Find the values of X and y as follows (where A 2 0) :

m b a

x:AX: ! d =md—nb y:ﬂ: .
A a b ad —cb A a

C d C

_ an—-cm

~ ad—cb

* Note that : If A # 0 , then the system has a unique solution while if A =0 » then the system

either has an infinite number of solutions or has no solution.

The following example shows the previous steps.

Solve the system of the following equations using Cramer's rule :

6X-5y=-23 5 3X+3y=16
—| Solution

6 -5

‘=6><3—3><(—5)=18+15=33
'=—23><3—16><(—5)=—69+80=11

J=6><16—3><(—23)=96+69=165

_nemark

E xample| 9

1
3 You can check your answer by substituting

A the values of X and y in the two equations.

and the s.s.={(

UJlr—l
»
W

N—

——

( TRY TO SOLVE

Solve the following two equations using Cramer's rule :

4X+3y=-4 5 3X-y=-3
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m Solving a system of linear equations in three variables

If we have a system of linear equations in three variables as follows :
1 a,X+b/y+c,z=m 2 a,X+byy+c,z=n 3 a;X+byy+cyz=k
s then similarly as we did in case of system of linear equations in two variables :

a b1 C,

A= 2, b2 C, | = determinant of the coefficients
a; by ¢

5|

—_

C, | = determinant of the variable X
&3

(&)

b
b
b

w

and we get it by changing the elements of the first column (coefficients of X) by the

constants m sn s k
a, m ¢
Ay = I Cy|=determinant of the variable y
ay k ¢

and we get it by changing the elements of the second column (coefficients of y) by the

constants m sn s k
a, b, m
AZ =|8, by, 1 |=determinant of the variable z
a; by k
and we get it by changing the elements of the third column (coefficients of z) by the

constants m sn s k

LetA;tO,thenX:—x ’ y=—y s z2=—2

A

The following example shows the previous steps.

X Example |10 )y

Solve the system of the following equations using Cramer's rule :

Jy+2X=z+1 > 3X+2z=8-5y 5 3z-1=X-2y
Solution -

1 Put the equations system in the form a X + b y + cz = m as follows :

2X+3y-z=1 » 3X+5y+2z=8 » X-2y-3z=-1
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Find A » Ax ’ Ay ’ AZ as follows :

2 3 -1
A:‘g 5 2|[=2(15+4)-3(9-2)+(-1)(-6-5)
1 2 =3
=-22+33+11=22
1 3 -1
,AX= 8 5 12 =1(=15+4)-3(24+2)+(-1)(-16+5)
-1 -2 -3
=-114+66+11=66
2 1 -1
,Ay=3 8 2 =2(24+2)-1(-9-2)+(-1)(3-8)
1 -1 -3
=44 +11 +11=-22
2 3 |
»A =3 5 g /=2(5+16)-3(3-8)+1(-6-5)
1 -2 —1

=22+33-11=44

Find the variables X » y s z as follows :

x=&=&=3 ,y:izﬁz—l ,Z=£=ﬂ=2
A 22 A 22 A 22

.. The $.8.={(3»-1,2)}

‘ _Remurkﬁ

(3 -1 52) s called ordered triple.

("TRY TO SOLVE
Solve the system of the following equations using Cramer's rule :

2X+y-z=3 > X+y=1-z 5 X=2y+3z+4

.RBH‘ICII".R

You can use the scientific calculator to find the value of the determinant and we will

represent it at the end of the unit.

You can check your answer by substituting the three variables in each equation.
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‘Remark

Scientific calculator can be used to calculate the value of the determinant and we will show
. that at the end of the unit.

Activity\ A method to prove the law of finding the area of the triangle
using the determinants

Let XYZ be a triangle where 1

Z(e,f)

X(asb)sY(csd)»Z (e sf) »then
The area of A XYZ = the area of the trapezium XXZZ

+ the area of the trapezium 7ZYY

— the area of the trapezium XXY'Y D

e O G

(c—a)

=%[(b+f)(e—a)+(f+d)(c—e)—(b+d)(c—a)]

% [be — ba + $€ — fa + fc — §€ + g€ — de — be + a — dc + da]
—%[be—fa+fc—de—bc+da] (1)
12 b 1
and by expanding the determinant : - ¢ ¢ 1 |using the elements of the third
2
column s we find that : e f 1
) 111¢ d a b a b
The determinant = = - +
2] le f| |e f c d
=%[cf—ed—af+eb+ad—bc] (2)

by comparing the result which we get in (1) and the result which we get in (2) » we find that :

a b 1
The area of A XYZ = % c d 1 |(in condition of taking the absolute value of the result)
e f 1

(Y:r) Yo/get \/oLiJ—u:aL_-bb.)‘)lqlﬂJl 49



Inverse Inverse
\ X -
_

Lesson Five Multiplicative inverse of a matrix

If A and B are two square matrices and each of them is of order 2 x 2
and AB =BA =1 where I is the unit matrix of order 2 x 2 » then each of the two

matrices A and B is the multiplicative inverse of the other.

For example : .
— 1
wa=(% 2%, B=| 2
3 —1 -3 2
2
s then AB = & —f
3 -1/\=3 2

__1 1

2 (4 —2)_(1 0):1
-3 2/\3 1 0 1

D

ie.| AB=BA=I

|
—

N
[em—y
s S
1l
L
O =
—_ O
e
Il
]

~|

s BA =

. Each of the two matrices A and B is the multiplicative inverse of the other.

" Remark
i Dby 2
If the matrix A = ( ) and the matrix B =| 2 1
2 1 -4
il 1
e 2] LML &
then A is not the multiplicative inverse of B although AB = (2 . 4) 2 1
r 1
= ((1) (1)) =1 , that is because the matrices A and B are not square matrices.



)\, How to find the multiplicative inverse of a 2 x 2 matrix ?

IfA:(a

C

]:1 ) s the multiplicative inverse of the matrix A which is denoted by

the symbol A~ ! is defined (existed) when the determinant of A = A #0 » then

A—'=%(d _b) where AA-l=A" 1A=

—-C a
CIID,

Find the multiplicative inverse if it existed of each of the following matrices :
1 2
1A=(“2 2) 23:(2 )
3 -4 312

\ Solution —

1 -+ A =determinant of A = |

2
4‘=(—2)(—4)—(3)(2)=2
SA#O

.. The matrix A has a multiplicative inverse

A‘1=%(d _b)whereA=(a b)
= ¢ a C d

. 4 —2\ (-2 -1
SRR
2\_3 _2/7\=2 1

2
_ il 2 1
Q -+ A = determinant of B =|2 =(7) (12) = (2) 3) =0
3 12

. B~ 1is not defined (not existed)

[ TRY TO SOLVE

Find the multiplicative inverse if it possible of the matrix : A = ( 2 2 ) 1

I Example|2)

Find the real values of X which make the matrix A has a multiplicative inverse in each of
the following :

1A=<X 3) 2A=(X—1 4)
2 x 3 x-2
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Unit 1

. Solution ;
1 The matrix A has no multiplicative inverse when | A |=0

i.e.| ‘x 3 =0 £ X2-36=0 L X=%6
12 X|
-~. The matrix A has no multiplicative inverse when X =+ 6

-. The matrix A has a multiplicative inverse when XER—{—6 ,6}

The matrix A has no multiplicative inverse when | A [ =0

X=1 4 1.0 . (x-1)(X-2)-12=0
3 X-2
L X2-3X+2-12=0 s X2-3X-10=0
L(X=5(X+2)=0 L X=50rX=-2

.. The matrix A has no multiplicative inverse when X =5 or X =—-2

~. The matrix A has a multiplicative inverse when X ER - {5 ,— 2}

“TRY TO SOLVE

X-1 4

Find the real values of ¢ which make the matrix : A =(
2 X+1

has a multiplicative inverse.

B xample| 3 M

It'A:(1 i) > B=( ) —ll)ﬂhcnprovethat:

2 3
1 A Hl=A 2 (AB) '=B"'A"!
. Solution
A= e =@ -3)2)=-2 W A#0
2 4

. A~ s defined (existed)

,'.'A"1=i—( d _b)whereAz( a b )
—-c a c d

-2 3

~1_t[ 4 -3 2
LA = =( )
—2(—2 1) r =L

2
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,'.'IA‘1|=‘ (-2)(%)-(%)(1):1;«&0

1 —
o (A" ! is defined (existed)

wireg (P Bl (0 1)en
2 \1 2 -y =2/ ‘2 4
2__AB=(1 3 )( 2 —1)=(—7 2)
‘ 2 4 J\-3 1 -8 2
.'.|AB|=|:8 i’:(—7)(2)—(2)(—8)=2¢0
1 1_1({2 =2 =
~. (AB)"! is existed. -l L =
(AB)™ " is existed (AB) 2(8 _7) (4 —7) )
2
,|B|=‘ i _”=(2)(1)—(—1)(—3)=—1 . B~ 1 is existed.
-2 3
.-.B“=_Tl(1 : )=(_1 _1) s Al = 2)
3 2 —81 =2 1 =l
2
AT I 4 L
.-.B—lA-1=(“ - )( "): _7) @
=3 =2 /\ 4 % . ==

From (1) and (2) > we get that : (AB)_1 =B 1Al
( TRY TO SOLVE
Using the two matrices A and B in the previous example s prove that : (A~ B)" ! =B~! Aw

| Remark

If A is a square matrix of order 2 x 2 where | A|#0 5 C is another matrix and : ‘
(1] AX=C then X=A"!(C Notice that : o

; . . . -1

‘ By multiplying the two sides of the equation by A A lA=I,IX=X

LSATTAX=A"'C .~ IX=A"lC . X=A"lC

2] XA=C then X=CA"!

I Example 43
Find the matrix X which satisfies that : ( i ﬂol) x X = (_ ; )
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. Solution

taa=(2 7l)es( 7))
30 3

. The equation is AX =C

~X=A"lC
cal= 2 THe@@-cn@=3=0

o 1
. _1_l 0 1 - 3
w00 Y
=1 3
o L
. 3(-1)\_[1
S 21\ 3] \3
-1 3
[ TRY TO SOLVE

Find the matrix X which satisfies that : X x ( 3

Solving two simultaneous equations by using the multiplicative inverse of a matrix

To solve two linear simultaneous equations in the form: a; X +b, y=c, »a, X+ b,y =c, by
using the multiplicative inverse of a matrix » follow the following :

£} Write the two equations in the form of a matrix equation :
b X :
(al ! ) ( ): (Cl) i.e.| intheform AX=C where
a2 b2 y C2

a
A= ( ! 1 }is called the matrix of coefficients
a, b,

C
,X = ( )is T I — (
y

)is called the matrix of constants.
C
"] Find the solution of the matrix equation :

AX=C sthen X=A"!C and from that we deduce the values of the variables X and y
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Example|5)

4

Solve each system of the following linear equations using the matrices :

12X+3y=7 5 X-y=1 2 X=2y-1 >, 3y=2X
— . Solution ;

X
1 ThematrixequationisAX=C,WhereA=(? :; )7X=( ),C=(7)

=) (1D-@)(1)-5%0

103
coa-l_ 1 (-1 =33 _(3 5 Y
i 5] exese

(G

D 5

I HEG

5. X=25,y=1and the solution = {(2 5 1)}

92 X-2y=-1 5 2X-3y=0

- X »
The matrix equation is AX = C » where A =( ; i ) s X = ( ) and C = ( 0' )
- y

X ‘=(1)<—3>—(—2)<2)=1¢0

;o X=A"lC -‘-X=(:§ ?)(—ol)z(z)

X
( ):( Z ) .. X=35y=2and the solution set = {(3 »2)}
y
( TRY TO SOLVE )
Solve the system of the following equations using the matrices :
X+2y=4 5 y=2X+7
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I Example| 6}

If the curve of the function f: f (X) =a X 240 passes through the two points (2 » 0) and
(= 1 5—-3) use the matrices to find the value of the two constants : a and b

*. The curve of the function f passes through the point (2 5 0)

L f()=0 L ax(2)?+b=0
~4a+b=0 (D

» *.* the curve of the function f passes through the point (- 1 »— 3)
L fE1D)=-3 Lax(E1D)?+b==3
sLa+b=-3 2)

To solve the two equations (1) and (2) s we write the matrix equation AX =C ,

where A = 4 1) ’ X=(a)andC=( B )
1 1 b -3

~X=A"lcC
4 1]
,-.-A=|A|=‘1 1‘(4)(1)—(1><1)=3

|

3 =l

aaiol[ 1 1)=( 3
3<-1 4 4

3

—
3
1

*<;Z)=<z)

Iz
We can use the scientific calculator to find the multiplicative inverse of a matrix and we

will represent it at the end of the unit.
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P\ Using scientific calculator in matrices

We can use scientific calculator which supports matrices for many operations which related
to matrices like :

* Finding the transpose of the matrix.
* Performance of adding and subtracting operations on the matrices.
* Finding the value of the determinant.

* Finding the multiplicative inverse of the matrix.
and what we let here » will be by using the calculator of the kind (CASIO fx-991ES PLUS)

First | Entering of the matrix A = (_ (. ) :
' 4 7

* Press successively the following buttons from left to right :

MODE
—®
and this for choosing a matrix of order 2 x 2 5 then enter the elements of the matrix A by

pressing successively the following buttons :
Entering of the elements —Y Y _ Y
> 7 = 0 =
e 0000
Entering of the elements
of the second row

Second | Entering of the matrix B = (_ ) 4 ) :
‘ 0 7

* Press successively the following buttons from left to right :

SHIFT [MATRIX]
—@
for choosing another matrix of order 2 x 2 5 then enter the elements of the matrix B by

pressing successively the following buttons :
Entering of the elements ___ cosen casm copmn) Gamms
- =) 8 = 4 =
e 0000
Entering of the elements o commn coem aaean ___
- 0 = 7 = AC
of the second row .... .
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Now s we entered the two matrices A and B s and we can do some of the operations on
them as the following :

1 To find A" » press successively the buttons from left to right :

SHIFT SHIFT
—-~@oo @ue ©
¢ l

To choose the order trn To choose MAT A
(transpose) (matrix A)

The matrix ( 4 ) will appear on the screen which represents A'

0

2 T0 find A + B s press successively the buttons from left to right :

SHIFT SHIFT
— T 00 O .

MAT A MAT B

15

The matrix (~ 4 ) will appear on the screen which represents A + B

3 To find AB » press successively the buttons from left to right :

SHIFT SHIFT
— S0 4 ] 4

MAT A MAT B

56

The matrix
-32

a 28) will appear on the screen which represents AB

4 To find the value of the determinant of the matrix A » press successively the buttons from
left to right :

SHIFT SHIFT

To choose the order det To choose MAT A
(determinant) (matrix A)

— 49 will appear on the screen which represents the value of the determinant of
the matrix A
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5 To find the multiplicative inverse of the matrix A » press successively the buttons from

left to right :
SHIFT
— @
To choose MAT A
(matrix A)
L 0
The matrix 47 1 will appear on the screen which represents the
9 7

multiplicative inverse of matrix A

6 To find A" + B , press successively the buttons from left to right :

SHIFT SHIFT SHIFT
— S o0o0@®oov oo

T (A) + MAT B
The matrix (_ = ) )will appear on the screen which represents A' + B
0
( TRY TO SOLVE

Use the calculator to find each of the following :
B!y A—B s BA » the determinant B » the multiplicative inverse of B » A+ B'
A'B and BA'
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Unit Lessons

Lesson One : Linear inequalities - Solving systems of linear
inequalities graphically.

LessonTwo : Linear programming and optimization.

Learning outcomes

By the end of this unit, the student should be able to :

e Solve first degree inequalities in one variable and represent the solution graphically.

e Solve first degree inequalities in two variables and determine the region of solution
graphically.

e Solve a system of linear inequalities graphically.

e Solve life problems on systems of linear inequalities.

e Use linear programming to solve life mathematical problems.

¢ Record the data of a mathematical life problem in a suitable table » and transfer these data

in the form of linear inequalities » then determine the region of solution graphically.

e Determine the objective function in terms of the coordinates and determine the points

which belong to the solution set » giving the optimum solution to the objective function.




“

Linedr in.equalities - Solving systems of linear
inequalities graphically

Lesson One

« Remember the properties of the inequality relation in R :

Assuming that a » b and c are three real numbers » then :
»Ifa<b ,thena+c <b+c whether c is positive or negative.

« If a<b , then ac < be if ¢ is positive.

s If a<b ,then ac = bc if ¢ is negative.

» You can deduce the previous properties in cases of the other inequality relation signs

KZ 9> 9<»

P\, Solving the first degree inequality in one variable graphically

» Each of the inequalities :
3X<5 » 4-X=22X 5 3<X<6
is called an inequality of the first degree in one variable.

» Solving the inequality means finding all the elements of the substitution set which satisfy

the inequality.

» The substitution set may be R or R x IR

and the following illustrative example shows how to solve the first degrce incquality in

the two cases.

(=) ]
N



liustrative example

Linear programming

Show graphically the S.S. of the inequality : 3 X + 10> 1

1 If the substitution set is R
Q2 If the substitution setis R x R

| 3X+10>1

SBXKEE=Y

Lo X >3

If the substitution set is R , then the S.S.
is represented on the number line.

- 6 -

e The S.S. is all the real numbers greater
than — 3

e The S.S. is the part of the number line
on the right of — 3

e The unclosed circle at — 3 means — 3
does not belong to the S.S.

_Case (2)
If the substitution set is IR x [R , then the
S.S. is represented on a lattice.

f Y
{ 3
H
i 3
1 2
i
) !
X i A
| 3 =2 I O 1 2
1
- -1
]
)
; 2
1
\ i

e The S.S. is all the ordered pairs whose
X-projection is greater than — 3

e The S.S. is the region on the right of
the straight line X = — 3 (is called half
plane).

e The straight line X = — 3 is drawn
dashed because its points don't belong
to the S.S.
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Example j

Show graphically the S.S. of the inequality :
5X-7=<2X-1inRxR

I
|
-
}

v 5X-T<2X-1 :

S5 X-2X<-1+7

~3Xs6 X2 — |

Notice that

-
The shaded region is on the left of the straight line X = 2 because the inequality

relation is "smaller than".
(2] The straight line X = 2 is drawn solid because the inequality contains the symbol of

equality i.e.| =<

X Example 2 5

Show graphically the S.S. of the inequality : X-1<4 X+ 5 <X + 17 where XER

—«_St:luﬂon_r
T X-1=4X+5<X+17 L-1=3X+5<17
L-6<3X<12 L —2<X<4 - TheS.S.=[-2,4]

-3 -2 -1 0 1 2 3 4 5

X _Example 3 B
Find graphically the S.S. of the inequality : 2 X-2<3X-1<X+5 where X&ER
\ Solution

Parting the inequality into two inequalities as the following :

2X-2=<3Xx-1 ‘]" IX-1<X+5
SL2X-3Xs-1+2 i L3X-X<5+1
L=-X=1 S Xz-1 L 2X<6 SoX<3
- The S.S.=[-1 500 -~ The $.S.= ]3]

». The S.S. of the original inequality = [ 1 seo[ N =0 »3[=[-1 5 3[

I ]
d ' ,II_- =k T = :-.@' | g
-3 -2 -1 0 1 2 3 4 5
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Solving the first degree inequality in two variables graphically

* We know that we can represent the y
linear equation : 2 X+3y=6

graphically by a straight line as follows :

(x | o | 3 ‘
y

«We should get a third ordered pair to
check the graph»

e From the graph s we notice that this

straight line divides the Cartesian plane ¥

into three sets of points :

1 The set of points of the straight line L (is called a boundary line) and each of these
points satisfies that 2 X+3y=6

2 The set of points of the plane that lies on one side of the straight line L (and it is called
a half plane) and is denoted by S, and each of them satisfies that 2 x + 3 y>6

3 The set of points of the plane that lies on the other side of the straight line L (and
it is called a half plane also) and is denoted by S, and each of them satisfies that

2X+3y<6

» The half plane S, is the region representing the S.S. of the inequality : 2 X +3y > 6

» The union of the points of the half plane S, and the straight line L represents the S.S.
of the inequality : 2 X+3y=6

» The half plane S, is the region representing the S.S. of the inequality : 2 X+ 3y <6

» The union of the points of the half plane S, and the straight line L represents the S.S.
of the inequality : 2 X +3y=<6

" A
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1\ Steps of solving the first degree inequality in two variables graphically

1 Represent the straight line equation related to the inequality by a solid line in case
of = or < , and by a dashed line in case of > or <

2 Determine the half plane in which the feasible "or solution" region lies by choosing any

point (X, »y,) belonging to one half plane as a test point and substitute it in the inequality.

« If the chosen point satisfied the inequality > then the half plane containing this point is the

feasible region of the inequality.

o If the chosen point did not satisfy the inequality » then the other half plane is the feasible
region of the inequality.

_nemorit

To make it easier, choose the origin point (0 » 0) if the boundary line does not pass through it.

I Example 4

Represent graphically the S.S. of the inequality : X-3y=<3inRxR

. Solution ,

1 Draw the boundary line L whose equation is : )

X -3y =3 as asolid straight line

because the inequality relation is < 5 Hi T [

| . X-3y<3 i’
using the following table : AT | 12 ,/("'
SR 5 8 2 1R o O
. 3 o] i 10 I /,_\_//:’_ "]
x | 0 | 3 LT ]
y -1 ////

92 Choose the origin point as a test point.

*. The point (0 » 0) satisfies the inequality (because 0 < 3)
.. The S.S. of the inequality is the boundary line L. U the half plane that contains the point
(0 » 0) and that is represented by the shaded region in the previous graph.

Notice that

b

You can draw the boundary line L without the previous table by using the slope of
the straight line and the intercepted part of the y-axis as you studied before.
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I Example] 5§

Represent graphically the S.S. of the inequality : 3 X+4y>12inR xR

. Solution ;

1 Draw the boundary line L. whose equation “r : ( '
is:3 X +4y=12as a dashed line i i A

i
|

~ 7 | |
N |
ol

because the inequality relation is > I [ h

using the following table : T T T TN ] 3x+4y>12

{x 0 | 4 1 i
y 3 ‘_O X I | ;\“'\ 5 [

2 Choose the origin point as a test point.

|
1]
s . (0 50) does not satisfy the inequality ! T
(because 0 < 12) |

. The S.S. of the inequality is the half plane that does not contain the point (0 5 0)
and is represented by the shaded region in the graph.

IRemarks'

» The equation : y = 0 is represented by the X-axis.
¢ The equation : X =0 is represented by the y-axis.

e The equation : y = a is represented by a straight line parallel to the X-axis and passing
through the point (0 » a)

' eThe equation : X = a is represented by a straight line parallel to the y-axis and passing
through the point (a 5 0)

» The straight line whose equation is in the form :
points (a 5 0) and (0 s b)

% + % = 1 passes through the two

| TRY TO SOLVE :
Represent graphically the S.S. of the inequality : 2 X -5y <10in R xR 1

"\ Solving systems of linear inequalities graphically

To find the graphical solution of two inequalities ; we do as the following :
1 We shade the region S, that represents the S.S. of the 1* inequality.
2 We shade the region S, that represents the S.S. of the 2nd inequality.

* The common region S of the two shaded regions S, and S, represents the S.S.
of the two inequalities where S=S, 'S,
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I Example 6

Represent graphically the S.S. of the two inequalities :
X+3y=<3 9 2X+y=<4inRxR

Draw the boundary line L, : X+ 3 y =3 as a solid line using the following table :

. The point (0 » 0) satisfies the inequality (because ) < 3) X 0 3

. The region S, is the S.S. of the inequality : X+ 3y <3 i 1 0
and it is represented by L, U the half plane in which the origin point lies [Fig. (1)]

Draw the boundary line L, : 2 X +y = 4 as a solid line using the following table :

~. The point (0 » 0) satisfies the inequality (because 0 < 4) X 0 2

. The region S, is the S.S. of the inequality : 2 X +y < 4 | y 40
and it is represented by L, U the half plane in which the origin point lies [Fig. (2)]

The S.S. of the two inequalities simultaneously is S = S,/ S, and it is represented by the
common region in the two shaded parts [Fig. (3)]

b}

xr\“ ) i

| .E-l- NLH"“-\-__ . LY
x| S ] | o X

i1 [0 1 ) l*k\“‘-..

| | Y=

| I | i

}\
Fig. (1)

Remark

The two coordinate axes divide the Cartesian plane
into four quadrants :
15! quadrant :where X>0 » y>0

s 2" quadrant  : where X<0 5 y>0
»39quadrant  : where X<0 > y<O0
and 4 quadrant : where X>0 5 y<O0
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I Example 78

Represent graphically the S.S. of the inequalities :
Xz0 9 y20 9 y+3X=<9andy-X<1 inRxR

. Solution ;

The S.S. of the two inequalities : X=0 and y=0

is represented by 0x U Oy U the 1° quadrant of the Cartesian plane.

2 Draw the boundary line L; : y + 3 X =9 as a solid line. X ‘ 2 ' 3
- The point (0 » 0) satisfies the inequality (because 0 < 9) LY ‘ 3 ‘
- The region S, is the S.S. of the inequality : y + 3 X <9 and it is represented

by L, U the half plane in which the point (0 » 0) lies [Fig. (1)]
Draw the boundary line L, : y — X =1 as a dashed line. X 0 ‘ -1
" The point (0 5 0) satisfies the inequality (because 0 < 1) LY 1 ‘ 0
.. The region S, is the S.S. of the inequality : y — X < 1 and it is represented

by the half plane in which the point (0 5 0) lies [Fig. (2)]

S is the S.S. of the four inequalities which is represented by the region in the 1% quadrant
that has the common shade {Fig. (3)]

| 'Rcmark'

In the previous two examples s we draw a separate figure to show the feasible region of
each inequality. After that we deduced the last figure which shows the feasible region of
all the inequalities simultaneously. You (after some practice) won’t be in need of drawing
all these figuress but you will satisfy the last figure only.
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I Example| 8 Y
Represent graphically the S.S. of the inequalities :
2X+y>6 > 4X+2y=<4inRxR
Solution

1 Draw the boundary lineL, : 2 X+y=6as

a dashed line that passes through the two
points (0 » 6) and (3 »0)

» ~.* the point (0 s 0) does not satisfy the
inequality.

S|

- The region S, is the S.S. of the RN RN AN AN AR |
inequality : 2 X+ y > 6 and it is ' 3 TN
represented by the half plane which .. ' ;
does not contain the origin point. N

2 Draw the boundary lineL, : 4 X +2y=4 R !
as a solid line that passes through the two points (0 5 2) and (1 5 0)
» -.» the point (0 » 0) satisfies the inequality.

.. The region S, is the S.S of the inequality : 4 X + 2 y <4 and it is represented by
L, U the half plane which contains the origin point.

3 The S.S. of the two inequalities simultaneously is S=S, N S, = %)
S Example 9i )y

Represent graphically the S.S. of the following inequalities :
3X+2y=<6 3 y+3z0and X-y>0inRxR

. Solution

1 Draw the boundary lineL, : 3 X+2y=6
as a solid line that passes through the two : L) L)
points (2 5 0) and (0 5 3) seEINS
s . the point (0 , 0) satisfies the

inequality (because 0 < 6)

. The S.S. (S,) is represented
by L, U the half plane in which the

origin point lies.




Linear programming

2 Draw the boundary line L, : y =— 3 as a solid line [A straight line is parallel to the X-axis
and passes through the point (0 » — 3)]

» . the point (0 » 0) satisfies the inequality (because 0 > — 3)

. The S§.5.(S,) is represented by L, U the half plane in which the origin point lies.

3 Draw the boundary line L, : X—y=0

as a dashed line that passes through the two points (0 5 0) and (1 5 1)

s~ the point (0 » 2) does not satisfy the inequality (because -2 % 0)

.. The §.S. (S;) is represented by the half plane in which the point (0 » 2) does not lie.
4 The S.S. of the three inequalities simultaneously is S =S; 1S, N S,

and it is represented by the shaded region in the shown Cartesian plane.

I Example 10}

A factory for children toys produces cars and planes. It produces 250 toys daily at most.

If the cost of one car is L.E. 15 and of one plane is L.E. 10 and the total cost of the
daily production is not more than L.E. 3000 , write a system of linear inequalities

representing the previous, then represent graphically the solution region of this system.

. soluﬂon_ y

Let the number of cars = X » the number of planes =y /
¢ The system of inequalities is :

1 x=20 2y=20

3 X+y=<250

4 15 X+ 10y <3000 i.e.| 3X+2y=<600

* Determining the region which represents the

S.S. of the inequalities as follows :

1 The inequalities X =0 » y = 0 are represented

by OX U ay) U the 1% quadrant.
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Draw the boundary line L, : X +y =250 as a solid line that passes through the two points
(0 »250) and (250 ,0)

-+ the point (0 5 0) satisfies the inequality (because 0 < 250)

. The S.S. of this inequality is represented by L; U the half plane in which the origin

point lies.

Draw the boundary line L, : 3 X + 2 y = 600 as a solid line that passes through the two
points (0 » 300) and (200 »0)

-+ the point (0 5 0) satisfies the inequality (because 0 < 600)

. The S.S. of this inequality is represented by L, U the half plane in which the origin

72

point lies.

The ordered pairs that its X-coordinates and y-coordinates are integers in the shaded region

is the S.S. of the required system of linear inequalities.



Lesson ITIWO Linear programming and optimization

D\ Linear programming

It is one of the scientific methods that is used to give the best decision of solving a problem
or it is the optimal solution that satisfies a certain object in view of some restrictions and
available abilities or materials where the object can be put in the form of a linear function
called "the objective function" and the stipulations and available abilities are put in the

form of linear inequalities.

The method of linear programming depends on :

1 Representing the system of inequalities that expresses the stipulations such that we obtain

a ribbed region representing the S.S. of the inequalities.

Often the restrictions contain the two inequalities : X =20 » y = 0, that means the S.S.

(the region representing the S.S.) lies in the first quadrant.

2 Determining the objective function in the form P = {x+m y where { and m are constants
we represent the equation {x+m y =0 by a straight line that passes through the origin
point » then we let this straight line move parallel to itself upwards till it passes through
the vertices of the polygon that determines the region of the S.S.

Since all these parallel straight lines have the same slope and differ only in the value of
“P” and each point (X » y) belonging to the S.S. and to the same straight line gives a value

to the number “P”

So s we can determine the greatest value or the smallest value of the objective function.
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For example : . TR S T I S T

pn
If the S.S. representing the set of inequalities that - “|\

represents the restrictions is the shaded region in R I i 1 2 P

the opposite graph and the required is finding ;""" ' | l ’
|

LTI HTE

- S8, I ) L I .
L1
P |
T

the greatest and smallest value of the expression :

P=3 X +2y sthen we substitute by the BNy : :

coordinates of the points : A sB s Cand D Sl | JI_ | d_,i_"_\;:7|.l_.x
“the vertices of the polygon” in the objective 1 I N

function. s,

=
The value of the objective function at any point that lies on a side of the shaded region

sides is included between its values at the two vertices of the polygon for the side that
joins them.

S[Pl,=3x1+2x4=11 » [Pl;=3x4+2x1=14

s [Plo=3x5+2x2=19 » [P];=3x6+2x5=28

So > we find that the greatest value is 28 at the vertex D (6 , 5) and the smallest value is

11 at the vertex A (1 »4)
™ Example| 1 B

Determine the S.S. of the following inequalities simultaneously :

X20 yy20 » X+2y<8 and 3 X+2y<12

Then find from the S.S. (X » y) that makes “P” maximum where P=50 X+ 75y
L Solution ;

_First‘ Determine the region that represents the S.S. of the inequalities :

1 The two inequalities : X=0 and y >0 :i"' \ R
are represented by OX U Oy U the first i : i ;
quadrant. ONE B )
N

2 Draw the boundary line L, : X+2y =8
(as a solid line) that passes through the two

points (0 »4) and (8 »0) 2 Eaa H \\‘ -
3 Draw the boundary line L, : 3 X +2y =12 o N \l\\ 1
(as a solid line) that passes through the two LB L B : \ T 2 S

points (0 »6) and (4 ,0)
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siaf S0l GIONSC L teMequAleS To get the coordinates of the point B algebraically :

Solve the two equations representing the two
That is the ribbed region ABCO straight lines L, and L, simultaneously where :

L:X+2y=8 » L;:3X+2y=12
s then we find that : B =(2 »3)

is represented by the shaded region.

Second | Determine the vertices of the feasible region :
The vertices of the feasible region are : A(4 50) »B (2 53) »C (0 54) and O (0 ,0)
Third | Determine the value of the objective function at each vertex :
*. The objective functionis : P=50 X+ 75y
~ [P, =50%x4+75%x0=200 5 [Pl;=50x2+75x%3=325
»[Pl.=50%x0+75x4=300 > [P],=50x0+75%x0=0
.. The maximum value of the function P is 325 at the point B (2 » 3)

M\ Life applications on linear programming

We can deal with the life problems which are related to the linear programming by the
following steps :

= =
| 1 | Analyse the situation or the problem to determine the variables » the constraints and the )
available data and arrange them in a table.

[_2 | Put the constraints in the form of a system of linear inequalities.

r31 ] Write the objective function.

| 4 | Represent the system of linear inequalities graphically and determine the feasible region.
| 3_ | Determine the vertices of the feasible region.

|6 | Find the objective function at each vertex of the previous vertices to determine the
vertex where the required objective satisfied at it.

Constraints i . ] Feasible region ‘

' Linear programming

‘Vertices of the ribbed region < 7| Objective function |

I Example|2 )

A bakery produces two kinds of cake. The first kind of cake needs 200 gm. of flour and
25 gm. of butter and the second kind of cake needs 100 gm. of flour and 50 gm. of butter.

If the quantity of the given flour is 4 kg. and the given butter is 1 % kg. »

find the greatest possible number of cakes that can be made.
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Let the number of cakes of the first kind be X

and the number of cakes of the second kind be y

1% kind | 2™ kind | Given quantity

Flour | 200 100 4 000
| Butter 25 50 1250
X205y20
200 X + 100 y £4 000 2X+y<40
25X+50y<1250 X+2y<50

Write the objective function : P= X +y » where P is maximum.

The two inequalities : X=0andy =20
are represented by \

ox U ay) U the first quadrant.

Draw the boundary line I L
L, :2X+y =40 (as a solid line) %{x;\ 
that passes through the two points = M-NT“_\,
(0 »40) and (20 ,0) = TSNS

Draw the boundary line " _ 0 s

L,:X+2y =50 (as asolid line) % _ 7 "y
that passes through the two points Wl )7l e \\ .
(0 525) and (50 50)

.. The solution set of the inequalities is represented by the shaded region in the opposite
graph and this is the ribbed region ABCO
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¢ Determine the vertices of the feasible region :

- The objective functionis: P=X+y

[Plo=0+0=0

» [P, =20+0=20
» [Pl;=10+20=30 » [P].=0+25=25

The vertices of the feasible region are : A (20 50) s B (10 520) 5 C (0 525) and O (0 »0)

.". The greatest number of cakes is 30 ones » 10 of the first kind and 20 of the second kind.

I Example|3 1

A factory produces 120 units at most of two different kinds of goods and achieves a profit
in each unit of the first kind L.E. 15 and of the second kind L.E. 8 in each unit and the sold
quantity of the second kind is not less than half the sold quantity of the first kind.

Find the number of produced units of each kind to satisfy the maximum profit.

+ Solution

* Let the number of produced units of the first kind be X and the number of produced units

of the second kind be y

e Arrange the available data of the problem as in the following table :

1 kind | 2" kind | The upper limit |
'The produced units X o 120
The profit 15 8 | —

e Translate the data and the constraints in the form of a system of inequalities :

1X20,y=0

2 X+y<120

3 - yisnot less than % X
nyzlx
y——%XZO
L2y-X20

» Write the objective function : P= 15 X + 8 y » where P is maximum.
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The two inequalities :
X0 ,yZOarerepresentedbyaC) \
U Gy) | the first quadrant. PN

Draw the boundary line ) b !
L, : X+y =120 (as a solid line) \
that passes through the two points _

(0 5 120) and (120 5 0) - N
Draw the boundary line i | \\
L,:2y—X=0 (as asolid line) : . Dot

that passes through the two points ' /_/,/'-‘ . N
(0 50) and (20 5 10) =0 X

.. The solution set of the inequalities 30 o 0 0 1 I )
is represented by the shaded region ~ ~ ] EEnE s
in the opposite graph and this is the
triangualr region OAB

The vertices of the feasible region are : O (0 ,0) 5 A (80 540) and B (0 » 120)

. The objective functionis : P=15X+8y
[Pl,=0+0=0 > [P], =15 %80 + 8 x40 =1 520
» [Pl =15x0+ 8 x 120 =960

.. The maximum profit that can be achieved is L.E. 1 520 that happens when
the production is 80 units of the first kind and 40 units of the second kind.

\[ yr— =

The required is forming a meal consisting of two kinds of food s if the picce of the first
kind contains 3 calories » 6 units of vitamin "C" and the piece of the second kind contains
6 calories » 4 units of vitamin "C" Given that we need at least 36 calories and 48 units

of vitamin "C" in the meal. If the price of the piece of the first kind is 3 pounds and of

the second kind is 4 pounds » then what is the number of pieces of the meal that satisfies
the least limit with the least cost ?
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1 Solution

* Let the number of pieces of the first kind in the meal be X and the number of pieces of

the second kind in the meal be y

¢ Arrange the data in a table :

[ Pieces of the first kind | Pieces of the second kind | Least limit 1
. Calories 3 6 36
Vitamin "C" 6 4 48

¢ Translate the data and the constraints in the form of a system of inequalities :

1 X20,y20
23X+6y=>36
36X+4y=>48

le.| x+2y212

ie.l 3X+2y=>24

» Write the objective function : P=3 X + 4 y » where P is minimum.

* Represeniing the system of linear inequalities graphically and determining
the feasible region :

1 The two inequalities : X >0 and y >0 are
represented by OX U Oy U the first quadrant,

9 Draw the boundary line
L1 : X+ 2y =12 (as a solid line)
that passes through the two points (0 » 6)
and (12 ,0)

3 Draw the boundary line
L,:3 X+ 2y =24 (as a solid line) that passes
through the two points (0 5 12) and (8 »0)

¢ Determine the vertices of the feasible region :
The vertices of the feasible region are : A (0 5 12) B (6 »3) and C (12 ,0)
¢ Determine the value of the objective function at each vertex :
. The objective functionis : P=3 X+ 4y
“[P]l,=3x0+4x12=48 » [P]l;=3x6+4x3=30
»[Pln=3x12+4x0=36

.. The least cost of the meal is 30 pounds when it consists of 6 pieces of the first kind
and 3 pieces of the second kind.
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i Example 5 —

A tourism company aims to rent a fleet of airplanes to transport 2800 passengers » 128 tons
of luggage at least » and the available kinds of airplanes are A and B » and the number of
available airplanes of kind (A) is 13 and of kind (B) is 12 » and the completed load of the
airplane of kind (A) is 200 passengers s 8 tons of luggage and of kind (B) is 100 passengers »
6 tons of luggage » if the rent of airplane of kind (A) is 240 thousand pounds and of kind (B)
is 100 thousand pounds » then how many airplanes of each kind can be rented to satisfy
the aim with the least cost ?

Let the number of airplanes of kind A be X and the number of airplanes of kind B be y

Kind (A) | Kind (B) | Least limit |

Number of passengers : 200 _ 100 2800 \
Luggage in tons | 8 ‘ 6 | 128
X<13,y<12
200 X + 100 y = 2800 e 2X+y=228
8X+6y=>128 4X+3y=64
Write the objective function : 3

P =240 X + 100 y where P is minimum. K

Draw the boundary line

L, : X =13 (as a solid line) that is parallel ® i

to the y-axis and cuts the X-axis at . \

the point (13 5 0) ) i 2

Draw the boundary line : \

L2 : y = 12 (as a solid line) that is parallel ' \\
to the X-axis and cuts the y-axis at _ Ao
the point (0 5 12)




Linear programming

Draw the boundary line
L, :2 X +y =28 (as a solid line) that passes through the two points (0 » 28) and (14 , 0)

Draw the boundary line
L,:4X+3y=64(asa solid line) that passes through the two points (1 » 20) and (16 »0)
he [ :_-".:.1.'|

The vertices of the feasible region are : A (8 5 12) »B (13 512) s C (13 »4) and D (10 , 8)

*. The objective function is : P=240 X+ 100 y
" [P], =240 x 8 + 100 x 12 =3120

» [P]; =240 x 13 + 100 x 12 = 4320

» [P], =240 x 13 + 100 x 4 = 3520

s [P], =240 x 10 + 100 x 8 = 3200

.. The least cost that satisfies the aim is the rent of 8 airplanes of kind (A) »
12 airplanes of kind (B) s and the cost is 3120 thousand pounds.

(TRY TO SOLVE

A factory produces two kinds of accessories A and B

To produce a piece of the kind A s the factory needs to run two machines » the first for
one hour and the second for 2 hours and half. To produce a piece of the kind B » the
factory needs running of the first machine for 4 hours and the second for 2 hours. If the
first machine does not work more than 8 hours and the second does not work more than
21 hours daily and the profit of the factory is L.E. 24 and L.E. 40 in each piece of the two
kinds A and B respectively.

Find the maximum profit the factory can achieve in one day.
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Unit Lessons

Lesson One : Trigonometric identities.

LessonTwo : Solving trigonometric equations.

Lesson Three : Solving the right-angled triangle.

Lesson Four : Angles of elevation and angles of depression.
Lesson Five : Circular sector.

Lesson Six : Circular segment.

Lesson Seven : Areas.

Learning outcomes

By the end of this unit, the student should be able to :

® Deduce the basic relations among trigonometric functions.

e Prove that the validity of identities on trigonometric functions.

¢ Determine the equality if it is identity or trigonometric equation.

¢ Solve simple trigonometric equations in the general form in the interval [0 » 27T[
* Recognize the general solution for the trigonometric equation.

¢ Solve the right-angled triangle.

e Solve applications that involve angles of elevation and depression.

® Recognize the circular sector and how to find its area.

* Recognize the circular segment and how to find its area.

¢ Find the area of the triangle s the area of the quadrilateral and the area of

the regular polygon.

¢ Use activities for computer programs.




Lesson One

N\ Trigonometric identities and equations

The identity

Trigonometric identities

« It is a true equality for all real values of the variable > in which each of the two sides of

the equality is known.

The equality : cos (- 0) = cos 0 is called identity because it is true for all real values of

the variable 0 because »
In the opposite figure :
From our previous study for the related angles 0

and (— 0) » we find that : X

The point B (X » y') is the image of the point B (X 5 ¥)
by the reflection in the X—axis XX

ie. X=X » o cos(=0)=X 5 cos0=X

. cos (= 8) = cos 0 for all real values of 6

Remark

'\_\ Y

The trigonometric relations between the trigonometric functions of the related angles

which we studied before are identities because all real values of the variable satisfy them.

. sin(JT-0)=sin9® > cos(%—@):—sinﬂa...
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The equation

¢ It is a true equality for some real values of the variable which satisfy this equality » and
it is not true for some others which do not satisfy it.

The equality : cos 0 = sin 0 is called equation because it is true for some real values of the
variable 0 » not for all real values of the variable 0 , and this because :

From the opposite figure : [ I
From our previous study » we found that : / L KXY)
cosO=X,sinB=y Xe { o 10r }A—x
. cos O =sin 0 s when X =y only and \\\ g /

this happens when 6 = 45° or 225° ;/: i

or any of the equivalent angles for them.

Remark

We can determine if the relation represents an identity or an equation and this by the
graphical representation to the limits of the two determined functionss if the two functions
are intersecting at all points (coincide), then the relation represents an identity and if the

two functions are intersecting at some points only» then the relation represents an equation. |

* In the opposite figure : R ————————————— e

The two functions 'T*u:wmm_ =] =[5] T
f,:£, (0) = cos (- 0) » - I Lo |
f,:f,(8)=cos 6 | ,/’/ \‘\\_ Ll ! \ S/ 4 \ /
are intersecting at all "\\\ / il "?\\ i //": "\\\ " ) ST \ s
points (coincide) ' T ' T T
then » the equality : o - — 3l

cos (- 0) = cos 0 is called identity.

* In the opposite figure : e

iz G Vew Opsom Taom Weloe ey

The two functions [l cicidd dololal )
f,: f, (6) =cos X » Edeas) || ) Tl LLL |
f,: £, (8) =sin 6 N AN NN AN Y
are intersecting at some AN X\\,\/ ._ Vil \ \'}{/ ' P il '\\__ \:\/\'f'___/ ] ,..\\‘ \\/
points. SN LA A
then » the equality : e ' i o

cos 0 = sin O is called equation.
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N\ Basic trigonometric identities
We studied before the following trigonometric identities :

nThe identity of the trigonometric functions and their reciprocal :

*cos 0 = sec O =
sec 0 ’ cos 0
. |
* 5in O = csc 0 =—
csc O ? sin O
| |
e tan O = cot 0 =——
= colt O ’ tan 0

a The expressing of tan 8 and cot 0 in terms of sin  and cos 6 :

°tan9=2me °cot9=cose

os 0 sin ©

a The identity of the trigonometric functions of two complementary angles :

°sin(%—9)=cos6 > 'cos(%—6)=sin9

-tan(%—6)=cot9 5 °CSC (%-—9):3609

esec|(Z--0)=csc® 5 ecot|—-0)=tan0
2 3

ﬂ The identity of the frigonometric functions of the two angles (6 and (- 9)) :

esin(—0)=-sin 6 s *cos(—0)=cosB
ecsc(—0)=—csc®@ 5 °sec(—0)=secH
etan (- 0)=—tan 6 s *cot(-0)=-cotB

B Pythagorian identity :

For any directed angle of measure 0 in the standard position » y
if its terminal side cuts the unit circle at the point (X »y) s then : B ] ~ By
KAXHY)
X2+y?=1 - N
’ X, r/ 40 r]<\ X
v cosB=XssinO=y = \/
\
cos?0+sin’0=1 (1 b
y\

« Dividing both sides of the relation (1) by cos® 0 » we find that :

2 . 2
gov )l p S0l - o S 1+tan® 6 =sec’ O

cos’ 0 cos’ 0 cos? 0

« Dividing both sides of the relation (1) by sin® O 5 we find that :

2 .2
0 1
SosL9 + 20 = 5 ocot?O+1=csc?0

sin® @ sin’ © sin’ ©
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Remarks
From : sin® 0 + cos? 0 =1 swe get: [sin?@=1-cos?20 and |cos? 0 = 1—sin® 0

From : 1+ tan® 0 = sec? 6 > we get : tan 0 = sec2 0 — 1 and |sec’0—tan?0 =1
g

From : cot? 8 + 1 =csc? 0 swe get: (cot? @=csc>0— 1/ and |csc? 0 —cot? = 1

() check your understanding

| Choose the correct answer : sin? 6 + cos? 0 F reneenen !

!
‘ (a)tanBcot® (b)sin®>20+cos?20 (c) cot’> O —csc2 0 (d) sec® 0 — tan? 0 !

D\ Simplifying the trigonometric expressions

We mean by simplifying the trigonometric expression is to put it in the simplest form »

by using the basic trigonometric identities.

N Example |10

Write each of the following expressions in the simplest form :

1 sin’ 0 . (TC
- sin [=—-0)cscH
d cos’0  cos? @ . ( 2 )

| + cot® (3 % - 9)
3(sin6+cose)2—2sinecose 4 - 3;5
| + tan” (-2— + H)
- ' Solution ,
g1 s’ _ 20 o2 Notice that N
cos’0  cos’O 1 2 2
=t =( ) =sec” 0
cos? @ cos 0
(T _ _cosO _ .2 . 2
Q s1n(2 G)CSCG—COSGCSCG— Sin O =cot O ., sin” @ =(sm9) — tan? 0
cos” 0 cos ©

3 (sin 6 + cos 0)? - 2 sin 6 cos O = sin 20 + Zf_t_iin-{)"é'é_éﬁé +cos2 0 — 2 sin & cos 0

‘. Remember that . ﬂ
o g— \:?‘{:

- (a+b)’=a’+2ab+b> |

=sin?0 +cos20 =1
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TT
" L+ cot (T_ 0) 1+tan?0 _ sec’® Notice that S
20 2
1+ tan® (—zl 9) I+cot"® csc”0 sec® _ 1 . 1
sin? 6 csc?®  cos’®  sin’ 0
N 2
=—— —=tan 0 1 —
cos“ 0 =——— X sin 0
cos” 0
)
_ s1n29 — 20
cos“ 0
(TRY TO SOLVE L
Put in the simplest form each of the following expressions :
1 1 . (T 1 —sin” @
1 = 9 sin (<= —0) sec (2T —6) 8 —
sin?@® tan’ 0 ( 2 ) cos? -1

P\ Trigonometric identities

To prove the validity of the trigonometric identity > we follow one of the two methods :

1 Put one of the two sides of the identity in the form of the other side using the basic
trigonometric identities.

9 Put the two sides of the trigonometric identity in the simplest form » to prove that the
two sides have the same result when they are in the simplest form.

I Example|2 )

Prove the validity of the identity : sin? ® — cos? @ =2sin’ 0 — 1

: Soluﬁon
LHS. =sin? 6 — cos? 0 = sin? 8 — (1 — sin 6) Notice that s
=Sin29—1+Sin29 C0829=1—Sin29

=2sin*9-1=RHS.
S [ xample| 3 B

Prove the validity of the identity : sin? 0 —cos*0=1-2cos’ 0

. Solution ;
LH.S. = sin* 8 — cos* 0 = (sin® 6 + cos? 8) (sin® 6 — cos” 8)
=1x (sin2 0 — cos’ 0)
=1-cos*8 —cos’ 0
=1-2cos’0

Notice that: \
o sin @ +cos’0=1

+sinf@=1-cos’0
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F Example [4)

sin® @

Trigonometry

Prove the validity of the identity : 0 =1+cosH
— COS
, Solution ,
.2 2 (1 + cos ) (1 —eos 0)
LHS =008 _1-cos8 = 1+cos@=RHS.
l-cos® 1-cos® 1 —e0s50
([ TRY TO SOLVE
Prove the validity of the following identities :
2
80 __y_ineg Q (sin 0 + cos 0)% + (sin O — cos B)> =2
1+sin6

I Example |5 )

Prove the validity of the identity : tan 6 + cot 8 = csc 0 sec 0

1 SOIMiion :

LHS.=tan 0 +cot 0 =319 4 cos 9 Notice that
cos O sin®

sin” 0 + cos® 8

N

me—— To make the proof easy s we write the

Sinle €S 6 expression in terms of sin 6 and cos 6
e only s using the following relations :
Sin{ CRRiG sin O cos 0
/L5 6 G550 °tan9=c0Se ,cot6=Sine
1
=R.H.S. .Sece=cosﬂ e E= sin
\ Example 6
Prove the validity of the identity : 2 cos> 0 — 1 = w
I +tan” 0
. Solution
1_sin20 I_Siﬂze
2 2 - -
R.H.S.=W=ﬂ=$ﬁ:(l =<0 e) X cos? 0
1 +tan” 0 sec® 0 l cos” 0
cos? ©

=coszﬂ—sin29=cos29—(1—cos29)=cos29—1+cosZG

=2cos’0-1=LHS.
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I Example |78

Prove the validity of the identity : sec? O — tan” O sin® O = cos® 0 + 2 sin® O

' Soluilon '
) . 4
LHS.=sec’0—tan? 0 sin% 0 = %— sin” 0 o in?0 = 12 _sin 9
cos’0  cos’ @ cos’0  cos2 0
i (L=sir 0) (1 + sin® 6)
- LS = 1+sin8 (1)
cos” 0 1 —%ific 0
RHS.=cos?0+2sin20=1—sin>0+2sin’0=1+sin’ 0 )
From (1) and (2) > we get that : LH.S. =R .H.S.
[ TRY TO SOLVE _
Prove the validity of the following identity : - =% 9 - 2 sin29_ 1

1 +col“ 0

Example (8

If sin 6 + sin (270° - 0) = % » find the value of : sin 6 cos 6 s where 8 €0 » izc—[

\ Solution
"+ sin O + sin (270° — 0) = % ;. sin@—cos 6= % (squaring both sides)
.‘.sin29—2sinecos9+cos29=% .'.1—2sin900s9=%
.'.—23in900s6=_T .'.sinecos9=%



Lesson IWO Solving trigonometric equations

« Solving trigonometric equation means finding the values of the variable in the equation

which satisfy this equation using the trigonometric identities.

General solution of the trigonometric equation
To find the general solution of the trigonometric equation in the form :

cosO=a » sin®@=a or tanO=a -follow the following steps :

1 Let B be the measure of the acute angle which satisfies the equation :
cosO=|a] s sinB=|al , tanO=]al

9 Determine the quadrant in which the angle lies according

to the sign of a "Look to the opposite figure" : —

o

90
3 Find the values of the angle 6 where : ' 1
sin, csc .
« If 0 lies in the first quadrant » then 6 = 3 are positive | ALl functions
(1800— B) are positive
« If O lies in the second quadrant s then 6 = 180° — 3 o Il
180 = »0
« If @ lies in the third quadrant 5 then 6 = 180° + 180+B) | 3 60-B=-B)
« If 0 lies in the fourth quadrant » then 6 = 360° — 3 ' i CO35€0
| are positive are positive
4 We add a number of periods (2 n J¥) where n E7Z to v,
270

the values of 0 to get the general solution of

the trigonometric equation.
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| Remark

3 L —-1=<cosO<1 and| -1<sin®=<1 forallreal values of ©

So » we find that the two equations : sin © = a » cos 8 = a don’t have solution in R

sif a@ [-1 5 1]

Each of the equations : sin®=1.3 5cos0=25,sin0=-14

ssec 0 =0.5 and csc 8 = — 0.7 doesn’t have real solutions.

It is not necessary that there real solutions for every trigonometric equations.

S ol | 1 Y

Find the general solution of each of the following equations :
1 cosez% 22sin9—1/3=0 3'\/§tan9—1=0

cos 0= % (positive)

.. 0 lies in the first quadrant s 0=60°
or O lies in the fourth quadrant.

. 0 =360° - 60° = 300° and it is equivalent to (— 60°)
Adding (2 n JU) where n &€ Z to the values of 0 :
6=%+2n3‘l7 or 6=—%+2n3‘lﬁ

.. The general solution of the equation is : + % +2n7JT s where n €7

sin 0 = g (positive)

.. 0 lies in the first quadrant s 0=45°

or O lies in the second quadrant

s 0=180° —45° = 135°

Adding (2 n JT) where n & Z to the values of 0 :

9=%+2nﬂ? or 9=%J‘C+2nﬂ?

. The general solution of the equation is : 6 = % +2nTlor@= %J‘E +2nJU swheren & %
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tan 0 = % (positive)
3

.. 0 lies in the first quadrant s 8=30°

or O lies in the third quadrant s 0=180°+ 30° =210°

Adding (2 n JT) where n &€ Z to the values of 6 :

9=%+2n7£ or6=%ﬂ§+2nﬂ7

.. The general solution of the equation is : 0 = % +2nJTor 0= % T+ 2n T s where n €%
and we can write the general solution of the equation in another more simple form as the
following :

The general solution of the equation is : 0 = % + 1n JT where n €EZ

and this by adding n JU to the smallest positive measure.

| Remark

From the previous s we can deduce that :

If B is the smallest positive measure satisfies the equation s n &7 s then :
The general solution of the equation sin@=ais0 =B +2Tn » 6=(T-PB)+2TTn
| The general solution of the equationcos 6 =ais@=+=B+27n

The general solution of the equationtan @ =ais@ =3+ T n

Find the general solution of each of the following equations :

1 sin6=0 9 cos9=0
3 sin6=1 4 cosf=-1
90’
sin9=0 (0_1_1.f.. .
. 8=0° or 0=180° . \
180 =— m =0
Adding (2 70 n) where n &€Z to the values of 6 \(11 o\ © /(1,0)
\,
.. The general solution of the equation is : el 5 /1)
§ (0.
0=27TTn or 6=7T + 2 JT n where n €% 270

and we can write the general solution of the equation in another more simple form as the
following :
The general solution of the equation is : 8 = 7t n where n €%
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cos0=0 5 0=90° or 0=270°
Adding (2 TT n) where n &7 to the values of 6
.. The general solution is : 6 = T i2mn

0r9=%3t+23‘l?nwherenEZ

and we can write the general solution of the equation in another more simple form as the

following :
The general solution is : 0 = T 4 7T n where n €7
sin@=1 s 0=90°

... The general solution is : 6 = % + 2 7T n where n €7

cosf=-1 s 0=180°
.. The general solution is : 8 = JT + 2 7T n where n €%
Remark

From the previous s we can deduce the general solution of the trigonometric equations
of the quadrantal angles :

The equation IThe general solution.' . The equation The general solu;:io_n.ﬂ}
esin®=0 0=7n ecos0=0 9=%+ﬂ?n !
«sinB=1 6=%+23‘l§n ecos0=1 0=27n i
I.sin9=—1 e=32ﬂ7+27|;n I.cosez—l |(-)=J'E+2J'|Zn |

S 211 3 Y

Find the general solution of each of the following equations :

1 cot0+1=0 2 cos’0-cos8=0

~

The measure of the acute
angle which satisfies that :
. 0 lies in the second quadrant. .. 6 = 180° — 45° = 135° tan O = | — 1 |is 45°

or 0 lies in the fourth quadrant. .. 8 =360° —45° = 315°

cot0=-1 .. tan 6 = — 1 (negative)

Adding (n Tt) where n € Z to the smallest positive measure which satisfies the equation "135°"

.. The general solution is : % T+nTT
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2 cosB(cosB-1)=0 Remarit
s.cos8=0 Use the unit circle to determine
- 8=90° or 8 = 270° and it is equivalent to (— 90°) the values of @ when :
Adding (2 n Jt) where n € Z to the values of 0 : cos8=0>cos 6=1
£ 0=%90°+2n7T 0
orcos9=1 5 0=0 (cos 90 , sin 90)
. pan dy
Adding (2 n T¥) where n €% : - (—1,11:{"3 \ cos 00,:'.!‘;1 6
S 0=2nTT (cos 1800, Hilw(ﬂ / 1,0)
.. The general solution is : 6 = * T i2nm ~——7
2 (cos 270, sin(270)
or6=2n7r ©,-1)
270°
[ TRY TO SOLVE
Find the general solution of each of the following equations :
1 2sin6-1=0 220089+V§=0 3tan9—1/§=0
I Examplo| 4}
Find the general solution of the equation : sin 0 cos 6 = % sin 0
— — SOIutIon_r-— — —
Pe g My oy g N
.smecose—23m6—0 ..s1n9(cose 2)—0
s.8in@=0 s 0=0° or 6 = 180°
S 0=nTTwheren &%
or cos 0 — % = s cos 0= %(positive)
.. 0 lies in the first quadrant. - 0 =60°
or 0 lies in the fourth quadrant. - 0 =360°—60° =300° and it is equivalent to (— 60°)
9=i%+2nnwherenEZ
.. The general solutionis: 0=nJTorf == % + 2 n T where n €7
( TRY TO SOLVE
Find the general solution of the equation : 2 sin 0 cos 6 —'V; sinf=0 W
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D\ Solving the trigonometric equation in the interval [0 - 2 TT [

I Example |5 %

If 6 €[0 5 2 7t [ Find the solution set of each of the following equations :
1 2cos0+1=0 242sec9-2=0

v 2cos0+1=0 .. cos6= —% (negative)

. 0 lies in the second quadrant or in the third quadrant.
s .- the acute angle of cosine = % » its measure is 60°
2 0=180°-60°=120° or ©=180°+ 60°=240°

. The S.S. = {120° , 240°}

'.'W/Esece—2=0 .'.secG:%
.. cos 0= g (positive) ’
.. 0 lies in the first quadrant or in the fourth quadrant.

» . the acute angle of cosine = 72 » its measure is 45°
s 0=45° or 0 =360°-45°=315°

. The S.S. = {45° ,315°}

i Example| 6 F B

Find the solution set of the equation : 4 c0s0-3=0 swhere 0 E [0,2m]

3

v 4cos’0-3=0 s 4cos?0=3 .'.cos26=z

scosB=+ g s cos 0= g (positive)
. 0 lies in the first quadrant or in the fourth quadrant.

» . the acute angle of cosine = Y3 , its measure is 30°
2

= 0=30° or 8 =360°-30°=330°

or cos 9 = —2—3 (negative)

. 0 lies in the second quadrant or in the third quadrant.
- 0=180°-30°=150° or 6 =180°+30°=210°
- The S.S. = {30° , 150° , 210° , 330°}
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( TRY TO SOLVE

Find the solution set of each of the following equations where  €[0 52 7T [
1Y2csc0-2=0 9 tan’ 0 =1

[ Example|7)

Find the solution set of the equation : 2sin @ cos ® +3cos =0 , where 0 E[0 > 7T [

+ Solution ,

. 2sin@cosB+3cos0=0

s cos0(2sinB+3)=0

scos0=0

5 0=90° or 8 =270° (refused because & E[0 » IT[)
or2sin®+3=0

s 8in @ = % (this equation has no solution because — 1 <sin 8 < 1)

. The S.S.={90°}

Example 8 J

Find the solution set of the equation : 4 sin® 6 — 3 sin 8 cos © = 0 > where 6 E [0,2m]

- __Solution_
+4sin?0-3sinOcosO=0 2. 8in 0 (4sin®—-3cos0)=0
s.sinB=0 2. 0=0° or0=180°
or4sin@-3cos0=0 2. 4sin®=3cos 0

sinf _ 3 . _3 "
== S tan O = T (positive)

.. 0 lies in the first quadrant or in the third quadrant.

» *.* the acute angle of tangent = % » its measure is 36° 52
5. 9=36°52 or 6=180°+36° 52 =216°52

. The S.S.={0° ,36° 52 , 180° ,216° 52}
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( TRY TO SOLVE

If 0° < 0 < 360° Find the solution set of the equation : 2 sin @ cos =3 cos? 0

[ Example 9
L e
Find the solution set of the equation : 2 sin? 0 —cos 0 — 1 =0 s where 6 € [0,2m]

- . Solution ;

- sin® 0 =1-cos’ O

s 2(1-cos’0)—cos®—1=0

s 2-2cos’0-cos8—1=0

~1-cos®-2cos’0=0

S (1+cosB)(1-2cos8)=0

“1l+cos0=0

socos0=-1

- 0=180°

orl—-2cos0=0

.. cos 0 = % (positive)

.. 0 lies in the first quadrant or in the fourth quadrant.
1

s - The acute angle of cosine = 5 its measure is 60°

5. 8=60° or 0 =2360°—-60°=300°
. The S.8. = {60° , 180° ,300° }

l Using the technology

98

From example (1) > we found that :

The general solution of the equation : cos 0 = % isf== % +2nJt »where n €%

We can verify the solution by drawing the two function :
fiif1®)=cos® sf,: f,0)=7
by using one of the drawing programs and determining the corrcsponding values of 6 for

the intersection points of the two functions » and compare them with the values of 0 in the

general solutionatn=...5-25-15051,2,..



Trigonometry

Fiie Edit View Options Tools Window Halp

| »HWTWOD £\

e
LS T oe
-ar-m : ] il
E'me .
-a f(x) = cos(x) ki i ' . T T K 1 ! :
o= 3
vout| B - N - " @

From the graph » we notice that the two functions intersect at the points :

=3 i =1 1 la, Y, (3Sx,1
,(Tn’—z-) 7(TTE,'2—) 9(3 ] Y 2) 7(3 ] ) 2)7
i.e.9=...9T57|:7 TE,'%—TU 7%757...
and they are the same values we can get from the general solution by substituting

n=...9—1,071529...
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Lesson Three Solving the right-angled triangle

* Any triangle contains six elements (three sides and three angles) s and solving the triangle

means evaluating the unknown measures of its angles and the unknown lengths of its sides.
¢ To solve the right-angled triangle s we must be given :

the lengths of two sides of its sides or the length of one of its sides and the measure of

one of its two acute angles.

* The trigonometric ratios of the acute angle and Pythagoras' theorem are used in solving

the right-angled triangle. If ABC is a right-angled triangle at B then :

Opposite _ AB

1sing=—"""—"_=
Hypotenuse ~ AC
R B Adjacent _BC A
Hypotenuse AC o | »
L =
' \\ﬁ\/' g
an 0= OPPOSE _ AB o 2
Adjacent BC C/‘ ! Adjacent rB

2 (AC)* = (AB)? + (BC)?

m Solving the right-angled triangle given the lengths of two sides
| X Example[1}

ABC is a right-angled triangle at C , in which AC = 8 cm. and AB = 12.5 cm.

Solve this triangle.
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— Solution

. AC _ . sinB= -5
. AB—smB s.sinB = 3 A
Using the calculator » we find that : m (£ B) = 39° 47 3T /// [
% o )
» m (£ B) =39° 47 31 o g
- m (£ A)=90°—39° 47 31 = 50° 12 29 .
? [
. BC _ . BC _ 045 21 B ? C
AB =cos B “ 155 = €08 (39° 47 31)

- BC =12.5 cos (39° 47 31 )
Using the calculator » we find that : BC = 9.6 cm.
Notice that : We can find BC by using Pythagoras' theorem where :

(BC)* = (AB)? — (AC)?

So » BC =1(12.5*-(8)* = 9.6 cm.

[ Example |2}

Solve the right-angled triangle ABC , in which m (£ B) =90° , AB = 15.6 cm.

and BC =24.7 cm.
, Solution ,—

. AB _ , _ 156 ,
° BC—tanC ..tanC——24.7 /_r
9

Using the calculator » we find that : m (£ C) = 32° 16 2§

15.6cm.

o .m(LA)=90°—32°16 32 = 57° 43 28
. C 24.7cm., B
.. AB _ _. . 156 _ . o K
LI AC—SlnC S AC = sin (32° 16 32)
- AC = 15.6

sin (32° 16 32)
Using the calculator s we find that : AC = 29.21 cm.
Notice that : We can find AC using Pythagoras' theorem where :

(AC)? = (AB)? + (BC)?

- AC =1(15.6)* + (24.7> = 29.21 cm.

Solve the right-angled triangle ABC at B in each of the following two cases :

( TRY TO SOLVE -
2 AB=54cm.BC=73cm. 1

1 AB=6cm. sAC=8.6cm.
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m Solving the right-angled triangle given the length of one side
. and the measure of one of its two acute angles

I Example3 §

Solve A ABC where m (£ B) =90° , AC = 12.5 cm. and m (£ C) = 25° 50

, Solution
em (£ A) =90° —25° 50 = 64° 10 A
... AB _ . . ABl ___or omoea IR
Ve =sin C S 5 =sin 25° 50 fﬁ, I
= _ . o < A 25'50°
i.e.| AB=125 sin25° 50 P ? !
Using the calculator > we get : AB = 5.45 cm.
.. BC _ . BC _ o g0 . - o &
T AC =cos C " 1p5 = ©08 25°50 .. BC=12.5 cos 25° 50
Using the calculator » we get : BC = 11.25 cm.
Example|4)
Solve the right-angled triangle ABC at B in which AB =8.6 cm. and m (£ C) =41° 18
— Solution ; -
A
om (£ A)=90°—41° 18 = 48° 42 A
.. AB _ . 86 _ ° 18 A |:
B BC_tanC % BC—tan41 18 2
. 8.6 2
= BC = ~ "-I(L‘“ 18 [ —
tan 41° 18 Y B
Using the calculator s we find that : BC = 9.79 cm.
Notice that : We can find the length of BC using m (£ A) where % =tan A
- B€ = tan 48° 42 -~ BC=86tan 48° 42 ~9.79 cm.
AB _ . 86 _ .: S 8.6
o ===5inC s 5=s8in41° 18 SAC=———
AC AC sin 41° 18
Using the calculator » we find that : AC = 13.03 cm.
Notice that : We can find the length of AC using m (£ A) where ‘:—2 =cos A
86 _ cos 48° Y) S AC= —8'—6—-\- =~ 13.03 cm.
AC cos 48° 42
( TRY TO SOLVE
Solve the triangle ABC in which m (£ B) =90° »if :
1 AB=10cm. sm (£ C)=54° 2 AC=32cm. >m (£ A)=32°24
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Critical thinking

Can you solve the right-angled triangle given the measures of its acute angles ?

Answer : No "

R ke
Because there is an infinite number of the right- / //‘ /I*_I
. . sl * ] %
angled triangle which have the same measures

of the acute angles (ie.l _Similar triangles)

So » we can not determine which of the triangles is the required to solve by finding its side lengths

( i.e.| _To solve the right-angled triangle , we must be given one of its side lengths at least.)

P Example 5 )

Solve the right-angled triangle ABC in B approximating the measures of angles to the nearest
thousandth in radian measure and the lengths to the nearest thousandth in cm. , if :

1 m (£ A)=1254",BC=10.6 cm. 2 m(£C)=0.715" ,AC =23 cm.

— Solution r

Note that : We should convert the system of the calculator from the system (Deg) to the
system (Rad) before performing the mathematical operations which contain

trigonometric functions for angles measured in radian » and this by pressing
SHIFT MODE

on . L ’ dng Notice that N
1 m(LC)= % — 1.254%d 9 317rad

T rad
)

90° is equivalent to
. B _BC - rad _ 10.6
. smA—AC s.osin 1.254 =AC

_ 106 _
—m 11.155 cm.

- -~ tanA=BC - tan 125414 = 10.6

AB AB

CAm__ 106 _
s AB=—100 0 3475 cm.

9« m(LA)= % —0.715%4 ~ 0.856%d

o v g _AB . = rad _ AB
.smC—AC sosin0.715 =93

- AB =23 5in0.715™ = 15.079 cm.

S _ BC . rad _ BC
} cosC—AC soc08 0.715% = 3

- BC=23¢0s0.715™ = 17367 cm.
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( TRY TO SOLVE
Solve the right-angled triangle ABC in B approximating the measure of angles to the
nearest thousandth in radian measure and the lengths to the nearest thousandth in cm. , if
2 m(£C)=1073",AC=375cm.

1 m (£ A)=0.623"¢ ,BC = 10 cm.
{Example |6}

ABC is a triangle in which m (£ B) = 58° 12 and BC = 15 cm.
Draw AD | BC , where D EBC if AD = 10 cm. s then find : m (£ 0)
. Solution
A
InAADB : tan B = AD N
DB /I\
10 ~DB= — 10 _~62cm /dl \
tan 58° 12 S \
P o 5812
C B
15¢cm,

s tan 58° 12 = DB
~DC=15-62=8.8 cm.
AD _ 10

InAADC :tan C = DC =38

Using the calculator s we get m (£ C) = 48° 39 §
Example| 7
S

A circle of radius length 6 cm. » a chord was drawn in it opposite to a central angle of measure

100°. Calculate the length of this chord to the nearest thousandth.

— \ Solution
Draw MD | AB , and cuts it at D
-+ MD L AB . D is the midpoint of AB —
s> MA=MB=r . MD bisects £ AMB ,./ \\.,\
- m (£ AMD) = 100° = 2 = 50° [ A )
In AADM : m (£ ADM) = 90° | L N/
- _ AD - sin 50° — AD SR D
. sin (£ AMD) = AN ~.osin 50° = 6
.~ AD = 6 sin 50° = 4,596 cm. s AB=2AD=9.193 cm.
[ TRY TO SOLVE ) =
In the opposite figure : C 'r
AB is a diameter in the circle M » m (£ A) = 43° and / / 'I .K"{t'fg\\. ‘
B L = ‘-'"L}A
M
. \, __//

AC =10 cm.
Find the radius length of the circle M to the nearest hundredth
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Lesson Four Angles of eIevcltlon. and angles
of depression

Angle of elevation

If an observer A observed an object C above his

(Observed object) C

horizontal sight » then the angle between the horizontal

ray AB and the ray AC connecting the observed object

(Angle of elevation)

and the observer's eye is called angle of elevation A -
A B
of C with respect to A (Observer’s eye)
Angle of depression
If an observer A observed an object C down his ,
(Observer’s eye)

horizontal sight » then the angle between the horizontal i LIS

- —_— ] . (Angle of depression)
ray AB and the ray AC connecting the observed object
and the observer’s eye is called angle of depression of C
with respect to A (Observed object) (

- Remark
A B

The measure of the depression angle of C with respect to A (Depression Angle)

equals the measure of the elevation angle of A with respect to C
(Elevation Angle)
) C

because m (£ A) = m (£ C) (alternate angles)

(Ve f) Y o/esl \/Qw—ol.,alw—)lalxdl 105
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Y") Check your understanding
il '

Using the opposite figure s complete the following :

2 The depression angle of the car C with respect to the
plane B iS ...............

3 The elevation angle of the plane B with respect to the person A is -

4 The depression angle of the person A with respect to the plane B is <ol

I Examplo 1

A man found that the measure of the angle of elevation of the top of a house at a point 50 metres
far from its base is 38° 26 Find the height of the house to the nearest metre.

v Solution ; . ‘%
Let AB represent the height of the house. ,;// P ;:j;:: g
s tan38° 26 =28 - AB=50tan38°26 ~40m. // J ;
.. The height of the house ~ 40 m. A A 3 26\50m. IIIBL

I Example 2 )

From the top of a tower of height 50 m. » the measure of the angle of depression of a body

in the same horizontal plane with its base is 23° 24
Find the distance between this body and the base of the tower to the nearest metre.

— »_Soluﬂon ’ — -
Let AB represent the height of the tower. Eg, A D
~. £ DAC is the angle of depression of the body. 5 4 'Eh L :’-.;iz_i
o m (£ C)=m (£ DAC)=23°24 (for AD // BC) g ”o’_'_‘_l 23°‘;J““7~3_.
- tan23°24 = 30 ~BC=—% —~116m. : ey
BC tan 23° 24

.. The distance between the body and the base of the tower = 116 m.

( TRY TO SOLVE

From a point on the ground 50 metres far from the base of a vertical pole » it is found that
the measure of the elevation angle of the top of the pole is 18° 32.
Find to the nearest metre the height of the pole from the ground.

™

106



Trigonometry

CIID,

A man of height 1.5 m. was standing on the ground at a point which is 10 m. far from a flagpole.

He found that the measure of angle of elevation of the top of the flagpole is 40° 22.
Find the height of the flagpole to the nearest metre.

— Solution ————

Let AB represent the height of the flagpole
and CD represent the height of the man.

Draw CN // DB where N € AB
5 0ony _ AN
s tan 40° 22 = 10

< AN =10 tan 40° 22 ~ 8.5 m.
S AB=AN+NB=85+15=10m.
.. The height of the flagpole = 10 m.

I Examplo |4}

A light pole of height 7.4 m. gives a shade on the ground of length 5.55 m.
Find in radian the measure of the elevation angle of the sun at that moment.

Solution

Let AB represent the light pole
» BC represent its shade on the ground A

» O the measure of the elevation angle of the sun at that moment.

: _AB_ 74 .
stan @ =pR=2t g
. 0= 532748 {

.. The measure of the elevation angle of e a
the sun in radian = 53° 7 48 x % ~(.9277d

( TRY TO SOLVE

From the top of a rock 200 m. high from the sea level » the depression angle of a boat
300 m. apart from the base of the rock was measured.
What is the radian measure of the depression angle ?
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I Example] 5 )

From the top of a rock of 50 m. high » the measures of the two angles of depression of two
sailboats are 32° 10 and 49° 30

Find the distance between the two sailboats s knowing that the two sailboats and the
base of the rock are collinear.

+ Solution -

Let AB represent the height of the rock and CD represent the distance between the two sailboats
-~ InAABD: tan 32° 10 = 2%

BD
ZBD=—21-s=795m D
In A ABC : tan 49° 30 = % ) 4 Vg;\"\
=Y  _p7m e s ] N
tan 49° 30 D C B

S CD=795-427=368m.

I Example 6}

A ship approaches a lighthouse 40 m. high from the sea level. At a moment, it was found that
the measure of the elevation angle of the top of the lighthouse is 0.127d

» after 5 minutes » it was found again that its elevation angle measure is 0.24™9

Calculate the uniform velocity of the ship.

. Solution |
_A
Let AB represent the height of the lighthouse and CD represent _ ...-‘r';f"’
the distance covered by the ship during 5 minutes. - e ’/ g
. In AABC : _ & 0.1 ?J‘qul "- ; ;J,"“/ . <
.. _AB . rad _ 40 A _\:'_ 4024 N
] tanC—BC - tan 0.12 =BC C D B
40
C=—"—=33173m.
tan 0,127 % Rememberthat .. SO (?)
- - _AB e -
sin AABD : - tan (£ ADB) = BD ; %
4 40 . When calculating the length of BC or
ootan 0.247¢ = == CR’D
BD BD» we must convert the calculator
~BD=—2% 16345 m. - from (Deg) into (Rad) by pressing :
tan 0.24"¢ SHIFT MODE

. DC =331.73 - 163.45 = 168.28 m. ; « - ® O

.. The ship covered 168.28 m. during 5 minutes. =~~~ "-------.

. The uniform velocity of the ship = dilsiﬁ;ce = @ = 33.656m./min.
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Lesson Five Circular sector

A circular sector is that part of the circle bounded by an arc and the two radii through
the ends of that arc.

In the circle M » if we draw the two radii MA and MB » in the opposite figure

» then the circle surface is divided by the two radii into two parts D

each of them is called a “circular sector”, Major sector

* The part MACB is called the minor sector while the part MADB
is called the major sector.

* £ AMB is called the angle of the minor sector and the reflex Z AMB €
is called the angle of the major sector.
P P

* ACB is called the arc of the minor sector and ADB is called the arc of the major sector.

k The area of the circular sector

C
% of a circle % of a circle
'ﬁﬁ 240
A v B A
B
Fig. (1) Fig. (2) Fig. (3) Fig. (4)
Noticing the previous figures , we get that :

Figure (1) : The area of the_ sector (MACB) _ 1 , m (£ AMB.) _ 90 _1
The area of the circle M 4 Measure of the circle M 360° 4
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. The area of the sector (MACB) 1 m (£ AMB) 120° 1
Figure (2) : ———— _ == 5 — : == =4
['he area of the circle M 3 Measure of the circle M 360° 3

Figure (3) : Tll{t’ area of {|'lt;:h .\‘cclu_r (MACB) 1 m (£ AMB') _180° 1
I'he area of the circle M 2 Measure of the circle M 360° 2

Figure (4) ; 'Thu: :‘li‘l.'lil of lheh .~.c‘.cl.n'|‘ ( _M;‘-\( B) _ 2 . m (reflex £ AMB) _ 240° _2
I'he area of the circle M 3 Measure of the circle M~ 360° 3

i.e.| The ratio between the area of the sector and the area of the circle is the same ratio
between the measure of the angle of the sector and the measure of the circle.

Area of the sector  Measure of the angle of the sector

Area of the cir_cle Measure of the circle

« If we symbolized the measure of the angle of the sector in radian measure by the symbol
074 and its measure in degree measure by the symbol X° » the radius length of the circle
by the symbol r and the length of the arc of the sector by the symbol { , then :

1 Area of the circular sector i“d

T 2m
erad

.. The area of the circular sector = o X JT r2
“i.e.| The area of the circular sector = % 6rad 12
9 Area of the circular sector _ x°

7T 12 " 360°
.. The area of the circular sector = %; x TC 12

The area of the circular sector = 3x0° x the area of the circle
3 eed= % » *.- the area of the circular sector = % prad 2
.. The area of the circular sector = % X % X 2
The area of the circular sector = % {r
Remorks
|1 | We can consider that the circle is
/ \
a circular sector of angle measure = 360° lf \
and the area of the circular sector = the area of the circle = It r* \\;./,.-_,»._‘_\[.\\ ;,-’]
9 | The perimeter of the circular sector =2 + { b [ /
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I Example 1)

Find the area of the circular sector where the length of its arc is {in a circle of radius
length r » if the measure of its angle is 8 in radian measure and X° in degree
measure in each of the following :

1 r=10cm. » Grad = 1_5rad
2 r=105cm. » X°=144°

3r=6cm.  {=4cm.

L Solution ——
1 The area of the sector = % 9124 2 = % x 1.5 x (10)%> =75 cm?
2 The area of the sector = X = L = TC X (1().5)2 ~138.5 cm?
360° 360°
3 The area of the sector = % lr= % x4 % 6=12cm?
[ TRY TO SOLVE
Find :

1 The area of the sector in which the length of the radius of its circle = 7 cm. and
the measure of its central angle is 2.17*¢

2 The area of the sector in which the length of the radius of its circle = 6.5 cm. and the
length of its arc is 8 cm.

3 The area of the sector in which the measure of its angle is 60° in a circle of radius
length 5 cm.

P Examplo |2 %

The perimeter of a circular sector is 55 cm. and the length of the radius of its circle
is 12 cm. Find its area.

. Solution | —

.+ r=12 cm. » the perimeter of the sector =55 cm.

» . the perimeter of the sector =2 r + {
5 55=2(12) + ! ~d=31cm.

. The area of the sector = % lr= % (31) (12) = 186 cm?
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(Example 3 }

The area of a circular sector is 270 cm? and the length of the radius of its circle is 15 cm
Find : 1 The length of the arc of this sector.

2 The measure of its central angle in radians and in degrees.

. Solution |
1 s r=15cm. » the area of the sector = 270 cm?
» . the area of the sector = % {r L 270 = % { (15) - {=36cm.
9 --{=36cm.andr=15cm.
o 9% = z =38 = 4m ooxo =247 x 180 2 137° 31

L Example| 4%

The area of a circular sector is 75 cm? and its perimeter is 35 cm. Find the radius length
of its circle and the measure of its central angle in degree measure

. Solution ;
- The area of the sector = 75 % lr=175
=150 (1)
» *.* the perimeter of the sector = 35 s A+21=35
s A=35-2¢ (2)

Substituting from (2) in (1) : L (35-2rr=150
L (r-1002r-15=0

~or=10 cm. or r=7 —%— cm. substituting in (1)

S 21r2-35r+150=0

~{=15cm. - l=20cm.
rad _ [ ﬁ rad .. grad _ Z 20 §
-0 0= 1.5 s 0= o= 3
o _ rad 180 o 3 . o § 180° o
xX°=15 T ~ 85° 56 37 R ¢ 3 X ~152° 47 19

[ TRY TO SOLVE

The area of a circular sector is 120 cm? and the length of its arc is 20 cm

Find the measure of its angle in radian measure and in degree measure >
then find the perimeter of the sector.
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[ Example |5 )

A circle M is of radius length 6 cm. » the two radii MA and MB are drawn in this circle

such that AB = 10 cm. Find the area of the minor sector MAB to the nearest cm?

. Solution

Draw MC L AB and cuts it at C > then C is the midpoint of AB
S AC=CB=5cm.
. AACM in which : m (£ ACM) = 90°
o _AC_ S5 . ~ 560 78 24
. sin (£ AMC) = N 6 Som (\L\AMC) 56° 26 34
s.m (L AMB) =2 x 56° 26 34 =112°53 8

~ &
.. The area of the minor sector MAB = % xqu2=1122538 JT x (6)2 ~35.46 cm?

360°
[ Example|6)

ABC is a right-angled triangle at B s in which AB = 6 cm. and BC = 8 ¢m.
Draw a circular arc with centre A and with radius AB to intersect AC at D g
Find to the nearest cm? the area of the zone bounded by BC and CD and BD

— . Solution y
The required area = the area of A ABC — the area of the sector ABD //A
The area of A ABC = l (AB) (BC) = l X 6 x 8 = 24 cm? e é
D 5
C 8 e
'T=AB=6cm.tan (L BAD)="== ¢ /<\\H
- m (£ BAD) =~ 53° 7 48 ¢ —

53°7 48
360°

. The area of the sector ABD = JT 12 x —=— 360 =TT (6) X ~ 17 cm?

<. The required area = 24 — 17 = 7 cm?

( TRY TO SOLVE
Find the area of the shaded part in each of the following in terms of JT :
1 2
/ I,.z" B
,\::9'; \
4 \
1 = A6
10cm. ~-—3cm,—

(Vo : F) ¥ o/upt V/ ol - olsly, - yalsdl 113
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e xamplc 7}

AB and AC are two tangents from A to the circle M to touch it at B and C
» where the length of the radius of the circle is 5 cm. and AM = 13 cm.
Find to the nearest cm? the area of the zone bounded by AB » AC and BC

\ Solution 7
The area of the required zone B .
= the area of the figure ABMC — the area of the sector BMCD 13 ' / \
o o A_-‘;‘.:%___&_: ‘), M
" AB » AC are tangents s BM s CM are radii \,D
e W

<. m (£ MBA) = m (£ ACM) = 90° ~
. AB=AC=1(13)*-(5)* =12 cm.
.. The area of ABMC = 2 x the area of A ABM
=2x%x5x12=600m.2 )
-+ m (£ B) = 90° in A MBA
. cos (£ BMA) = %
- m (£ BMA) = 67° 23 48
- m (L BMC) =2 x 67° 22 48 =~ 134° 45 36

.. The area of the sector BMCD

134° 45 36

. 2
360° 29 cm: (2)

=Tr?x 336((;" =TT (5)% x

From (1) and (2) :
.. The area of the required zone = 60 — 29 = 31 cm?
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2SSO Circular segment

Definition :

The circular segment is a part of the surface of the circle bounded by an arc and a chord
passing by the ends of this arc.

e If we draw the chord AB in the circle M » then the surface /,-EV—ID;
/ djor
of the circle is divided into two parts » each of them /" Segient
is called a “circular segment”. M j
e The central angle 2 AMB is called the angle of the circular segment. B —u“?\
S Segment

® The angle AMB in the given figure is the angle of the minor E
segment AEB » while the reflex angle £ AMB is the angle of the major segment ADB

o If DE is a diameter such that DE L AB and DE N AB = {H}
» then EH is called the height of the minor segment.
o Notice that :
- The area of the minor segment = the area of the circular sector MAEB — the area of A MAB
- The area of the major segment = the area of the sector MADB + the area of A MAB

Hence » to find the area of the circular segment » we must find the area of the triangle »
whose base is the chord of the circular segment and its vertex is the centre of the circle.

The area of a triangle knowing the lengths of two of its sides and the measure of the
included angle between them :

Suppose we have A ABC » in which the length of AB

s the length of AC and m (£ A) are known.

Draw BD L AC
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. The area of A ABC = —%— (AC) (BD) ) .
But m (£ BDA) = 90° in A ABD %

. / N\

o BD —ginA i.e.l BD=ABsinA ) DA
AB : %
Substituting from (2) in (1) s we get : /

C

The area of A ABC = % (AC) (AB sin A)

.. The area of the triangle = % the product of the lengths of two of its sides
x sin (the included angle between them)

N\ The area of the circular segment

Let us get the area of the minor circular segment AEB » 5

in a circle of radius length r and its central angle is of measure prad - =

.. The area of the circular sector MAEB = % prad ¢ 2 |"I. M
and the area of A MAB = -1 (MA) (MB) sin (£ AMB) = L 2 sin 0 \ ~8

BX

.". The area of the circular segment AEB e 2
= the area of the circular sector MAEB — the area of A MAB
— 1 2gad 1 2. o_ 1 2 grad_
=5 0 > T bme—zr (6 sin 0)

.. The area of the circular segment = % r? (6Iilg —sin 0)

Remarks
The area of the major segment ADB
| = the area of the circular sector MADB + the area of A MAB _D

=lr29m§+lr2sin(2ﬂ1—9) yi
2 2 (r (’Uj

= % r2emd _ % r2sin 6 [for sin (2 JT - 6) = —sin 9] '_‘_",‘,'--*"l“‘-\

I {\‘-,_'4/ '_‘/':»".f\

= > 12 (6% —sin ) N

(2] We can find the area of the major circular segment by subtracting

the area of the minor circular segment from the area of the circle.
|

' [3 ] The perimeter of the circular segment = the length of its arc + the length of its chord.

116




R Example[1)

Find the area of a circular segment if the measure of its central angle is 120°

and the length of the radius of its circle is 8 cm.

Solution 7

.. pgrad _ o TT ~ rad
- 0% 120° x I~ 20044

.. The area of the circular segment =

r2 (02 _in 9)

(ST ST

(8) (2.0944 — sin 120°) = 39.3 cm?
' Remark

In the previous example s we can use the radian measure of the central angle to find the
area of the circular segment instead of the degree measure :
The area of the circular segment = % (8)2 (2.0944&1 —sin 2.0944) = 39.3 cm? noticing

that we must convert the calculator system from (Deg) into (Rad) before finding the area
SHIFT MODE

by pressing. 2 . 3
I Example[2)

Find the area of the circular segment whose length of the radius of its circle is 10 cm.
and the measure of its central angle is 1.02"24 approximating the result to the nearest
hundredth.

(Soitiony,—
. _ 1 .2 prad .
The area of the circular segment = 5T (6" —sin 0)

= % (10)? (1.0224  gin 1.022%) ~ 8 39 cm?

( TRY TO SOLVE

Trigonometry

Find the area of the circular segment whose length of the radius of its circle is r and

the measure of its central angle is 0 if :
1 r=12cm.,0=150°
2 r=8cm., 02 =202md
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I Examplc| 3 Y

A circular segment where the radius length of its circle is 10 cm. and the length of its arc is
26.19 cm. Find its area.

Solution ;

1
. The area of the circular segment

eL@:% 2619 _ 5 6192

= % 2 (024 _ gin ) = % (10)% (2.61924 _ gin 2.619%29) ~ 105.99 cm?

Example| 4 1

Find the area of a minor circular segment whose chord is of length 12 cm. in a circle of
radius length 10 cm.
. Solution ;

Let AB represent the chord of the segment and M be the centre of the circle.
Draw MC L AB » thus C is the midpoint of AB

l.e. AC=CB=6cm. .s
From A AMC » we have : s
sin (£ AMC) = 0.6 Wi
- m (£ AMC) =~ 36° 52 :
- m (L AMB) =2 (36° 52 ) = 73° 44
5 0% =730 4d x I ~ 128697
.. The area of the circular segment ADB

= % 12 (69 _ sin 0) = % (100) (128694 _ sin 73° 44 ) = 16.35 cm?

Example|5

Find the area of the minor circular segment in which the length of its chord is 24 cm.

and its height is 6 cm.

\ Solution ,
Let AB be the chord of the segment in the circle M and draw / ' \
MC L AB cutting AB at D and the circle at C k _,_.;‘"E\__ )
Thus CD is the height of the segment. - CD=6cm. \ _f'_«.hi‘.}_x_f]
»» MD L AB . AD = DB = 12 cm. N
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s MC=MA-=r “MD=r-6
> A ADM in which m (2 ADM) = 90° . (AM)? = (AD)? + (MD)?
o 12 =144 + (r - 6)° nrr=144 412 - 121+ 36
* 12r=180 Sor=15cm.
» * sin (£ AMD =%=% =4 - m (£ AMD) = 53° 7 48
. m (L AMB) =2 x 53° 7 48 = 106° 15 36
- 094 = 106° 15 36 x T~ 1850
.. The area of the minor circular segment = %x (024 _sin @ )

1

= 3 (15)% (1.85% — sin 106° 15 36 )

=100.125 cm?.

( TRY TO SOLVE

Find the area of the circular segment in which its height is 3 cm. and the radius
length of its circle is 10 cm.

I Example 6}

Two congruent circles in which the radius length of each one is 6 cm. and one of them passes
through the centre of the other. Find the area of the included part between them.

—~ ' Solution e =

Let the two circles intersect at A and B

. AB divides the included part between the two circles

into two equal circular segments in area.
s *.© A AMN is an equilateral triangle in which :
MA =MN = AN =6 cm.

s A BMN is an equilateral triangle in which :
MB =MN=NB =6 cm.

<. m (£ AMN) = m (£ BMN) = 60° <. m (£ AMB) = m (£ ANB) = 120°
od_ e T _2
0= 120° x o =270

.. The area of the minor circular segment ANB =%r2 (074 _gin 0)

1o c2(2404 o o) ~ 2
=1x6 (3:rc sm120)~22.11cm.

. The area of the included part between the two circles = 2 x 22.11 = 44.22 cm?
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Lesson Seven

m The area of the triangle

You have previously studied the area of the triangle and known that :

First  The area of the triangle = % the length of the base x corresponding height

i.e.| Inany triangle ABC »if AD L BC , then :

The area of AABC = % BC x AD

. _ l .
Second | The area of the triangle = 5 the product of the lengths of two sides

x sine of the included angle between them.

‘i.e. In any triangle ABC

A
A
The area of A ABC = % AB x AC x sin A / '\
1 : 7 X
= = AB xBC xsinB / \
2 / \
\
-1 - - %
-2ACxBst1nC a 3




Trigonometry |

N Example]1 3

Calculate the area of the triangle ABC in each of the following cases :

1 AC =10 cm. and the length of the perpendicular drawn from B to AC equals 7 cm.
2 AB=12cm. s BC=15cm. and m (£ B) = 90°

3 AB=11cm. s BC=10 cm. and m (£ B) = 47° approximating the result to the nearest
hundredth.

4 AB=25cm. sBC=17 cm. and AC =26 cm.

B
1 Solution / .
1 The area of the triangle ABC = % AC x BD / g \\
= \
-1 \
=3 x 10 x 7 d\
C A
= 35 sz. 10cm.
A
92 The area of the triangle ABC = % BC x AB
_1 g
=5 X 15x 12 | 8
=90 cm? - .
C 15cm. B
3 The area of the triangle ABC = % AB x BC x sin B A
™\
= _1__ 1 o "r \\
=5 x 11 x 10 x sin 47 / N x/%
~ 40,22 om? /
—_ = / 4T
4 Draw AD 1 BC 5let BD = X cm. C 10cm. B
s thus DC = (17 — X) cm. /
InAABD: “ m (£ ADB) = 90° .. (AD)? = (AB)? - (BD)? o 4 5
- (ADY? = 625 — x 2 ) "‘// |
In AADC : ** m (£ ADC) = 90° . (AD)? = (AC)? — (DC)? 55—
~. (AD)? = 676 — (17 - X)° Q) N

From (1) and (2) > we get that : 625 — X% = 676 — (17 — X)?

625 - X7 =676 -289 + 34 X — X7 - 34 X =238 - X =7 cm.
Substituting in (1) :

- (AD)? = 625 — 49 = 576 .. AD =24 cm.

. The area of the triangle ABC = -+ BC x AD = % x 17 x 24 = 204 cm?
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If we symbolized the perimeter of the triangle ABC (the sum of the side lengths of the

triangle) by 2 S » then the area of the triangle ABC =7/S (S—AB) (S - BC) (S-AC)

Check the solution of the previous example by using Hero's formula.

( TRY TO SOLVE )
Calculate the area of the triangle ABC in each of the following cases approximating
the result to the nearest hundredth :

1 The triangle ABC is equilateral and its side length is 6 cm.
2 AB=12cm. sBC=15cm.and m (£ B) = 62°

\ The area of the convex quadrilateral
hE— D
In the opposite figure : AN A
ABCD is a quadrilateral in which its diagonals AC and BD // ' (”\ll”{ \
intersect at M and include between them an angle of measure 0 ;’ ” = \
,if AE L BD , CF L BD : ’
» then the area of the quadrilateral ABCD = the area of A ABD + the area of A BCD
= 2 BD X AE + 7 BD x CF
= 2 BD (AE + CF)
- In AAEM : m (£ AEM) = 90° - sin @ = :_fa < AE = AM sin 0
»in ACFM : m (£ CEM) = 90° - sin B = EC]\% ~. CF = CM sin 0
.'. The area of the quadrilateral ABCD = % BD (AM sin 6 + CM sin 0)
= 2 BD sin 6 (AM + CM)
= 2 BDsin 6 x AC = -+ BD x AC X sin
e The area of the quadrilateral = % the product of the lengths of its diagonals
I.e.
x sine of the included angle between them. ‘
Remark

If we used £ AMD of measure (180° — 0) that is the supplementary angle of

£ AMB of measure 0 » then the area of the quadrilateral ABCD does not change
because sin (180° — 0) =sin 6




L Example[2)

Find the area of the quadrilateral in which the lengths of its diagonals are 10 cm. »
12 cm. and the measure of the included angle between them is 62°

. Solution ;

The area of the quadrilateral = % the product of the lengths of its diagonals

x sine of the included angle between them
_ = 2 x 10 x 12 x sin 62° = 52.98 cm’
~ Remark
- We can use the previous law for calculating the areas of some special quadrilaterals as :
&l square : |

In the opposite figure : - B 3
ABCD is a square ~.AC=BD s AC LBD

.. The area of the square ABCD = L« AC x BD x sin 90°

% . M
=1 xacxacxi=L@ac? |
1 :

-+ | The area of the square = 5 the square of its diagonal length =~ © B

For example :

The area of the square whose diagonal length is 6 cm. = —%— x (6)* = 18 cm?
3 Rhombus : |

A
In the opposite figure : il i \
ABCD is a rhombus S ACL BD1 DE— 1 \B
. The area of the thombus ABCD = - x AC x BD x sin 90° .
_ % x AC x BD

The area of the rhombus = % the product of its diagonal lengths

For example :

The area of the rhombus whose diagonal lengths are 6 cm. and 8 cm. = % x 6 x 8 = 24 cm?

(TRY TO SOLVE
9
Find :

1 The area of the square whose diagonal length is 8 cm.
Q The area of the thombus whose diagonal lengths are 12 cm. and 16 cm.

3 The area of the quadrilateral whose diagonal lengths are 6 cm. » 8 cm. and the measure of
the included angle between them is 120°
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Remark
In the quadrilateral ABCD » if its two diagonals intersect at M » then i
R —\
Area (A ABM) x Area (A DCM) [ Nl \
| PNAY x
' A X
|-
C B

= Area (A ADM) x Area (A BCM)

Area (A ABM) x Area (A DCM)
=[5 (MA) (MB) sin 6] x [ 2 (MD) (MC) sin 6]

i [% (MA) (MD) sin (180° - 6)] x [% (MB) (MC) sin (180° - 8)]

= Area (A ADM) x Area (A BCM)

[ = __:_!" \ The area of the regular polygon
e The regular polygon : It is a polygon in which all interior angles are equal in measure

and all sides are equal in length.
» The measure of the vertex angle of a regular polygon in which the number of its sides is

. n-2) x 180°
n sides = (n-2)x180°
n
e
The measure of the vertex angle of the regular hexagon /126 18\
o 6= % 180° o0 B() 128 12 () B
6 \ /
.. - \ 126 120_/
e We can divide the regular polygon whose the number of its sides o O
C D
is n sides into a number n of the congruent isosceles triangles and
the measure of the vertex angle of each of them = 2l
A E
Kr\,_\\l. .’\
7
The regular pentagon is divided into 5 congruent triangles » [ e I’-:.-} s
- : B 72| 72
each one of them is isosceles and the measure of its vertex
Nt

27[;:720

angle is
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The area of the regular polygon :

5 b A
In the opposite figure : N \j\ f
A regular polygon in which the number of its sides is /;'_.' S :—L’i_n yf
n sides and the length of its side = X length unit. "\_\ M / E
Then the area of the polygon = the area of A AMB x n e
. A AMB is an isosceles triangle in which : MA=MB s m (£ AMB) = 2%t
n
»~» MD L AB . m (£ AMD) = ?
i’ - MD .. cot v — MD . = £l
IR cot(LAMD)—AD “COtn_Lx ..MD—Zxcot
2
s *.* the area of AAMB = % base length X height = % x AB x MD
=1 L L § 3
5 X X X 5 X cot Z X2 cot I
: (L x2cot ™V xn=L nx2cot T
o Theareaofthepolygon-(4 X* cot n) Xn=4 n X" cot—
i.e.| The area of the regular polygon whose the number of its sides is n sides and
the length of its side is X = _élf n X2 cot %

_ CTID,

Find the area of each of ;

1 aregular octagon of side length 7 cm. (to the nearest hundredth)

2 aregular polygon whose the number of its sides is 12 sides and its side length = 10 cm.

(to the nearest centimetre square)
3 an equilateral triangle of side length 9 cm. (to the nearest thousandths)

— . Solution

4 4
2 The area of the polygon of 12 sides = % n X2 cot % % x 12 x 10% x cot & D =~ 1120 cm?
1
4

1 The area of the regular octagon = 1 nx2cot E =L xgx7?x cot % = 236.59 cm?

3 The area of the equilateral triangle = 1nx2cot &=

2 ~
7] o X3x9 xcot? 35.074 cm?

Another solution :
The area of the triangle = % the product of two side lengths x sine of the included angle

between them = % X 9 x 9 x sin 60° = 35.074 cm?
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Remarks

« The equilateral triangle is a regular trilateral » so we can use the law of calculating

the area of the regular polygon to find its area as the previous example » then :

The area of the equilateral triangle = L« 3% x?%x cot % = % X2 x cot 60°

4
=ix2x£=£x2
4 3 4

The area of the equilateral triangle = g X2 where X is the side length of
the triangle.

..

» Using the same way » we can find the area of the regular hexagon :

The area of the regular hexagon = %x 6 x X2 x cot%= % X2 x cot 30° = __3W2/§ x?

The area of the regular hexagon = # X2 where X is its side length.

Use the law of calculating the area of the regular polygon to find the area of each of :

( TRY TO SOLVE e

1 an equilateral triangle of side length 15 cm. (approximating the result to the nearest
hundredth)

2 a square of side length 6 cm.

3 aregular pentagon of side length 12 cm. (approximating the result to the nearest
thousandth)
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Unit Lessons

Lesson One : Scalars, vectors and directed line segment.
LessonTwo : Vectors.
LessonThree : Operations on vectors.

Lesson Four : Applications on vectors.

Learning outcomes

By the end of this unit, the student should be able to :

* Recognize the scalar quantity » the vector quantity and the directed line segment

and express it in terms of its two ends in the coordinate plane.
* Recognize the position vector and put it in the polar form.
e Find the norm of the vector and zero vector.
* Recognize and solve exercises on equivalent vectors.

* Recognize the unit vector and express the vector in terms of the fundamental unit

vectors.
® Recognize parallel and perpendicular vectors.
* Multiply a vector by a real number.

* Add two vectors using the triangle rule (Coordinates - Parallelogram rule) - Subtract

two vectors.

¢ Prove some geometric theorems using vectors.

e Solve applications in the plane geometry on vectors.




Scalars , vectors
and directed line segment

Lesson ONe

"\ Scalar quantity and vector quantity

e The quantities which we deal with in our life are two kinds :

| 1 Scalar quantity :

It is a quantity determined completely by a real number which is the magnitude of
this quantity.
For example : Length - mass - time - temperature - volume - distance.

2 Vector quantity :
It is a quantity determined completely by a real number which is the magnitude of
this quantity » and the direction.

. For example : Force - displacement - velocity.

« To show the difference between the scalar quantity and the vector quantity s we show
- for example - the difference between distance as a scalar quantity and displacement
as a vector quantity.
1 Distance : It is the length of the actual path covered during movement from a position
to another » and it is a scalar quantity because it is determined completely by its

magnitude only without direction.

9 Displacement : It is the smallest distance between the starting point and the ending
point » and in the direction from the starting point to the ending point.

i.e.| Itis the distance covered in a certain direction » and it is a vector quantity
because it is determined completely by its magnitude and its direction.
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Vectors

For example :

In the opposite figure : _——

If a body moved from the point A a distance 12 m. east = N -

» then changed its direction and moved 5 m. north and i l_ e

stopped at the point C » then : South " E

the distance covered by the body during A/”/ ;—-,B
12 m.

the movement=AB +BC=12+5=17m.

and the displacement resulted during the movement is the length of AC in the direction
fromAto C

‘i.e. | The displacement = 4(12)? + (5)* = 13 m. in the direction AC

h Direction

* Each ray in the plane determines a certain direction.

For example : North

In the opposite figure :
w N A

* OA determines east direction. 42
West el INIAS b
—— . e c Op A

* OE determines north east direction. \

¢ ON determines the direction 30° north of west. Df M\

* OM determines the direction 35° east of south.

Notice that

=
In the opposite figure :

If AB and CD are parallel and each of them is not parallel f
to XY ,EEAB ,FECD »ZEXY »then : 1 /

* EA and BA have the same direction and are carried on one

straight line.

* EA and FC have the same direction and are carried on two

parallel straight lines.
« EA and EB are in opposite directions and carried on one straight line.
« EA and FD are in opposite directions and carried on two parallel straight lines.

« EA and ZX are in different directions and carried on two not parallel straight lines.
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Generally .

1 The two rays which have the same direction or in opposite directions are carried on
one straight line or two parallel straight lines.

2 The two rays different in directions are not carried on one straight line or two parallel
straight lines.

[ TRY TO SOLVE
In the opposite figure : \ i

AB and CD are parallel and each of them is not parallel to XY » \ /
EEAB,FECDandZEXY 2\ /
Show whether the two rays have the same s opposite or Yy Df

different directions in each of the following :
1 ABand DF 9 ABand XY
3 CDand EB 4 7Y and ZX

5 CF and ZX

[\ The directed line segment

* If we determined to the line segment ABa starting point A and an ending point B » then

follow from that the line segment has a direction from A to B and is called a directed line

segment and is denoted by the symbol AB > with noticing that :

AB # BA because they are different in the starting point — - J—
A

and the ending point 5 and this lead to their opposite in BA

the direction. A

* From the previous s we deduce that the directed line segment is determined by three

elements :
1 Starting point.
2 Ending point.

3 Direction from starting point to ending point.
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Vectors

(1] The directed line segment :

It is a line segment which has a starting point s an ending point and a direction.

(2] The norm of the directed line segment "norm of AB":
It is the length of AB and is denoted by the symbol || AB l
and notice that : || AB = EA: |=AB

(3) Equivalent directed line segments :

Two directed line segments are equivalent if :
1. They have the same length "norm".

Q. They have the same direction.

I Example 1)

In the opposite figure :

ABCD is a parallelogram » its diagonals intersecting at M »
and E is the midpoint of AD

First | Determine the directed line segments (if existed)

which are equivalent to :

1 AB 9 DA 3 MB
4 AM 5 AE 6 ME

Second | Show why the following directed line segments are not equivalent :

1 DM and DB 2 AD and CB 3 AM and CM
' Solution 7

First -

1 DC 2 CB 3 DM

4 MC 5 ED 6 None.

Second |

1 Because | DM | = | DB ||

—_—

2 Because AD and CB are in opposite direction.

3 Because AM and CM are in opposite direction.
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| TRY TO SOLVE

If AD N BC = {M} » MA =MD and MB = MC

» then complete the following with or

" "

s showing the reason :

1 AM ol MD because they ate T N
2 m .............. MC because they Qre «-reieiiiinin )
3 AB CD because they are
4 BM .............. BC because they Qre -
Remarks

AB ’ CD can not be equivalent unless two parallel straight lines carrying them or
one straight line as in the following figures :

B ] L | —

and AB is equivalent to DC ’
then ABCD is a parallelogram.

—_— / /
f

draw a unique directed line segment CD equivalent 4 {

to another line segment AB in the same plane. /

| There are an infinte number of directed line segments can be drawn in the plane and

each of them is equivalent to another directed line segment.

X Example 2

In an orthogonal coordinate plane ’ determme the points A(-2 5 1) » B (1 3),C(2,52)
and D (1 5-1) »then draw CE and DL each of them is equivalent to AB
Find the coordinates of each of : E and L
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' Solution —

To draw CE equivalent to AB s then CE and AB should have

the same direction and the same norm. :

« Draw CE // AB (the slope of CE = the slope of AB = %) _ /B(.I,S) _E |

* Use the compasses to determine the length of EC = the _ I/ (2.5 ' IL '
length of ABor by calculating the number of horizontal X, Ag_z';l) = V,)/t - ]
and vertical squares » | Pl | ||
then we getthat : E=(5 »4) - L

e Similarly s draw DL swegetthat: L=(4,1)
Another Solution :
" The translation preserves parallelism and lengths of line segments.
. The point C is the image of the point A by the translation [(2 52)— (=2 s 1)]=(4 5 1)
and to draw CE equivalent to AB s we get that : CE is the image of AB by the

translation (4 5 1)
.. The point E is the image of the point B by the translation (4 5 1)
. ThepointE=(1+4+3+1)=(0 »4)

Similarly s we can find the coordinates of the point L

eBiology

eChemistry
For 15t Sec.
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k The position vector

We know that each point A in the orthogonal coordinates
plane is determined by a unique ordered pair (X »y) » so it has
a unique position with respect to the origin point O which is

A(X)Y)

N

determined by the directed line segment OA and it is called the x|~ ;

position vector of the point A and is written as OA = (X 5 y) 9
N
y

 Definition :

The position vector of a given point A with respect to the origin point O is the directed
line segment OA which its starting point is the origin point O and the given point A is

its ending point.

In the opposite figure : \
* OA is the position vector of the point (A) with respect to

the origin point O and is written as OA = 3,2

* OB is the position vector of the point (B) with respect to

—_—

the origin point O and is written as OB = (-3 ,4)

" —_— N
‘ Remark
All position vectors have the same starting point (O) » then we denote the position ‘

vector OA by the symbol A

In the previous figure :
Wewrite A=(352) » B=(-3,4)
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The norm of the vector

It is the length of the line segment that represents the vector.

IFA=(X»y) ACX.Y)

s then “ X || = the length of OA and if we used the law of the / .
distance between two points to find the length of OA » then : //

The length of OA =1 (x-0)? +(y -0) . 74 5 o

2|1Al=x2ey?)
For example :
cIfA=(3,-4)
» then || A || = Y(3)2 + (= 4)% = 5 length units.
-1fB=(-3,313)

» then || _ﬁ || =,\/(— 3)2 +(3 ’\/?)2 = 6 length units.

cIHC=(3,Kand|Cll=312
> thenW:?aﬁ
~9+K?=18
~K?=9
L K=x3

The unit vector

It is a vector whose norm is unity.

For example :

A= (—g- ’ %) 18 a unit vector because
”XH = (%)2 + (%)2 = 1 length unit.

The zero vector

It is a vector whose norm equals zero and denoted by Oor0 s where 0= (0 »0) and it
has no direction.
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Q:?) Check your understanding |
J e -~
1 IfA=(65-8) find: Al

| — 13
" 9 TIs the vector A = ( —;/: R % ) a unit vector 7 and why ?

| 3 If (k ) —5_3) is a unit vector » then find the value of k

' The polar form of the position vector |

—

If the position vector OA makes an angle of
measure 8 with the positive direction of X-axis ACCY)

» then the polar form of the position vector

GA=(I5Al ) T T AT

For example : )

If OA makes an angle of measure 30° ALY

with the positive direction of X-axis and

)

|| K || = 6 length units » then the polar X\ LA j{f
form of the vector OA = (6 530°)
. = PR - E

1.e. _OA—(6 6 )

N |

. Remark
If the position vector of the point A (X 5 y)
is in the polar formﬁ:(”a&" ,9) s then ) A(XLY)

x=[OK]] cos /

,y=||6A:|| sin O wheretan9=% 2

< TOAN i —s-

/
and the cartesian form of the vector OA is Xy ol —
O] «—IDAlcos 0—

OA = (|0A |l cos 65 10A | sin o) A

]

=
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L Examplo 1}

If OA is the position vector of the point A with respect to the origin point s then find

the coordinates of the point A in each of the following :

1 0A =(103,60°) 2 0A = (612 ,135°) 3 0A=(8 ,%)
\__QSOIution Y

1 x=1013cos60°=5Y3 ,y=10Y3sin60°=15 - A=(5{3,15)
2 Xx=6Y2cos135°=—-6  ,y=6{2sin135°=6 .~ A=(-6,6)
3 x=8costf=—4 ,y=8sin%=—4«/§ nA=(-4,-493)

L Examplo |21

If OA is the position vector of the point A with respect to the origin point s then

find the polar form of the vector a&in each of the following :

OA = (4,443 OA =(513,-5 1
1 ( ’ V—) 2 (V—’ ) X<0,Y>0 [ X>0,Y>0
\ _s_olution e 2" quad 1% quad
1 '.'O—A=(4,4V§) ‘(186,—8) 0 =
N 5 (180 +9) (360 - 0)
i = 2 = i
S OA | —\/(4) +(41/§ ) = 8 length units. | [39 quad 4th quadJ
X<0,Y<0 X>0,Y<0
| ¥

vano =43 5 | J
s " the measure of the acute angle whose tan is’\/_gis tan~ ! (VE) =60°
y . X>0,5y>0 s 0=60°

- OA = (8 »60°)
2 - 0A=(513,-5)

— 2
-~ |OA | = J (543) + (5 =10 length units.

stan@=—2 ==L
sYs 43
» . the measure of the acute angle whose tan is —L_js tan! ( L ) = 30°
s s

s X>05y<0 - 8=360°-30°=330°

- OA = (10 5330
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( TRY TO SOLVE

1 If the position vector OA = (5 2 225°) s then find the coordinates of the point A
9 Write in the polar form the position vector OA = (— 12943 » 12)

k Equivalent vectors

Every vector A= (X 5 y) can be represented by an infinite number of equivalent directed

line segments » where each of them is equivalent to the position vector of the point
A= (X 9 y)

In the opposite figure :
A = (3 » 4) is a position vector of the point A }
, BC = DE = - = OA because AN
IBCI=IDE = - =|0A | =457+ 7 5

=5 length units. B g

3 units
|

—_—

’ Eé ’ ﬁ s -+ s OA are in the same direction
s so each of BC s DE » --- consider

a geometrical representation of the vector A 1"

=% e mR R L
| 4 units

oo

‘i.e.|,‘§5='5]§=...=ﬁ=(3,4) . D 3 units

* From the previous s we notice that the
vectors are related by the ordered pairs.

e _The elements of R x R (R?) » so we can deduce the definition of the vectors with

the mathematical concept or the algebraic concept as the following :

- Definition : -

The vectors are the elements of the set R? with addition and multiplication by a real

number defined on it 5 and denoted by one of the symbols A s B 5 T

Where R? = the set of the ordered pairs of the cartesian product R x R
={(Xsy): XER ,y ER}
IfA=(X >y) ER? » B=(X, sy, ER?
,thenX+§=(X1 + X0y, + Yy

For example : fA=(3,5 » B=(2,1)
sthen A+B=3+2,5+1)=(56)
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k Properties of addition on vectors

1 Closure property : For every A sBER? s then A + B ER?
2 Commutative property : For every A _ﬁ s then A + E E E + A

—_—

3 Associative property : Forevery A s B s C »then A+ (B + C) (A + B) +C=A+B+C

4 Identity element property : For every A A there exists the zero vector O = (0 5 0) where
A+O0=0+A=A

5 Additive inverse property : For every A (X > y) there exists (- K) = (— X s — y)where
A+ (- A) (- A) + (A) O (zero vector)
the vector (— A) is called the additive inverse of A

—_— e s e e e e —_—

6 Elimination property : Forevery A s B, Cif A+ B=A +C 5 then B=C

Multiplying a vector by a real number

IfA=(X>y)ER? kER > thenk A =k (X »y) = k X sk y)

For example :IfA =2 ,-5)
sthen3A =3 (2 »—5)=(6 »— 15)

k Properties of multiplying a vector by a real number

1 Distributive property :

,._J' ForeveryK B ykER ﬁhenk(K+§)—kX+k§

Second J: Forevery A 5k, s k, ER » then (k; +k)) A =k, A+ k, A
Q Associative property : For every A k1 sk, ER 5 then (k, k,) A= k; (k, A)
3 Elimination property : For every AsB kER ifkA=kB sthen A=B

X Example| 3 ),
If X =39-1) » _]i =295 » 6 = (-4 3 2)s find each of the following vectors :
12A-3B 2 L 4A+2B-0)

32 6— 3 (E + K) Where 6 is the zero vector

v Solution 7

12A-3B=23,-1)-3255)
=(65=2)+(=6+=15)=(0 »—17)

9 %(4A+2§—6)=2A+§— . c
=23 ,—1)+(2,5)—%(—4,2)
=(6 9—2)+(2 ,5)+(2 3—1)=(10 ,2)
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320-3C+A)=2(050)-3[C4>2+3>-1)]

=(0,0)-3(-1-1)=050+3>-3)=3»-3)

K Example | 4 -
IfA=(651) s B=(152)sfind:|A-2B]

. Solution ,
cA-2B=(651)-2(1:2)=6>1)=(24)=(4,-3)

sl A-2 _ﬁll ='V 16 +9 =‘V 25 =5 length units.

" TRY TO SOLVE

IfA=(3s—1) » B=(2,-5)

b
the vector ﬁ ) whereﬁ =A-2 _ﬁ— C

~ Equality of two vectors

For any two vectors A= X2y » B= (X 0y,

,then}::_ﬁifandonlyifxl=X2 'Y1 =Y,

HA=(2s-3) » B=(335)

9 express 6 = (12 9 1) in terms of Aand B

— Selution |
LetE:kK+ [ﬁwhere k>, lER

nC=k@25-3)+{3,5=2k»-30+3{,5bH

=2k+3{,-3k+50)
L Qk+30,-3k+5H=012,1)

~ 2k + 3 { = 12 (Multiplying by 3)

~6k+9(=36
»—3k+ 5 { =1 (Multiplying by 2) s —6k+10{=2
Adding (1) and (2) : .. 19 { =38 Y

Substitutingin (1) : -. 6 k=18 . k=3
~C=3A+2B

= (-5 »5) s then write in the polar form

™ Example 5 —

(D
(2)
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——

L The fundamental unit vectors; , j

If O is the origin point of an orthogonal coordinate plane » then :

1 The fundamental unit vector i = (1 »0) is the position vector of
the point (1 5 0) s its norm is the unity and its direction is the
positive direction of the X-axis

2 The fundamental unit vector j = (0 » 1) is the position vector
of the point (0 » 1) » its norm is the unity and its direction is
the positive direction of the y-axis

* Note that : [1]=[5]=1

1 (1,0

Expressing the vector in terms of the fundamental unit vectors

If A is a vector in the plane where A = (X 5 y)
» then it is possible to express A in terms of the
fundamental unit vectors as follows :

A= (X »y)=(X50) + (0 5 y) (from definition of addition)
=X (150)+y (0 1) (from definition of multiplying

by a real number)

G _Ah=xJik+y‘j~

X X
0

N

y

and this rule is used directly to express the ordered pair representing A in terms of the

fundamental unit vectors i » j

For example : A=(2,3)=2i+3] 5 B=(-5,1)=-51+]

K Example |6 )

Express each of the following vectors in terms of the fundamental unit vectors »

then find its norm :

1A=(-8,6) 9 L=(0,-2 3K/f=(%,0) 4C=2,-6)
1 Solution ——
1 A=—8i+ 63 ||K|| =1 (- 8)* +(6)* = 10 length units.
2 f=—2-3 ”f”: 0%+ (- 2)? = 2 length units.
. - — 7
3 M= % i || M ||z (%) + (0)2= % length units,

4C=2i- 6_}' | Cc [ =‘V Q2P +(-6)*= ZWIength units.
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[ TRY TO SOLVE

Express each of the following vectors in terms of the fundamental unit vectors » then find
its norm :

1A=(7,-24) 2D=(-6,0) 3L=0,-12) 4E=(-12,-16)

I Example| 7 Y

Write each of the following vectors in its polar and cartesian forms s then

express it in terms of the fundamental unit vectors :

1 A force of magnitude 12 newtons acts in the direction North East.

2 A uniform speed of a car covers 8 metres per second in the direction 30° North of West.
3 The displacement of a body a distance 24 metres in the North direction.

4 A force of magnitude 4 kg.wt. in the direction 30° East of South.

—~ — SOIMt(on’;
- North
1 Let the position vector of the force = A 4 Py
. The direction North East bisects the angle between the North //
and the East. 50 = 92&0 =45° Wesi «—”-%\L* East
* The polar form of A = (12 545°) South
* The cartesian form of K: (12 cos 45° 5 12 sin 45°) = (6 25 6\/3)
*A=6y2 i+ 6\/3 3
2 Let the position vector of the speed = B Norh
0, =180° - 30° = 152° . l
* The polar form of B = (8 » 150°) N8
= West =30 IS\ Fast
* The cartesian form of B = (8 cos 150° » 8 sin 150°) 0
=(-443,4) South
*B=-4431+4] -
3 Let the position vector of the displacement = c .
- 8, =90°
* The polar form of C = (245907 West o) 6, .
* The cartesian form of C = (24 cos 90° 5 24 sin 90°)
=(0 524)
+C=2 4—3 South
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—_

4 Let the position vector of the force = D North

- 8, =270° + 30° = 300° 0. o
—_ 4
* The polar form of D = (4 , 300°) West {Tﬁd’—' East
—_— A
* The cartesian form of D = (4 cos 300° » 4 sin 300°) e
=(2,-293) N

< = -~ South

*D=21-293 j
[ TRY TO SOLVE

Write each of the following vectors in the polar and cartesian forms s then express it
in terms of the fundamental unit vectors :

1 A force of magnitude 63 newtons acts in the East direction.
2 The displacement of a body a distance 3 metres in the South direction.

3 A uniform speed of a car covers 50 metres per second in the direction North West.

Parallel and perpendicular vectors

For every non zero vectors X ’ ﬁ where X ES (X1 'Yy o _ﬁ =(X, » y2)

1IfA/B | 9IFALB |

i A J
; . B, N5
L 5
- Sl
= -
/ y,

¥ ;1 N
s then tan 91 = tan 62 s then tan 61 X tan 92=—1 ‘
=02 .'.£X&=—1
X X X X

| s X1 ¥,=X,y;,=0 and vice versa. s X Xy +Y,Y,=0 and vice versa. ‘

For example :IfA=(3,4),B=(8+-6)»C=(9,12)
athenxlﬁbecause [3><8+4><(—6)=0]
,K//abecause [3x12-4x9=0]

‘ Remark

E 3 . _‘= i ' —_—

Note that : T_lie slope of A 3 N T A = (X »y)
s the slope of B = _8—6 = _4—3 s the slope of C = % =3 ‘ » then the slope of A = %
.. The slope of A = the slope of C ' A
- AJ/C »the slope of A x the slope of B=—1 ~ALB
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[ Example |8 )

IfA= (=2 93) » _ﬁ: (-4 9m) s find the value of m in each of the following :

1AIB 9ALlB

-Soluiion=
1--A/B s —2m=3(-4)=0 S 2m=12 m=6
2 -AlB W (=) (=4 +3m=0 s 3m=-8 sm==8

S ¢ 21l 9 )

Draw an orthogonal coordinate plane where O is the origin point s then represent on
it each of the following :

1 The vector A= (1 5 3) by a directed line segment whose starting point is (1 »2)
9 The vector B = (4 s — 2) by a directed line segment whose starting point is (— 1 » 1)

* Then find the ending point in each case
 Solution ;

1 To represent the vector A=(1,3)

* Start from the point (1 »2) s then move to the right one . -
unit in the positive direction of the X-axis. |

* Then move upwards 3 units in the positive direction of . 11
the y-axis. e IS V| x
. . . _..__I?},TK_E_.:.: -
.. The ending point=(2 5 5) gy
2 To represent the vector ﬁ =4 ,-2) y

* Start from the point (— 1 5 1) » then move to the right 4 units in the positive direction
of the X-axis.

* Then move downwards 2 units in the negative direction of the y-axis
.. The ending point =3 5—1)

- Remork

If M is a non zero vector sk # 0 » then M// k M and ” kﬁ” =|k|. || ﬁ”
» where the direction of k M is the same direction of M for every k >0

" and the direction of k M is the opposite direction of M for every k <0

For example : « M ,2 M are parallel and in the same directions. ZMI;’J

— — - M
M, —% M are parallel and in the opposite directions. > M / /
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[ Example 10}

If Kis a non-zero vector. Find the value of K in each of the following cases :

1 k[Al=]-24l 2 [2xkA[=]-34]
. Solution ,
1 - K[Al=]-2A] ~KlAl=2]Al L K=2
2 -2k Al=]-34]
~21K|[Al=3]A]
~2[K[=3
: -3
~K|= >
;K:i%
Example 11
.
Represent the vector M= (1 92) s then draw from the points
B(-49-3) » C(250) s D(~1 s1) the directed line segments
which are equivalent to 3 M ’ —% M 9— M respectively.
Solutton__ 7
1 Represent the vector ﬁ = (1 »2) starting from the !
point (0 5 0) = 4
—_— | : 3
2 Represent the vector 3 M =3 (1 »2) = (3 5 6) starting from = g 2 /,T\Tf
the point B (-4 5 - 3) K Wi/ﬁilri C I | X
3 Represent the vector — = M =— = (1,2)= (—i ,—3) =3 f/"Q, L2 3 ]
2 2 2 AL DI Pk
starting from the point C = (2 , 0) / 15 Bl
g et
4 Represent the vector — M = (= 1 , —2) starting from the point | =
D=(-1,1) 53
I Example 2}
The opposite lattice represents congruent parallelograms. L, D/
Express each of the following directed line segments in terms N/ o B/ 5
of the vectors M and N : /K
A 3
1 AB 2 CB 3 CE
4 BC 5 BA 6 KC
7 DL 8 DE 9 LA
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- , Solution , =
14M 2 -3N 3-M
43N 5 -4M 62N
7 -3M 8 -2N 9 -5N
Remark
IfKandﬁare non zero vectors ,K= kB sk #0 s then X//ﬁ
For example : IfA=(3,2) » B=(15,10)
~B=5(3:2=5A . A/lB
( TRY TO SOLVE =
Y
Some vectors in the orthogonal coordinate plane.
Write each of the following vectors in terms of
the fundamental unit vectors : e )
—~ i 1A
1A 2B ¢ N !
3C 4D BN '
'




Lesson Three Operations on vectors

m Adding vectors geometrically

k The first method : Trianlge rule "Shal relation"

—_— —_—

If AB represents the vector M » BC represents the vector N » where

the point B (the ending point of the first vector K/f) is the starting > ' //(
—_— —_— —_— — ‘é ’/"
point of the vector N » then AC represents the vector M + N /g\"/./‘/ /
/ N
—_— — e . i
i.e.| AB+BC=AC e /
A B

ie.| _The displacement AB followed by another displacement

=

BC is equivalent to a unique displacement AC

I Example 1}

If a ship moved from the position (A) in the given directions till it reached the position (B)

Draw the path of the trip with a suitable drawing scale using your geometric tools s then

find from the drawing the magnitude and the direction of the ship’s displacement (Xﬁ)

if the directions are :
1 A distance 600 metres towards East » then a distance 800 metres towards North.

2 A distance 20 km. towards West » then a distance 30 km. in the direction 60° North West.
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. solution r

1 Let the drawing scale be every 200 metres in fact

are represented by 1 cm. in the drawing.

.. 600 metres are represented by 3 cm. »

800 metres are represented by 4 cm.

From the drawing and by measuring we find that /
AB =5 cm.

.. The norm of the displacement =5 x 200
= 1000 metres.

West -— —-AH >

and the direction of the displacement 6 = 53° Al

(using the protractor) or 6 = tan”! (%) = 53°

.. The ship is at a distance 1000 metres apart from the

|
South

position A in the direction 53° North East.

9 Let the drawing scale be each 10 km. in fact are

represented by 1 cm. in drawing

». 20 km. are represented by 2 cm. and 30 km.
are represented by 3 cm.

From drawing and by measuring we find that -
AB =44 cm.

.. The norm of the displacement = 4.4 x 10 =44 km.

and the direction of the displacement 6 = 37° (using thc protractor)

4cm.

» East

.. The ship is at a distance 44 km. from the position A in the direction 37° North West.

( TRY TO SOLVE

If a car moved from the position A in the given direction:

draw the path of the trip using a suitable drawing scale using your geometric tools »

from the drawing , find the norm and the directions of the displacement of the car

(K_ﬁ ) if the directions are :
1 A distance 1200 metres in East » then a distance 1600 metres in North.
9 A distance 25 km. in East » then 30 km. in the direction 60° North East.

3 A distance 50 km. in West » then a distance 40 km. in the direction Eastern North.
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. Important notes
|1 | Any two vectors M and N could be added

' (finding their resultant) by constructing two

consecutive vectors equivalent to the two
vectors M and N as in the opposite figure.

|2 | Shal rule of adding two vectors is true if the points A » ‘
B and C belong to the same straight line

— . — A B C
In the three opposite figures :| AB + BC = AC — B
A4 | A ¢ B
:§| —B=_§A: | ,whereA—Bh+§'\h=6(Zerovector) ¢ A )
4 |In any triangle ABC : C
| (AB+BC+CA-D
| s because (ﬁ+ﬁ)+CA=AC+CA=6
So s we can generalize this to any polygon. \ B
For example : 2
In the pentagon ABCDE » we get :
AB+BC+CD+DE+EA=O ) 3
A B
5 | In any quadrilateral ABCD :
'AB+BC+CD=AD |
s because (AB + BC ) + CD = AC + CD = AD
So s we can generalize this to any polygon.
For example :
‘ In the pentagon ABCDE », we get : E B

e T S A —

AB + BC +CD + DE = AE
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Example|2 )

In the opposite figure :

4 vectors X ’ § ’ E

[ e

’ B Represent graphically vector ﬁ -
b Y
where R=A+B+C+D | {H

. Solution

Draw the vector A as it is » then from its end point draw a vector

equivalent to B , from its end point draw a vector equivalent to C A
» from its end point draw a vector equivalent to D then draw from i ‘—}7{-
the starting point of A to the ending point of D the vector R which k

is the resultant of these vectors.

S ;.. | 3 )

In any quadrilateral ABCD s prove that : Ké - ﬁ:‘ -AD- BD

 Sattion), —

AC - BC = (AD + DC) - (BD + DO) 7\

D
=AD+DC-BD-DC=AD-BD / ;
Another Solution : / e )
)
C

LHS.=AC-BC=AC+CB=AB 1)

»RHS.=AD-BD=AD+DB=AB (2)

From (1) and (2) : .. The two sides are equal.

= Example| 4}

ABCD is a quadrilateral in which 2 _BE =3AD s prove that :

1 ABCD is a trapezium. 2 AC+BD= % AD

. Solution

—_— —— = ;\
g

1 = BC=% D - BC//AD

\

o
,BC=3 AD i.e.| BC#AD L~ N
B

. The quadrilateral ABCD is a trapezium.
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2 InAADC: AC=AD+DC (1) ‘ Remember that - y
In ADBC : BD = BC + CD @) r——— '
To prove that the quadrilateral is
Adding (1) and (2) : . atrapezium » we prove that there
= e s ' exist two opposite sides parallel
S AC+BD=AD+BC+DC+CD and not equal in length.

RN\ — i sunm— U — N

=AD + BC + DC-DC

=E+F€=AD+%AD=%AD

[ Example 5 )

ABC is a triangle s D E€BC » where 3 BD =4 DC
Prove that : 3 AB +4 AC =7 AD

Solution ’
- AB+BD=AD
~.3AB+3BD=3AD €))
- AC+CD=AD
- 4AC+4CD=4AD )
Adding (1) and (2) :

~3AB+4AC+3BD+4CD=7AD
~.3AB+4AC+3BD-4DC=7AD
but 3 BD =4 DC
~.3AB+4AC=7AD

K Example[6 )
If4M-3XY =4 ZY +7YX
s prove that : M=7X
L Solution |

AM=4ZY +7YX +3XY=4ZY +7YX -3 YX
—4ZY +4YX =4 (ZY +YX)=4ZX

A M=ZX
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( TRY TO SOLVE

—_—

1 ABCD is a quadrilateral. If AB = % DC 5 prove that : AD-BC= % DC
Q If5 N-4BA=9AB+5BC ,provethatznl\AI=A_C‘
k The second method : The parallelogram rule
If AB represents the vector M and AD represents the vector N
where the two vectors M and N have the same starting point A 12 TR R
Z
« To find M + N s complete the parallelogram ABCD ﬁ“--'/ /\-E\:F
=" A

and draw its diagonal AC L~

, then AC represents the vector M+N B M

ie.  AB+ AD = AC this because AB + AD = AB +BC=AC

Notice that : AD s equivalent to BC
In the opposite figure : ;,]2\-- -
If M is the point of intersection of the two diagonals of the ‘/ '
—= = I oM

parallelogram > then AC =2 AM Y . Y

A B

thus it will be AB + AD =2 AM

We can get the same result if we notice that : AB +BM =AM , AD + DM = AM

Adding we find that : AB + AD + BM + DM =2 AM

s> BM =MD =-DM

~ AB+AD-DM+DM=2 AM

~. AB+ AD =2 AM 5 so we can deduce the following notice.

Notice that :
In the opposite figure : - % o
If AD is a median in A ABC ,f/ 0
»then AB + AC =2 AD ek

.\ -



Vectors

[ Example |7}

ABCD is a parallelogram s M is a certain point in its plane s E is the point of intersection of
its diagonals AC and BD Prove that : MA + MB + MC + MD =4 ME

Solution ; — -—

MA + MB + MC + MD = (MA + MC) + (MB + MD)

s but MA + MC =2 ME

s where E is the midpoint of AC

s MB + MD =2 ME , where E is the midpoint of BD

- MA +MB +MC +MD =2ME +2ME =4 ME

Second \ Subtracting two vectors geometrically

If AB represents the vector M s AC represents the vector N

C
s then CB represents the vector M — N 2\
- N A
i.e.| AB-AC=CB
this because AB — AC = AB + CA = CA + AB=CB A M B

fA=(X,>y) » B=(X,»y,)

—_—

sthen AB=0B - OA , where O_B and “(iA: are the two

position vectors of the point B and A respectively

—

. AB=B-A

For example :
IfA=(0553) » B=(-2,4) X X

. 0

sthen AB=B—A=(=254)—(553)=(=7»1) |
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‘ Remember that = : _ - i

As applying the previous rules of adding and subtracting vectors on two directed line
segments » we should notice that :

AlE) + @_E_' m% B ¥ ﬁ

P Pl e
== -

\Ag) *f\@ S48

1 In the case of adding » the starting point of the second directed segment is the ending
point of the first directed segment.

2 In the case of subtracting » the starting point is the same for the two directed segments.

[ Example| 5 Y

ABCD is a parallelogram in whichA=(2,-2)  B=4,-2) , C=(2,3)
Find the co-ordinates of the point D

— —— Solution —————————————
"> ABCD is a parallelogram

-~ AD = BC

~.D-A=C-B
wD=A+C-B=(25,-2)+(2,3)—(@4,-2)=(0,3)
. The point D is (0 » 3)

(TRY TO SOLVE )
If ABCD is a parallelogram in whichA=(Xs1) » B=(5,2) s C=(-3:-4)
s D =(2 »y)sfind the values of X and y

X, Example 9 ),

ABCD is a trapezium in which:A=(-1,1) » B=3,3) » C=(8,-1) » D=(-55k)
1 If AB// DC  find : the value of k

2 Prove that : CB LAB

3 Find the area of the trapezium ABCD

— Solution
- AB=B-A=(,3)-(1,)=@4,2)
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A.—.\.

,DC = =06s-1)-(-=55k)=(105-1-k)

,+ AB//DC

SL4(-1-k)-2x10=0

So—4-4k=20 S k=-6 (First req.)

s CB=B-C=(353)=(5:-1)=(=254) > AB=(4,2)

CB L AB because —2x4+4x2=0 (Second req.)
”E”=V16+4='\/_26=2V§1ength unit 5 05.3)
. k=-6 -~ DC=(10 »5) " A
|| DC ” =V100 +25= SW/glength unit. ‘\/
s || CB || =‘V 4+16 = 21/glength unit. /_,/""'/ (s -0
. 4
.. The area of the trapezium ABCD /__/'/
IABI+IDCI |~ 245+5(5 D0
= ; x||CB| = %— X 21/; = 35 square unit. (Third req.)
( TRY TO SOLVE B o

ABC is atrlangle in Wthh A=3+2) s B=2s-1DandC=(-4,1)
1 Prove that : AB 1 BC

9 Find : The area of A ABC

[ Remark
In the opposite figure :

IfA and B represent two adjacent sides of parallelogram
s then (X + ﬁ) s (K— ﬁ) represent the diagonals of

the parallelogram and hence " X + _ﬁ || = " K— § "

if the figure is a rectangle

el ALB
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Lesson FOUr Applications on vectors

n Geometric applications

We know thatifﬁ:kD_Ch 'k#0 athenA_B;andEéare 3
» carried by the same straight line
' I_e_ . A»B >C D are collinear.

or

e carried by two parallel straight lines

ie. AB/DC

| '. Remark

If ABCD is a quadrilateral in which AB=kDC sk #0 5 then
AB//DC | ABJ=]|k| DC | and vise versa.

For example :
If ABCD is a quadrilateral in which AB=-3CD »then AB// CD »AB=3CD

Thus we can use vectors to prove some theorems and geometric relations as follows :

Example| 1 R

Using vectors s prove that if two opposite sides in any quadrilateral are parallel and

equal in length s then the other two opposite sides arc parallel and equal in length also.

ie. | The quadrilateral is a parallelogram.
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Given

R.T.P.
Const.
Proof

—~ . Solution r
In the figure ABCD :
AB//DC »AB =DC
BC // AD »BC = AD
Draw A_C
- AB=DC  AB// DC .. AB//DC

InAABC:AC = AB+BC (addition definition)
InAADC: AC = AD + DC (addition definition)
.- AB=DC .. BC=AD

Thus BC // AD »BC = AD

.. The figure ABCD is a parallelogram.

L Examplo 2}

(QED.)

Using vectors s prove that the line segment drawn between the two midpoints of two
sides in a triangle is parallel to the third side and its length is equal to half of this side

length.

Given

R.T.P.
Proof

1 Solution ’

In AABC : D is the midpoint of AB

» E is the midpoint of AC

DE // BC s DE = + BC

"+ D is the midpoint of AB

. AD=1AB,AD= 1 AB
*+ E is the midpoint of AC

. AE= 1 AC,AE=1AC

In AABC: BC = BA + AC (addition definition)
In AADE : DE = DA + AE (addition definition)

_ 1 _ 1

=1 BA+1AC=1 (BA+AC

From (1) and (2) we deduce that : DE = % B_C\
- DE//BC | DE[= 1 [ BC|

.. The length of DE = % the length of BC

. =)

~. DE = > BC

)

)

(QED.))
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I Example] 3

Using vectors s prove that the two diagonals of the parallelogram bisect each other.

- Solution 7

Given ABCD is a parallelogram
R.T.P. The two diagonals AC and BD bisect each other
Const. Let M be the midpoint of BD , then draw

the two vectors AM > K’IE
Proof InAABM: AM = AB + BM
| In ACDM: MC =MD + DC
** BM = MD (by construction)
AB=DC (Properties of parallelogram)

- AM = MC

. A M , C are collinear 5 || AM || = || MC ||

.. The two diagonals AC and BD bisect each other.

. AM » MC have the same direction and they have the common point (M)

. M is the midpoint of AC s M is the midpoint of BD (by construction)

(QED))

Example 4"

In the opposite figure :
ABCD is a trapezium in which : AD//BC »

—_— .

BC=3ADAD=M, ,AB=N
1 Express s in terms of M and N 5 each of BC ,XE sﬁj ,—D_(E

9 If X EDB where DX = % XB

» prove that : The points A s X s C are collinear.

« Solution ,

1 - AD//BC s BC=3AD
~BC=3AD=3M

—_—

,E=E+ﬁ=_ﬁ+3ﬁ ’ BD=BA+AD=—N+H=KE—§

—_— —_— e

,DC=DA+AB+BC=-M+N+3M=N+2M
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92 --DX=4+XB -~ XB=3XD

3

. X EBD

In ABCX:

.+ XC=XB+BC=3DX+3AD=3 (DX + AD) x
=3 (AD + DX) =3 AX

. XC s AX have the same direction and have the common point X

-~ XB=3DX

. A » X » Care collinear

( TRY TO SOLVE

In the opposite figure :
ABCD is a parallelogram » X EAD , Y EBC such that AX = CY

Using vectors » .prove that : XY » BD bisect each other.

I Example] 5§

TfA=2s1) 9 B=(1+5) 9 C=(6 9-3) are the vertices of a triangle

s find by using vectors the coordinates of the point of intersection of its medians.

 Solution

o Draw the median AD in A ABC > M is the point of intersection

of its medians.

" The point of intersection of the medians of the triangle

divides each of them by the ratio 2 : 1 from the vertex.

AM=%E .-.E:%AM

In AABC: -» AD is a median . AB+AC=2AD

—_—

From (1) and (2) : AB+AC=2( 3 AM)
+. AB+AC=3AM

“B+C-2A=3M-3A
Ol 3H=X+§+E

. M=%(2+1+6,1+5—3)=%(9,3)=(3,1)

.. The point of intersection of the medians of the triangle is (3 5 1)

A
;'// \"
/12
/ Mp O\
£ # | # A
C D B
(1)
(2)

%
1
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* To prove that the figure is a parallelogram , we prove one of the following properties :

1 Each two opposite sides are parallel.
2 Each two opposite sides are equal in length.
Two opposite sides are parallel and equal in length.

Important remarks to solve the problems of the quadrilateral shapes
|

4 The two diagonals bisect each other.

| For example :
' To prove that the quadrilateral ABCD is a parallelogram s we prove that BC // AD

‘ » BC=AD i.e.| we prove that BC = AD

+ To prove that the quadrilateral is a rectangle, rhombus or square, then we should

‘ prove first that the quadrilateral is a parallelogram as previous, then :

| o To prove that the parallelogram is a rectangle we prove one of the following properties:
1 Two adjacent sides are perpendicular.

| For example : AB L BC
2| The two diagonals are equal in length.

ACl=I®D|

For example :

¢ To prove that the parallelogram is a rhombus we prove one of the following properties:
Two adjacent sides are equal in length.
AB|=|BC]|

For example :
‘2 The two diagonals are perpendicular.

For example : AC L BD

e To prove that the parallelogram is a square we prove one of the properties of the
rectangle and one of the properties of the rhombus together.

I Example| 6 Y.

-’

ABCD is a quadrilateral in whichA=0,1) » B=4,5 > C=(1,8) 5 D=(-3,4)
Using vectors > prove that : The quadrilateral ABCD is a rectangle , then find its
perimeter and its area.
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1 Solution_ -
- AB=B-A=(4,5-(0,1)=(4,4)

, DC=C-D=(1,8)—(-3,4)=(4,4)

~ AB=DC . The figure is a parallelogram (1)
5o BC=C-B=(158-4,5=(-3,3)
.'.EJ_B_C\because[4x—3+4x3=O] (2)
From (1) and (2) we deduce that the figure ABCD is a rectangle

| AB=Y@P+@? =412

JIBC I ={37+(3) =312

.. The perimeter of the rectangle = 2 (4 2+3 '\/—2— ) = 14'\/3 length unit.

s the area of the rectangle =4 {2 x 3 ’\/E = 24 square unit.

Example |7

ABCD is a quadrilateral in whichA=(5,3) » B=(3,-2) , C=(-2,-4) , D=(0,1)

Using vectors » prove that : The figure is a rhombus , then find its area.

— Solution

“AB=B-A=(3>-2)-(5:3)=(=2,-5)
s, DC=C-D=(-25-4)=(0>1)=(=2 5~ 5)

.. The figure is a parallelogram (D)

AC=C-A=(=25-4)=(5:3)=(=7 -7

—_— .

sBD=D-B=(0,:1)~(3>-2)=(-3,3)

.'.EL_BBbecause [—7x—3+(—7)><3=0] 2
From (1) and (2) : .. The figure is a rhombus
“IACI=ED2+72=792 SIBDI={3P+BP=312

1

.. The area of the rhombus = =- the product of lengths of the two diagonals

2
=%x 7Y2x3 1/5:21 square unit.
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( TRY TO SOLVE
ABCD is a quadrilateral in which :

A=(-1s4) » B=(151) » C=(-15-2) » D=(-351)

Using vectors » prove that : The figure is a thombus » then find its perimeter and its area.

Physical applications

EA\ The resultant force

» The force : is a vector passes through a given point and acts along a straight line.

» The force : is represented by a directed line segment and it is drawn by a suitable

drawing scale.

% Remember thit o~ ﬁ

For example : > , —

1 A force of magnitude F, = 10 Newton acts -1 Consider e a unit vector in the

in the East direction. East direction.

- - 92 Choose a suitable drawing scale
Fi=10e "Each 5 Newton is represented

= i 1 cm".
F, is represented by a directed line segment GIL GEide{Oy Lieh

T

of length 2 cm.

2 A force of magnitude 15 Newtons towards West.

F,=—15¢

F, is represented by a directed line segment of length 3 cm. F, =15

Friction force :

It is a mysterious force » its effect appears only

when we try to move a body on a rough plane.

. . . . . Friction force g
This force acts always in the opposite direction -—

of motion.

» If the impetus force is greater than the friction force s then the body will move.
» If the impetus force is less than the friction force » then the body will still at rest.

The resultant force [—ﬁ]

The forces acting on an object are subjected to the processes of adding vectors.
The result of this operation is known as the resultant force acting on the object where




Vectors

For example :

1 If the force 1_3.; of magnitude 8 newton acted towards East » then another force E of

magnitude 4 newtons acted towards East also.

® et e be a unit vector in the East direction

) T, S &

-..F1=867F2=4e —_— SR— —
R = s . F1=Se F2=4e

. The resultant force F=F, +F,=8¢e+4e=12¢ . Fe—a—

i.e.| F=12 Newton acting towards East.

2 As trying to move a body under the effect of a force I_-TI of magnitude 12 newtons and

the magnitude of the force of friction is 7 Newton.
e Let e be a unit vector in the direction of motion

.. The impetus force of the body Fl- =12 E -

(<]

» the friction force Fz =Je F,=Te _E; =12¢

. The resultant force F = Flh + I?Zh =12 g— 7 E =5e

i.€. F =5 newton and acts in the direction of motion.
' Remark
. Forces are measured in dyne > newton > gm.wt. > kg.wt.

Example| 8
S
The forces 1_-7; =57+ 2} > F;: ~2i+ 7} ’ ﬁ; = 3?—§act on a particle
Calculate the magnitude and the direction of the resultant of these forces
(given that the forces are measured in newton)
— Solution | -
-+ The resultant of the forces F = ﬁ; + E + ﬁ; )
“F=05-2+3)i+2+7-1)j=61+8 X_\..._g;'{é x
— 0Ol

.. The magnitude of the resultant = " F ” =1(6)? + (8)> = 10 Newton. 5

» the direction of the resultant 6 = tan™! ( % ) =~ 53°
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I Example 9 ) =

Write in terms of the unit vector E the resultant of the forces shown in each of the following :

¢

. ‘ 3

— 400 dyne
l4kgwt  30kgwt e
=] 470 dyne
Fig. (1) Fig. (2)
S
- ? [ ‘

- D
- ———— = —_—
65 newton % Z 68 newton

Fig. (3) ‘ Fig. (4)

Sl

B - 711717 S—
Fig.(1) 30e—1lde=16¢e Fio (0) 4706 +400 e =870 ¢
Fig. (3) 65e-68e=—3¢ Fig. (4): 120e-75e=45¢

Remark:é

If the two forces are equal in magnitude and act along the same line of action in two |

opposite directions » then the resultant force F = 0 |
|2 | If the resultant of a system of forces meeting in one point = 0 ‘
» this means that this system of forces are in equilibrium.

Example (10}

Ifl—:;=(5 s=3) > F2=a*i—2gjh s ﬁ;=(—7 » b) act on a particle.
» find the values of a and b if :

1 The resultant of these forces =i- 4} 9 The system of these forces is in cquilibrium.

— , Solution ;
PR 4+ P =G1-3)+@1-2]+(Ti+bP=G+a-Di+(3-240]
1 +F=i-4j
A (G+a-Ti+(3-2+4b)j=i-4]
LS5+a-7=1 sa=3
y—3-2+b=-4 nb=1
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2 - The system is in equilibrium F=0
A (5+a-Ni+(C3-2+b)j=0
L 5+a-7=0 =
s—3-2+b=0 =5
([ TRY TO SOLVE

Iftheforcesl?l=5§+19-j ’ ﬁ;=6*i—33 > F;=—4T+83actonapanicle ‘
> calculate the magnitude and the direction of the resultant of these forces
(given that forces are measure in dyne). l

n_The relative velocity

» The train passenger may imagine that his train moves

backwards when he sees from the window another train start

motion in the same direction s but at last he discovers that his

train still at rest when he sees again from the other side to the

station building which is fixed at its position.

* When the driver of a car sees another car in front of him moving
with speed less in magnitude than the speed of his car. It seems

to him that the other car is moving back.

e When the driver of a car sees another car moves in his direction

» it seems to him that it moves slowly while when he sees
another car moves in the opposite direction » it seems to him

that it moves with great speed.

kThe relative veloc_i'r_y vector

If VA is the actual velocity vector of the body A and V; is the actual velocity vector
of the body B 5 then

1 VB A 18 the relative velocity vector of the body B with respect to the body A

—_—

VBA = VB - VA

It is the velocity that seems the body B moves with it » if we consider that the body
A s at rest.
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| —
2 Vg is the relative velocity vector of the body A with respect to the body B

—

Vap=Va- Vg

Itis the velocity that seems the body A moves with it » if we consider that the body
B is at rest.

A car A moves on a straight road with velocity 80 km./hr. and a car B moves on the same road

with velocity 60 km./hr. Find the velocity of the car A with respect to the car B if :
1 The two cars move in the same direction.

9 The two cars move in opposite directions.
—_ Solution —

Let e be a unit vector in the direction of motion of the car A R0e ¢

1 The two cars move in the same direction.

—_—

i.e.| The driver of the car B feels that the car A moves with velocity 140 km./h.

 Example 12

A motorcycle (A) moves with velocity 50 kmJ/h. its rider feels that a car B moving in

the opposite direction with velocity 110 kmJ/h. with respect to him.

Find the actual velocity of the car.
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— . Solution ’ —

Assuming that e is a unit vector in the direction of the motion of the motorcycle (A)

“V,=50e,Vy,=—110e
2 Vga=Vg-V, ~-110e=Vy-50e
"~ Vp=-110e+50e=-60¢

‘i.e. ] The car B moves with velocity 60 km./h. in the opposite direction of the motion of

the motorcycle (A)

(TRYTOSOLVE
A car moves on a straigh road with velocity 80 km./h. If a motorcycle moves on the same
road with velocity 30 km./h. Find the relative velocity of the motorcycle with respect
to the car in each of the following cases :

1 The motorcycle moves in the same direction of the car.

2 The motorcycle moves in the opposite direction of the car.

(XY 1) Y o/l Vol - olsl, - yalsdll 169
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Unit Lessons

Lesson One : Division of a line segment.
LessonTwo : Equation of the straight line.
LessonThree : Measure of the angle between two straight lines.

Lesson Four : The length of the perpendicular from a point to ‘
a straight line. '

Lesson Five : General equation of the straight line passing through
the point of intersection of two lines

Learning outcomes

By the end of this unit, the student should be able to :

¢ Find the coordinates of the division point of a line segment internally or externally if

the ratio of the division is known.

e Find the ratio by which the line segment is divided internally or externally if the

coordinates of the division point are known.
e Recognize the different forms of the equation of the straight line.
» Find the vector equation» parametric equations and cartesian equation of the straight line.
e Find the general form of the equation of the straight line.
e Find the equation of the straight line in terms of the intercepted parts of the two axes.
e Find the measure of the acute angle between two straight lines.
e Find the length of the perpendicular drawn from a point to a straight line.

¢ Find the general equation of a straight line passing through the point of intersection of

two straight lines.




>

Lesson One Division of a line segment

172

- If AB is a directed line segment C AB » then any point C EAB divides AB into two

directed line segments AC »CB » where AB = AC +CB

—_— —

If the point C divides AB by a given ratio m, : m; and r; » 1, » I are the vectors which

—_—

are represented by the directed line segments OA > OB > OC where O is the origin point.

my my
my my L
B C -2 A CazeiB = A B, A _SEe C
P4 /,*'f m, 7 A my ”
/ / o
- - v —N |e= 7 — ~
T2 '// r T\ | T /1 ol WA+
i A / S
/;/ / s //
/e s .J;f/
0] 0 0]
Fig. (1) Fig. (2) Fig. (3)
AC m o =
Then — = —= omy x AC=m,xCB
CB my
sm (C-A)=m,(B-C) somy (r—r)=m, (r,-1)
Smr—myr;=m,T)—m,r SmT+my, r=mr+m)r,

Sor(mp+my)=m; r;+m, I,

m r+m,r .
1717 7272 which is called the vector form
ml + m2

“r=



Straight line |

' Remarks
If C EAB » then C divides ﬁinternally s then AC and CB have the same
direction and the two values m,; and m, are positive.

. \ m2 . 1
lLe.| ~T1>O [Fig. (1)]
12]IfC EE s CEE AB » then C divides AB externally s then AC and CB have two
opposite directions and one of the two values m, and m,, is positive and the other

is negative.

i.e.| —% <0, in this case we have two cases :

1
First : |m, |> |m, | » then C EAB > C& AB [Fig. (2)]

Second : |m,|<|m,| > then CEBA > C¢ AB [Fig. (3)]

AC m
YL . ie.| AC_ ™2
IcB| ™ GB &

* If we assume that A= (X, »y;) sB=(X, 5y,) »C=(X>»y)

m, +m,
(Cay)= my (X, sy,)+m, (X, »y,) _ (m X, +my, X, ,m y, +m,y,)
e y m, +m, m, +m,

m, X, +m, X, m,y, +m,y L .
So(Xsy) =( =3 225 2 Ll ) which is called the cartesian form
ml+lﬂ2 l‘I1|+l‘1‘l3 X
1

(o),
* We can use the opposite figure to facilitate finding the \ / \, /
X+

cartesian form.
Xy # Ny’ Yy,

xample
3 |

IfA=(1,-4) 5 B=(6>6) » find the coordinates of the point C which divides ﬁ

internally by the ratio 3 : 2
— Solution —

Notice that s
—_ m —
- C divides AB internally n—2=3  Cdivides AB
i = 1 —_ —_—
~ mr+m,r, I'1=A(1 ,—4)91‘2=B(6 56)
T T mem,
'.?:2(1 »—4)+3 (6 ,6)=< 2x1+3%6 . 2X-4+3%x6 )2(4,2)
243 5 5
. C=(452)
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Another Solution : (Using vectors)

Y 2 3
.+ C divides AB internally by the ratio 3 : 2
~ AC B i i v e — B C A
“op = . 2AC=3CB (6 ,6) (x,) 0,-4)

L2(X-15y+4)=3(6-X56-Yy)

L (2X-2,2y+8)=(18-3X,18-3y)
5L 2X-2=18-3X,thenX=4
s2y+8=18-3ystheny=2

L C=4,2)

S ;v 1| 2 YN

IfA=(25-3)>B=(5-1), find the coordinates of the point C which divides ﬁ
externally by the ratio4 : 3

—— Solution , —
== m 4 Notice that &
.+ C divides BA externally .. e o ~
= - 1 o

~ mr+m,r, C divides BA -

= m+m, w1 =B(ls=1)>1,=A25-3)

?: 3(La-1D)+(=4)(2,-3) =( 3x1-4x2 ; 3><—1—4x—3)=(5 ,—9)

34 (- 4) ~1 =1

nC=06,-9)

Notice that : We consider the ratio of division
m, :m; =—4: 3 and if we consider it4 : —3 , we will get the same result.
~3(ls—1D+4(2,-3
-3+4
Another Solution : (Using vectors)

L= (5,-9)

r=

——rc 2 3
"+ C divides BA externally by the ratio 4 : 3

. BC_4 - e T Tm— A
el -~ 3BC=4AC 6o O o

S3X-1sy+1)=4(X-25y+3)
L(B3X-353y+3)=4X-854y+12)
2 3X-3=4X-8sthenX=5
s3y+3=4y+12theny=-9

s~ C=065-9)
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Examplo 3 )

IfA=(3,-1) > B=(5,2)and C EAB such that 2AC =3 CB
» find the coordinates of C if :

1 The division is internally. 2 The division is externally.

—— Solution 7

m
-2AC=3CB .2C-3 .| 2|=2
CB 2 m, 2 i )
1 If the division is internall 2 3 R N N
y s then = y v N
- e m 2 B C A
.?= m1r1+m21‘2_= 2@5s-1D)+3(552) =(_1,i)
v m, +m, 2473 575
c=(21 . 4
nc=(4,4)
m
2 1f the division is externally »then —2 = -2 = _3_
- N m, 2 -2 i___\
~ MMy 23 ,-1)+3(552) Ce——5 2
M= S =(9,8 -3
T m e, ~2+3 2 40) 2
. C=(9,8)

Notice that : |m,|>|m, |, thus CEAB ,C& AB

Another Solution : (Using the cartesian form of the point of division)

C=( m1x1+m2x2 : my,+m,y, )

m, +m, m, +m, -
3 O N -1
1 A=@B,-1) » B=(5,2) » m2:m1=3;2 \ / X \/
1\ _r_;‘\
o f 2%X3+3X%5 2x—1+3x2 \ 21 4 % " FN
”C_( 2+3 °© 2+3 )‘(5 ’5) 3 2 2
2A=G>-1) > B=(552 » myim=3:-2 I K AT
- —2x—143x2 / N/
.'.C=< 2><3+3><5’ )=(9,8) +
-2+3 -2+3 s# \GY \,

[ TRY TO SOLVE

A=(1,2) > B=(8,-5)Find the coordinates of C which divides E
by the ratio 4 : 3 if :

1 The division is internally. 2 The division is externally.
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Notice that
/

If C is the midpoint of AB where A = (X; sy »B=(X, »y,) »thenm; =m, =m

— e

mr+mr, m (1] + I,)

-;= — m ©.,y) ) m
m+m 2 m - ¥ )
4T, Y% 2%,
r=—1 2 the vector form \ =
i w\ L5
X, +X y, ty . NJ
2
' (X»y)= ( ! S 1 i 2 ) the cartesian form. o

I Example| 4 Y

IfA=(-154) s B=(5,-2), find the coordinates of the two points C and D which
divide AB into three equal parts in length.

1 Solution ; —
. m Ll Y

"+ C divides AB internally by the ratio —2._ 1 P S

= 21,8 +(51-2) ™2 B -
LT = ’ T =(152)

2+1

SLC=(11,52)

» *.» D is the midpoint of CB
s fo n+tn _4-2)+6--2 = (3 »0)

2 2

~D=(3,0)

We can get the coordinates of D also regarding that it divides AB internally by the ratio

m,:m;=2:1
Example| 5 o
R ;

ABCD is a parallelogram in whichA=(5,2) , B=(0,3) » C=(-25-1)
Find the coordinates of the vertex D

 Solution
LetD=(X>y)
- The two diagonals in the parallelogram bisect each other
.. The midpoint of AC = the midpoint of BD

5__2_:O+x ~X=3
2 2
2-1 3+y
= Ly=-2 ~D=0B,-2
B 5 y (3+-2)
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[ Remarks

¢ To prove that the points A » B and C are collinear » then we prove that :
either E =k R sk #0 (using vectors)
or the slope of AB = the slope of AC (using the slope).
or AB = BC + AC (using the distance between two points where AB is the longest length).

« If C divides AB by the ratio m, : m, then the division is :

T2l oMy .. ~ o ) .
1 | internally if o s positive. (2 | externally if o s negative. |
1 1

Example| 6}
P L
Prove that the points A=(1,-3) > B=(-2,-9) », C=(59+5) are collinear , then find :
1 The ratio by which the point C divides AB
2 The ratio by which the point A divides BC

\Solution ,———
“AB=B-A=(=2,-9)—(1 »=3)=(=3 »-6)==3 (1 »2)

s AC = E A=(555—(15>-3)=(4>8)=4(1 ,2) .-.E:-%E
. Ay B ,Care collinear s B » C are in different sides of the point A
3 4
A o .
IAC ” = % » and we deduce that : i e .
I'AB|| B A o

1 Cdivides Kﬁby the ratio 4 : 7 externally.
9 A divides BC by the ratio 3 : 4 internally.

Another Solution : (Using the slope)

-9+3
-2-1
5+3 _9
5-1

.. A sB s C are collinear

=2

*.* The slope of AB=

s the slope of AC =

1 Let C=(5 »5) divide AB by the ratiom, : m,

1 15y =3
m, —2m, 5 5 5 L AL
——————=35 Somp—2m, = m
m, + m, £ 2 L g 2 A F IR
SL4my=-T7m, Lo —7(negatlve) -2 (my) -9

1
.~ Cdivides AB by the ratio 4 : 7 externally

(YF 2 1) ¥ o/l V/ ol - olsl, - yalbsdl 177
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2 LetA=(l »—3)divide BC by the ratiom, : m,

-2m, +5m,
——— =1 So=2my+5m,=m; +m,
m, +m, N
s 3m =4m, F? =% (positive)

- A divides BC by the ratio 3 : 4 internally.

Third Solution : (Using the distance between two points)

"+ AB =\’(T+ 2P +(-3+9)7 = 315 length unit.
s BC=1(-2-5?+(-9-5)"= 7\/_5- length unit.
s CA=\(1-57+(-3-5)"= 4\/; length unit.

. BC=AB +CA
.. A s B, C are collinear » C€&

AB , AB_ 35 _3
AC 45 4
- C divides AB by the ratio 4 : 7 externally and A divides BC by the ratio 3 : 4 internally.

Y 2l 70

5'.

C

A

3

Find the ratio by which AB is divided at the two points of intersection with the coordinate

axes if A= (4 —3) sB=(-3 55) » then find the coordinates of the points of division.

. Solution ,

First): Let C (X »0) be the point of intersection of AB with the X-axis

_ m, X 5+m; X (-3)

m2+ Il’l1

.'.0=5m2—3m1

m, 3

.'.5m2=3m1 .'.Tl—s

. AB s divided at the point of its intersection

with the X-axis by the ratio 3 : 5 internally.

N mlx1 +m2)C2

Il’11+Il‘12
_5x4+43x-3 11
3+5 8

<. C (the point of division) = (% ,0)

178




Straight line

Second ' :Let D (0 » y) be the point of intersection of AB with the y-axis

1

m,X-3+m, x4 %
0= m,+m, ..O=—3m2+4m1 y |
. _ .y 4 5
.3m2—4m1 ?—? i

~. AB s divided at the point of its intersection
with the y-axis by the ratio 4 : 3 internally

my, +m,y,

y m1+m2 ‘\‘ ! 117]]63 '
_3x-3+4x5 1 | ' Y
- 3+4 T i ..
. D (the point of division) = (0 » 11) e |
7 |
( TRY TO SOLVE L

IfA=(253) sB=(-~2 1) find the ratio by which AB is divided at its intersection point
with the X-axis » then find the coordinates of the point of division.

[ Example |8 )

IfA=(2,1)5B=(,5) 5C=(6 5—3) are the vertices of a triangle »
find the coordinates of the point of intersection of its medians.

Solution ,
The point of intersection of the medians of the triangle divides each of them internally by the
ratio 2 : 1 from the vertex.

Let D be the midpoint of BC

~D=( 1;’6 ) 5;3 )=(%, 1)

» E (the point of intersection of the medians) divides

— h Y
AD internally by the ratio 2 : 1 B
2 X % +1x2 ]
o .X = —2+1—— = 3 2 \‘ /,{:.‘_‘I}\_k‘ ,“ 1
\.\.:(__f ;
sy = 2x1+1x1 _ 1 AN " N
2+1 % ¥ 1 ! _J‘:"J \
~E=@3B>s1)
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[ Remark N - .

ALY
If ABC is a triangle whose vertices are A= (X, > y,)

sB=(X;5y,) »C=(X; »y3) and the point M is the

. point of intersection of its medians » then
|

‘ M=(361+XZ+X3 i y1+y2+y3)

3 3 C(x3,y;) D B(X5,Y2)

The previous example can be solved as follows :

X +X,+ Xy y;+y,+y, 2+1+6 14+5-3
M=( ; » 5 )=( e )=G>1)
Notice the difference
/ R e
IfCEABand:

1) AC =2 CB » then C divides AB internally.
(2] AC =—2CB » then C divides AB externally.
3]AC=2CB » then C divides AB internally or externally.

- Now-at-all-bookstores ———

- CL-MONSSCR]
D

* Chemistry +Physics

*Biology *Hello English

*French « Mathematices

Your way to success




Lesson TWO Equation of the straight line

You studied in the previous years that :

e The general form of the equation of the straight lineis 3 x + by+c=0

where a s b s ¢ are real numbers s a and b are not equal to zero together. This equation is

represented by a straight line.

For example :
Therelations:x+\/§y=6 s y=3 » X-4=0

represent straight lines s but the relations : y +V§ =4 5 X+ % =5

do not represent straight lines.

™\ The slope of the straight line

1 If the straight line L passes through the two points (X129 » (Xy0y5,)
Difference between y coordinates — y,-Y
Difference between X coordinates ~ X — X

» then m (the slope of the straight line) =

For example :
The straight line which passes through the two points (1 5 3) s (4 52)
2-3 _ 1

4-1 - 3

s its slope equals

2 If the equation of the straight line is in the forma X +by+c=0

— The coefficient of X
The coefficient of y

s then the slope of the straight line =

For example :
The straight line whose equationis: 5 X+ 2y + 7 =0 »its slope = %
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If the equation of the straight line is in the formy =m X + ¢

» then its slope = m and intercepts from y-axis a part of length = the absolute value of
the number c s and it passes through the point (0 5 ¢)

Eo

The straight line whose equationis : y =3 X —5 s its slope = 3 and intercepts from the
negative part of y-axis 5 length units and it passes through the point (0 5 —5)

If 6 is the measure of the positive angle s which the straight line makes with the
positive direction of X-axis » then the slope of the straight line = tan 0

If the measure of the positive angle which the straight line makes with the positive
direction of X-axis = 45° then the slope of the straight line = tan 45° =

So » we notice that the slope of the straight line changes as the measure of the
angle 6 changes as follows :

(1) acute (2) obtuse
If the slope is positive If the slope is negative
| 'i‘
\
; 9 __ . | 3 .._i:'i-
{ I‘I | \.-
| Y
(3) zero (4) right
If the slope =0 If the slope is undefined

A

The slope of X-axis and the slope of any horizontal straight line (parallel to X-axis)
are equal to zero.

The slope of y-axis and the slope of any vertical straight line (parallel to y-axis) are
undefined.

» If the slope of AB = The slope of BC , then the points A » B and C are collinear.



Straight line

The relation between the two parallel straight lines and the perpendicular straight lines
If L | and L, are two straight lines of slopes m; and m , respectively » then :
1 L,/L,& m, =m,
i.€. The two parallel straight lines have equal slopes and vice versa.
2 L;lL,o m;xm,=-1
(unless one of them is parallel to one of the two coordinate axes)

i.€. The product of the slopes of any two perpendicular straight lines =~ 1 and
vice versa.

For example :

If the straight line L | passes through the two points (3 55) s (-3 »— 1)

,thenitsslopem1=gié=l

and the straight line L , » whose equation is3 X-3y + 5 =0 its slope m , = % =15
where the straight line L ; makes with the positive direction of X-axis a positive angle

of measure 135°
- Its slope m ; = tan 135° = — 1

" m;=m, .‘.Ll//L2
.’mlxm3=1><—1=—1 .'.LIJ_L3
'.'mzxm3=1x—1=—1 .'.L2_LL3

* Any two different points in the plane one and only one straight line passes through them
» and from any point outside this straight line we can draw another unique straight line
parallel to it.
¢ To determine the equation of any straight line  then we should know two information -
about this straight line.
i.€. We know two given points on it or a point on it and its slope or something like this as
will be shown in the following explaination.

_ Definition of the direction vector of any straight line :

Every non-zero vector can be represented by a directed line segment on a straight line is
called a direction vector of this straight line.

In the opposite figure :

Bach of XY » YZ » ZX » YX is a direction vector to the = =X
L—Z

straight line L

eIf u# O > u// the straight line L 5 then u is a direction vector to the straight line L
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o If u =(a »b) is a direction vector to a straight line » then ku is a direction vector to

the same straight line s where k ER"

For example :
If _II = (3 » 4) is a direction vector of a straight line » then each of the vectors (6 5 8) »
(-35-4)5(15,2) 5(15 520) » ... is a direction vector of this straight line.

Notice :
—
If u = (a » b) is a direction vector of a straight line » then the slope of this

: . b .
straight line = — and vice versa.

For example :
If (2 »— 3) is a direction vector of a straight line » then the slope of this straight line = *7
and the straight line whose slope = _7—4 » then the vector u = (7 s —4) is a direction vector

to it.

B The different forms of the equation of the straight line

» If L is a straight line passing through the point A » u is a direction vector to it and
assuming that a point B lies on the straight line L » and A and r are the two vectors

—_—

represented by the two directed line segments OA and OB respectively.

« There exist a number k ER” such that AB=1 - A =ku E, B
~T=A+ku «Thisform is called the vector equation e ; S i
of the straight linc » Y 4 ,_{

where k is a real number called a parameter and at each value of
the parameter k we can find a point on the straight line. /4

Assuming that B = (X »y) »A= (X, 5y ) su=(a »b)
. The equation of the straight line is (X »y) =(X | »y ) +k (a »b)

S X=X,+ka s y=y,+kb «This form is called the parametric equations of the

straight line »

X-X, y-y L .
g =k > 5 L =k eliminating k from the two equations :
b W e ) LYY _b
A Rk XX, "

s *.© The slope (m) = %

y—y . . . . : .
i xl =m « This form is called the cartesian equation of the straight line »
1

184



Straight line

We can summarize the previous in the following :

The straight line L which passes through the point A=(X, >y ;)

and the vector u = (a » b) is a direction vector to it s then :

e The vector equationis| r=A +ku J

ie.| (X>y)=(X;>y)+k(asb)

e The two parametric equations are [X =X,+ka » y=y,+kb

. e
e The cartesian equation is XX

-

N Example] 1}

Find the different forms of the equation of the straight line which passes through

the point A = (3 »-2) and -1; = (-2 5 1) is a direction vector of it.

\ Solution )

» The vector equation of the straight lineis: r=A +ku

W T=B -2 +k(251)

i.e.l Xsy)=@Bs-2)+k(=2,1)

e The two parametric equations of the straight line are : \ Remember that g ﬁ\

,‘H‘_._-'#—
X=3-2k » y=-2+k i . ) .
(=2 5 1)is adirection
© The cartesian equation is I vector of the straight line.

y+2 -1 ;
X_3 2 . .. The slope of the straight
W X-3=-2y-4 ; lme=§§

.. The general formis: X+2y+1=0

Another solution to get the cartesian equation
Eliminating k from the two parametric equations

L X-3 _y+2
.——T‘

)
i,e.l| X+2y+1=0

(Ye:P) Yo/ /esl \/QW—OQ&LJ—)&I&JI 185
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- oo,

Find the different forms of the equation of the straight line which passes through

the point (- 2 5 1) and its slope = - %

L Solution ; =

" The slope =— %

. The vector u = (5 »—4) is a direction vector of this straight line.

» The vector equation is : ? =(=2-1D)+k(5,-4)
Le.(Xsy)==2s1D)+k(5s-4)

* The two parametric equations are : X=-2+5k , y=1-4k

an equationis: Y=L _ 4
» The cartesian equation is : X123

.. The general formis: 4 X+5y+3=0

( TRY TO SOLVE B

Find the equation of the straight line which passes through the point (1 » 4) and

makes with the positive direction of X-axis an angle of measure 3Tn

[\ The equation of the straight line given two points lyingon it P=(X, sy,) sN=(X, »y,)

Let the vector u = PN = N — P be a direction vector of the straight line

.. The vector equationis =P +k (ﬁ_ F)
y Y= y 1

X,=X

Substituting by the slope in the cartesian form

. . . y_yl — y2_y1
.. The cartesian form is XX, = X, X

Example3 )

Find the different forms of the equation of the straight line which passes through
the two points : P=(3,-1) sN=(-2 ,4)

s . the slope (m) =

. Solution r

-

u=N-P= (=2 54)-(3 5—1)=(-5 55) is adirection vector of the required straight line.

=S |

U= g
1
.. The slope of the straight line = =" 1

186
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.

~. The vector equationis r = P +k 0 nT=Bo—D+k(151)
el (Xoy)=@o-1)+k(1,1)

.. The two parametric equationsare : X=3 -k s y=-1+k

.. The cartesian equation is : y+l =-1

X-3
ie.| y+1=-X+3 .. The general formis:y+X-2=0

| R_ergorké

|1 | The equation of the straight line which passes through the origin point O (0 50) is :
¢ The vector equation is ? =k E » where _II is the direction vector of the straight line.
» The cartesian equation is y =m X » where m is the slope of the straight line.

|2 | The direction vector of the straight line passing through the origin point and the
point (X, sy Jisu=(X, »y,)

(3] The straight line which is parallel to X-axis and passes through the point (X ; 5y ;)
The Vector-; = (1 50) is a direction v&ctor to it.
its vector equation is : _;= (X,>y)+k(1,0)

Y-y, _g \ _
X, il - PRANRA!

its cartesian equation is :

(4| The straight line which is parallel to y-axis and passes through the point (X ; »y ;)
The vector j = (0 » 1) is a direction vector to it.

its vector equationis: r=(X; »y ) +k (0> 1)

o . . . Y-y, l_ e .
its cartesian equation is : 53— X =0 (undefined) le.| X=X,

(5] The equation of X-axisis y=0 or r=k(150)

. |6 The equation of y-axis is x = or r=k 0,51

I Example|4)

Find the vector form and the cartesian form of the equation of the straight line which
passes through the origin point and the point P=(-3 , 5)

',.___Solution '
“.+ The straight line passes through the origin point

.. The vector E = (-3 » 5) is a direction vector to this straight line.
s the slope of the straight line = %

.. The vector equation is : ; =k G ? =k(-=3,5
s the cartesian equationis : y=m X

.‘.y=—%x L3y+5X=0
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1\, The perpendicular direction vector of a straight line

oIfu= (a 5 b) is a direction vector of a straight line » then any one of the family of vectors
which are in the form k (b » — a) where k ER” is the perpendicular direction vector to

the vector u
SIfN = (a » b) is a perpendicular to the straight line s then any one of the family of vectors
which are in the form k (b »— a) where k ER’ is a direction vector to this straight line.

For example :

Ifu= (4 5 5) is a direction vector of a straight line » then the perpendicular direction
vector toitis (5 s —4) (=5 54) (=10 58) 5 vt

I Example| 5 )

Find the different forms of the equation of the straight line L. s which passes through the

point P (- 3 » 2) and is perpendicular to the vector N = (1 »4)

— Solution ’

—_—

» N =(1 »4) is perpendicular to the straight line L.

E =(4 s— 1) is a direction vector to the straight line L

.. The vector equation is r=P+ku

AT=(=3,2)+k@5-1) el (XY =(=3,2)+k@,-1)

... The two parametric equations are : X=-3+4k , y=2-k

.. The cartesian equation is : d = _4—1 ‘el 4y-8=-X-3

X+3
. The general formis: X+4y-5=0

| Remark
If the general equation of the straight lineis:aX+by+c=0 »then:
‘ *» The vector N = (a » b) = (coefficient of X » coefficient of y)

‘ is the perpendicular direction vector to the straight line.

‘ « The vector u = (b 5— a) is the direction vector to this straight line.

For example :

With respect to the straight line whose equationis : 2 X+ 3y + 7 =0 5 we get the vector

ﬁ = (2 » 3) is the perpendicular direction vector to it.

the vector u = (3 » — 2) is the direction vector to the straight line.
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Example| 6 )

Find the vector form of the equation of the straight line : 3 X-2y+12=0

 Solution

-+ The straight line: 3 X-2y+12=0
. The vector N = (3 5—2) is the perpendicular direction vector of this straight line.
.. The vector E= (2 » 3) is the direction vector of this straight line.

To get the vector form of the equation of this straight line we should search for getting
a point on the straight line » this can be carried out by taking X or y any value » then
we get the corresponding value of y or X

taking X =0 we find that: -2y + 12=0
ny=6 . The straight line passes through the point (0 > 6)

.. Its vector equation is ?: 0,6)+k(@2,3)

( TRY TO SOLVE

Find the vector form and the cartesian form of the equation of the straight line L which

passes through the point (— 4 5 1) and the vector (— 3 5 6) is a perpendicular vector to it.

k The equation of the straight line given its slope and the intercepted part from y-axis

-+ The straight line has a slope m and intersects the y-axis at the point (0 5 ¢)

i.e. | intercepts from y-axis a part of length = the absolute value of the number ¢ »

then by substituting in the cartesian form we find that ;,C—
i.e. y=mX+c

The equation of the straight line given the two intercepted parts from
the two coordinate axes

C—
g=m

Let the straight line intersect X-axis at the point (a » 0) > and y-axis at the point (0 » b)

r} . _ .
. The slope of the straight line m = 3 _g = —aﬁ
Substituting in the cartesian form
. Y=0_—b 5 =
X—a= .ay=-bX+ab

.. bX+ay=ab «dividing by a b»

Xy _
_Zl—+?_1
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 Examplc| 7

Find the general form of the equation of each of the following :

1 The straight line L | whose slope = 3 » and intercepts from the negative part of y-axis
a part = 7 length units.

2 The straight line L , which intercepts from the positive part of X-axis 4 length units »
and from the negative part of y-axis 3 length units.

. Solution
The equation of the straight line L | is: y=m X +c¢ Ly=3X-17
; . . ..o X Ly Xy
The equation of the straight line L , is : 2Ty = 1 Lt 1

je.l 3x-4y-12=0

(TRY TO SOLVE

Find the lengths of the two intercepted parts from the two coordinate axes by the
straight line : 3 X+ 8y—-24=0

_nemarks

» The equation a X+ by + ¢ =0 s where a and b not equal to zero together is called
the general form of the straight line.

Ifa=0sb#0sthenby+c=0
ie. y= % s which is the equation of a straight line parallel to X-axis and
passes through the point (0 ’ _Tf)
Ifaz0,b=0sthenaX+c=0

i.e. X= %ac s which is the equation of a straight line parallel to y-axis and

passes through the point (—Tc ’ 0)

Ifc=0 sthena X+ b y=0 » which is the equation of a straight line passing
through the origin point.

To find the point of intersection of the straight line with X-axis s puty =0

» To find the point of intersection of the straight line with y-axis » put X=0
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I Example |8 )

Find the measure of the positive angle which the straight line : 3 X + 2 y + 6 = 0 makes
with the positive direction of X-axis > then find the points of its intersection with the
coordinate axes.

,_$olution

— The coefficient of X
The coefficient of y

" The slope of the straight line =

: _=3
s tan O = >
- The slope is negative. .. The angle is obtuse.

*.* The measure of the acute angle whose tangent = % is 56° 19
- 0=180°—56° 19 = 123° 41

To find the point of intersection with y-axis s put X =0
L30)+2y+6=0 sy=-3

.. The point of intersection is (0 » — 3)

To find the point of intersection with X-axis s put y =0

S3X+2x0+6=0 £, Xf=r=2

.. The point of intersection is (— 2 » 0)

Another solution to find the points of intersection with coordinate axes :

v3X+2y+6=0 SL3X+2y=-6
wvidi X LY
dividing by — 6 e

.. The straight line cuts X-axis at the point (- 2 5 0) and cuts y-axis at the point (0 »— 3)

X Example| 9 ),

Prove that : The pointsA=(4 ,-3) sB=(—6 97) and C = (5 » — 4) are collinear.

L Solution |
" The slope of AB = i#e =-1
—6-4
== _4_7
» the slope of BC = 516 =-1

.. The points A s B and C are collinear,
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Another solution :

The equation of AC is :

y+3 _—-4+3 = e
X—d4 = 5.4 = 1 le.| y+x-1=0

. The point B = (- 6 s 7) satisfies the equation

.. B E;—\_C) .. A s B and C are collinear.

B E xample 10

Find the general equation of each of the following straight lines :
1 The straight line L | which passes through the point (3 »— 1) » and its slope = — —?1—

2 The straight line L , which passes through the point (4 ,V?) s and makes with the

positive direction of X-axis a positive angle of measure 120°

3 The straight line L , which passes through the point (-2 » - 5) » and the vector E =3B

is the direction vector of it.

4 The straight line L, which passes through the point (4 » - 2) » and is perpendicular to the
vector N = (-1,5)

5 The straight line L 5 which passes through the point (- 3 5 7) » and is parallel to X-axis.

6 The straight line L ; which passes through the two points (4 5 -2) » 5,3

7 The straight line L, which passes through the point (1 »2) » and is parallel to the straight
line2 X+3y-6=0

8 The straight line L ¢ which passes through the point (2 » 3) » and is perpendicular to the

straight line whose slope = %
, Solution —
1 The equation of the straight line L is :
y+l __ 3 e 3X+4y-5=0

X-3 4
2 - The slope of the straight line L, = tan 120° =— V?

. The equation of the straight line L, is : 3;(‘ : =— 1/—3_ ie.l y+4Y3x=s 1/?

3 - The slope of the straight line I. , = %

. ) . . . y+5 _1 5 B _ T
. The equation of the stralghthneL3ls.——x+2— 3 lLe.. X-3y-13=0
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Straight line

4 - The vector u = (5 » 1) is a direction vector of the straight line L ,

. its slope = %
2 o .

. The equation of the straight line L , is : ;]Ct = % lLe.[ X-5y-14=0

5 The equation of the straight line L g isy =7 i.e.] y-7=0
. . 3+2

6 - The slope of the straight line L ; = s 4" 5

_ . mor. . y+H2 . _

- The equation of the straight line L ¢ is : X 4" 5 lLe.| 5X-y-22=0

7 - The slope of the given straight line = _—32

.. The slope of the required straight line = —3—2

) L. ¥y-2 -2 e _
- Its equation is : =T B ie.l 3y+2Xx-8=0

8 - The slope of the given straight line = %
.. The slope of the required straight line = —5—2

_3 e b
.'.Itsequationis:y =—% lLe.| 2X+5y-19=0

X-2
I Example 11}

ABC is a triangle » its verticesareA=(-1,5) s B=(4,-2) ,C=(-3,0)
Find the equation of the straight line passing through the vertex A perpendicular to BC

_SOlution J

+BC=C-B=(-3,0)—(4,-2)=(-7 52) |

. The vector BC = (=7 »2) is perpendicular to the straight line L A

<. The vector u = (2 »7) is a direction vector of the straight line L \\\

.". The slope of the straight line L = % = ['L-m_ \\\_\

" The straight line passes through the point A= (-1 , 5) X ke _‘_5:113
.. The equation of the straight line is : ;/C-_l-sl = %

LTX+T=2y-10 e | 7x-2y+17=0

(Yo :1) Yo/ust \/ow—ol.,'ab_,—)lﬂllldl 193
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[ Example 12}

Find the equation of the straight line passing through the point (1 > 3) and its slope is
negative and it makes with the coordinate axes a triangle of area 6 square units.

. Solution |

Assume that the straight line cuts X-axis at (a 5 0) and y-axis at (0 »b)

. Its equation is on the form : % + %— =5,

"+ (1 5 3) on the straight line y
'i+i—1 ~b+3a=ab (hH \

a b o B ©,b)

» ' the area of the triangle = 6 square units

| . N :

.jab=6 ..ab—12 (2) (1,3)
Substituting from (2) in (1) : \
~b+3a=12 ~b=12-3a X1\ X

e Ol (a,m\

Substituting in (2) : sLa(l2-3a)=12 \
~12a-3a2=12 s 3a2-12a+12=0

nal 4a+4=0 s (a—-27%=0 »
SJa=p sthenb=6

.. The equation of the straight line is :
X, y_ T -

2+6—1 lLe.| 3X+y=6

SE— Ex2mple |13 8 o

Find the projection of the point A (5 > 0) on the straight line L. : 2 X +y =S5 , then find the
image of the point A by reflection in the same straight line.

. Solution ,
Let B is the projection of the point Aon L

» - the equation of the straightlineLis2 X+y=5 (1) Leg
.. The slope of L=-2 .. The slope of AB = % . s N A(5,0)
: . y- 0 1 X = - e —== “-f———- X

. The equation of AB is X—5-% (B

ie.| X-2y=5 2) R, d & ™
By solving the two equations (1) and (2) !

¥

.'.X=39y=—1 .'.B(37—1)

i.e.| The projection of the point Aon the line 2 X +y =5 is the point B (3 »— 1)
+To find A (c »d) is the image of A (5 5 0) by reflection in line L

. . . N C(S5+c 0+dy
. B is midpoint of AA 2 (\ Pl O = )—(3 s—1)
Le=1sd==-2 A=(1 9—2)
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Measure of the angle
Lesson Three between two straight lines

* Generally s if two straight lines intersect s then there will be two angles (each of them
supplements the other) » they are either two right angles or one of them is an acute angle

and the other is an obtuse angle.

¢ If 0 is the measure of the included angle between the i
' Ly
two straight lines L, and L, whose slopes are m,; and m, » then \Xl/ /
s T X /4 \r“= X
tane—!m‘ WhCI‘CGE[O 77] (L_/ \"
/ A |

»m, =tan 0, and m, = tan 6,
With noticing the following :
1 If the tangent is positive » then we obtain an acute angle.

2 1If the tangent is zero s then the measure of the included angle is zero

» then m; = m, and the two straight lines are parallel or coincident.

3 Ifthe tangent is undefined » then the measure of the included angle is 90°

» then m m, = — 1 and the two straight lines are orthogonal (perpendicular).

4 The measure of the obtuse angle = the measure of the supplementary angle of the acute
angle.
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I Example |1

Find the measure of the acute angle between the two straight lines :

L,:X-2y+5=0

b

L,:2X+4y-7=0

+ Solution ; —

1 =—2_-1 that .= _
m =2 omy=—==— ‘Remembe!' o y
4 2 2

1,1 P ]
tan @ =] 1= M2 [l 2 2 _ 4 The slope of the straight line :

1+mm, l+(%)(:q—l) 3 a)C+by+c=0equalslb21

0~=53°8

T

X Example| 2 ),

Find the measure of the acute angle between the two straight lines :
L ir=(Q2,3)+k(453) » Ly:r=(1,6+Kk(75-1)

- . Solution y
; 3 -1
. ml—z ,m2—7
NS
.'.tanG:‘ i = s =1
1+m m, 1+(Z ("7)

s 0=45°

([ TRY TO SOLVE

Find the measure of the acute angle between the two straight lines :

L:X+5y=3

H

L,:t=(2,3)+k(@>1)

X Example| 3 ),

If the measure of the angle between the two straight lines

L]:X—2y+1=0

b

L,: X+Kky+2=0equals 45° , find the value of k

_solution

1 -1 — Ago

ml 731112—?99—45
1,1 1 1
tand4s°=| 2 "k 1=[2 k
l—L I—L
2k 2k
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Straight line

%+% =1 . either 4 + L=1-_L
A . 27k T2k
2k
2—1:% s k=3
or%+%=ﬁ—1
Zl—kz? .-_k=__?1’_

Example |4}

Find the measures of the angles of A ABC whose vertices are A= (6 s5) sB=(6 ,1)
andC=3,1)

 Solution ,

i Ap_2-1_4 -
. The slope of AB = €= 0 (undefined)
-+ AB // y-axis (1)
" The slopeof(B_C)=ﬁ= 9~ zero
) 6-3 3
+. BC// X-axis (2)
- The slope of AC=>—1 = 4 3)
’ 6-3 3
From (1) and (2) : .. m (£ B)=90°
.. £ Aand £ C are acute angles

4

? — Z€1ro 4
From (2) and (3) : sotan C = =3

1 + zero x %

s m(LC)=53°8
- m (£ A)=180° — (53° § + 90°) = 36° 52

" Remark

To determine the type of the triangle ABC according to the measures of its angles
(where AC represents the length of the greatest side in the triangle) :

[1]If (AC)* > (AB)? + (BC)? » then the triangle is an obtuse-angled triangle at B
|

[2)If (AC)? = (AB)? + (BC)? » then the triangle is a right-angled triangle at B

If (AC)? < (AB)? + (BC)? 5 then the triangle is an acute-angled triangle.
\ _.'I
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[ Example[5 )

Find the measures of the angles of the triangle whose vertices areA=(4 ,3) sB=(-1,1)
and C = (- 6 »4) , then find its area.

! _ Solution

" AB =’\((4 + 1) +(3-1) =‘\/ 29 length units.

s BC =1(=1 + 6)* + (1 - 4)? =134 length units.

s AC =1/ (4 +6)? + (3 - 4)? ={ 101 length units.
~. (AC)? > (AB)* + (BC)®
. A ABC is an obtuse-angled triangle at B

- £ Aand £ C are acute angles.

g AB=>-1_2 BC=1-4__3
. The slope of AB = 2:1°-5 ,theslopeofBC—_1+6— 5
«—)_ 3_4 ___1
and the slope of AC = 1 6° 10
2,1
. .5 10 | 25 : ~ 7RO
Sotan A= 2 l YT som (4L A)=28
50
-3, 1
stan C = 5310=% ~.m (£ C)=25°
1+ %
- m (£ B)=180°—-(28° +25°) =127°
» the area of the triangle = % x the product of two side lengths
x sine of the included angle between them
= % x AB x AC x sinA = % x‘\/29 x\/ﬁx sin 28°
=~ 12.7 square units.
[ TRY TO SOLVE

Find the measures of the angles of the triangle whose vertices are :

A=(253)>»B=(-1+3)5C=(2,5)



The length of the perpendicular
from a point to a straight line

* The length of the perpendicular (L) drawn from the point (X, > y,) X, %)
to the straight line whose equationis:aX+by+c=0is /
determined by the relation : L/

. laX;+by, +c| h R O
The length of the perpendicular (L) =

- Xap,
Ya?+b? Ytesg a

Important Remarks
(1) If the length of the perpendicular drawn from the point (X »y;) to the straight line

aX+by+c=0equals zero s then the point lies on the straight line.

|2 | The length of the perpendicular drawn from the origin point (0 » 0)
lcl

|3 | The length of the perpendicular drawn from the point (X; »y,) to X-axis = |y, |

to the straight line : a X + by + ¢ =0 equals

4| The length of the perpendicular drawn from the point (X, > y,) to y-axis = | X |

(5] If (X, »yp) and (X, »y,) are two points in the Cartesian plane which contains the
straight line : a X + by + ¢ =0 and the two expressions a X; +by, +c¢
andaX,+by,+c
have the same sign » then the two points (X, »y,) and (X, »y,) are on the same side
of the straight line » and if they have different signs » then the two points are in two

different sides of the straight line.
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{ Example|1 }
Find the length of the perpendicular from the point (3 » 5) to the straight line :
r=(-1,2)+k@4,-3)
— — Solution J;

" The straight line r= (=1 +2) +k (4 s 3) passes through the point (— 1 »2)
and its slope = =3

4
) . . Y-2 =5 . =
..Thecartes1anform1s.m— 7i S 4y-8=-3X-3
.. The general formis:3X+4y-5=0
3 £ —
. The length of the perpendicular = 13G3)+46) -5 = 4.8 length units.
13 + (47

( TRY TO SOLVE

Find the length of the perpendicular from the point (— 2 » 3) to the straight line :
r=(1,3)+k(4,3)

I Example| 2 §

Find the length of the perpendicular drawn from the point A = (2 » 4) to the straight line
passing through the point B = (- 2 5 0) and its slope = %

Solution ,—————

" The equation of the straight line passing through the point B = (— 2 5 0) and its slope = %
s ¥=0_35 el 5X-6y+10=0
x+2 6 e
.. The length of the perpendicular drawn from A to the straight line
e L R length units.
V25 +36 Je1

I Example |3 §

If the length of the perpendicular drawn from the point (7 > c) to the straight line :

6 X~ 8y + 17 = 0 equals 3.5 length units » find the value of ¢

m—— . - Solution
,._3.5=]6><7—8><c+17| 352 |591—08c|
V36+64
. 35=]59-8c¢| - 59-8c=350r59—8c=-35
n—8c=—24or—8c=-—94 .'.c=3orc=%
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Straight line

N xample|4)

The length of the perpendicular from the point (2 » 5) to a straight line equals 3 units

and the vector (3 5 4) is the direction vector of it. Find the equation of this straight line.

. Solution 7
"> The vector (3 5 4) is the direction vector of the straight line.

.. The vector (4 5 — 3) is perpendicular vector to the straight line.

.. The equation of the straight lineis: 4 X-3y+c=0

s . the length of the perpendicular on it from the point (2 » 5) = 3 length units.
C4%x2-3%x5+¢]|

=3 ~18-15+¢c|=3x%x5
'Vl6+9
“le=71=15 snc=T7=x15
sLe=T7+15=22 or c=7-15=-8
.. The equation of the straight lineis: 4 X -3y +22=0 or 4X-3y-8=0

[ Example |5 )

ABC is a triangle whose vertices are A=(1,5) sB=(5 —3) and C = (1 , 0) Find its area.

. _SOIuﬂon 7

Let BC (one of the sides of the triangle) be the base of the triangle s then we find the
height which is the length of the perpendicular drawn from A to the straight line BC

and we find also the length of BC » then we calculate the area of the triangle as follows :

- BC = \((1 -52+(0+3)P= V16 +9 = 5 length units.
y+3 0+3 3

X-5 1-5 -4

.. The length of the perpendicular from A to BC

_I3x1+4x5-3] _13+20-3| _ 20

Yo+16 5 5

.. The area of the triangle ABC = % x 5 x 4 = 10 square units,

» the equation of BC is : i i_.e.-"lk 3X+4y-3=0

= 4 length units.

( TRY TO SOLVE
If the points A= (-3 50) sB=(3 52) »C=(-1 »5) represent vertices of a triangle > find :
1 The length of BC 2 The equation of the straight line BC
3 The length of the perpendicular from A to BC
4 The area of A ABC

(Y3 7)Y /sl V/ ol - olsl, - yalsdl 201
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{ Exampie 6}
Find the area of the circle whose centre is M (1 , 2) and the straight line whose
equation L : 6 X+ 8 y — 2 = 0 is a tangent to it. (JU = 3.14)

 Solution ;
The length of the perpendicular drawn from the centre M (1 » 2) to the tangent L

_ l6x1+8x2-2] _ 20 _ 2 length units.

GRS

. The radius length = the length of the perpendicular drawn from the centre to the tangent L

- r =2 length units.
<. The area of the circle = nur® = 3.14 x 4 = 12.56 sqaure units.

L Example| 7 M

Prove that the two points : A= (3 > 1) and B = (- 3 , 2) lie on two different sides of the
straight line L. : 3 X-4 y + 6 = 0 and at equal distances from it.

1 Solution —

" The length of the perpendicular from A to the straight line L
_I3x3-4x1+6| _ [11] _1n

Y9+16 5

s the length of the perpendicular from B to the straight line L.

=2.2 length units.

2 ¥ (= / p =
_A3REH-4%2H6) _ = 1] =15—1=2.2 length units.

19 +16 5

. A and B are equidistant from the straight line L

. The expression 3 X — 4 y + 6 has two different signs as substituting by the coordinates
of each of A and B

.. The two points A and B lie on different sides of the straight line L

o M Example j.______ B

Prove that the two straight lines L, and L, are parallel and find the distance between
them in each of the following :

1L :X-2y+11=05L,:2X-4y+7=0

QL :ir=25-5+kBs—4)sL,:r=(1:4)+K (-6 8)

| Solution
. —-1_1 ==2_1
1 - Theslopeole—_Z— 5 andtheslopeofLZ—_4— 5
.. The two slopes are equal. .. The two straight lines are parallel.
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Straight line

s Putting X = 1 (for example) in the equation of L, Remqu.

s y=6 ~ (1,6 €E€L, To find the distance between L,

.. The distance between the two straight lines and L, » determine a point lying
= the length of the perpendicular from the on one of them » then find the
point (1 56) to L, = [2%x1-4x6+7]| length of the perpendicular drawn

- 14 +16 from it to the other straight line.

_|-15]_ 15 31s ——

m Q\E =5 length units.

2 The vector u= (3 »—4) is the direction vector of the straight line L;

s the vector U= (- 6 5 8) is the direction vector of the straight line L,

s U =(-6,8)=-23s-4)=-21

L /L, » " the point N= (2 ,—5) €L,
vl X=1-6K,y=4+8K L XsloY A

S Ly:4X+3y-16=0

.. The distance between the two straight lines = the length of the perpendicular from
|14%x2+3%(—5)—16]|

'\/16+9

Example 9 ),

Prove that the point (4 , 6) lies on one of the two angle bisectors of the angle between the
two straightlines : L: 9X-13y-8=0 , L:X=5+3k > y=k+3

the point (2 »—5)to L, = = 4.6 length units.

.\_Soluiiﬂj

The point lies on one of the two angle bisector of the angle between the two straight lines
L and L if it on equal distance from the two straight lines.

The distance of the point (4 > 6) from the straight line L = [9x4-13x6-8|

k s1+165
_136-78-81_1=301 _j0tength unit. (1)
1250 5110

: S g o X=5 _ §a=l8 - 3
,theequat10n0fL1s.T_T ie.| X-3y+4=0
.. The distance of the point (4 s 6) from the straight line L= 14-3x6+4]
|-10] : Y1+9
= =‘V 10 length unit (2)
{10
from (1) and (2) :

.. The point (4 » 6) lies on one of the two angle bisector of the angle between the two straight
lines L and L,
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General equation of the straight line passing
through the point of intersection of two lines

Lesson Five

If the two straight lines L, :a; X+b;y+c¢; =0 and L, : a, X+ b,y + ¢, = 0 intersect at
a point » then the general equation of all straight lines which pass through the point of
their intersection is :

m(a, X+by+c)+{(a, X+b,y+c)=0 (1)
where m ER » { ER

* When m =0 », we get the equation of L,

* When{=0,we get the equation of L,

*«Whenm=0 {0 »we get the general equation of any line passing through the point of
intersection of L; and L, other than L, and L,
» in this case equation (1) can be written as :

a; X+b;y+c, +k(a, X+b,y+c,) =0 5 where k is a non-zero constant.

Example 1 ),

Find the equation of the straight line which passes through the point of intersection of the
two straight lines :

2X+3y=18and 5 X-2y-7=0 and passes through the point (5 » 3)

— Solution ;
The general equation of the straight line which passes through the point of intersection of the two
given straight lines except themis: 2 X+3y—-18+k (5 X-2y~7)=0 (D

" The point (S » 3) lies on this straight line.

. It satisfics its equation.

S 10+9-184+k(25-6-7)=0



Straight line

L 1+12k=0 f k="t
12
Substituting in (1) :
.. The equation of the required straight lineis: 2 X+ 3y - 18 + % 6X-2y-7)=0
«multiplying by 12»
S 24X+36y-216-5X+2y+7=0
e, 19X+38y-209=0 e X+2y-11=0
Another Solution :

We find the intersection point of the two straight lines : 2 X+3y=18and 5 X-2y="7by
solving the two equations algebraically that by multiplying the first equation by 2 and the
second equation by 3

.. The two equations willbe : 4 X+ 6y =36and 15 X- 6y =21
Then by adding s 19X =57
. X =3 and substituting in any of the two equations.
sy=4 ... The point of intersection is (3 » 4)
Then we find the equation of the straight line passing through the two points (3 » 4)

and (5 » 3) as we studied before.

( TRY TO SOLVE

Find the equation of the straight line which passes through the point of intersection of the

two straight lines :

2X+3y=9,54X+5y=15 and passes through the point (5 5 - 4)

I Example| 2.1

Find the equation of the straight line passing through the point of intersection of the two
straight lines : 3 X +2y=10and 5 X-3y -4 =0 and it is perpendicular to the straight
line:2X+7y-4=90

— 1 Soluﬂon_ -
The general equation of the straight line passing thréugh the point of intersection of the two
straight lines except them is :
3X+2y-10+k(5X-3y-4)=0 (1)
" The slope of the straightline : 2 X+7y—-4=0is _7—2

.. The slope of the required straight line is %

Andfrom(1): . 3X+2y-10+5kX-3ky-4k=0
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A XB+5k+y(2-3k)-10-4k=0

1 s -
.'.Itsslope=—3+_5—k- ,-,%—:_ +5k
2-3k 2" 2-3k

L 6+10k=-14+21k |, k=20

1
Substituting in (1) :
.. The equation of the required straight lineis : 3 X+ 2y - 10 + %—(1) 6X-3y-4)=0
e, 33X+22y-110+100X-60y-80=0
e, 133X-38y-190=0 el 7x-2y-10=0

B Examplc| 3 YR

Prove that the two straight lines :
4X-3y+7=0,r=(2,5)+k (-4 >3) are intersecting orthogonally

then find their point of intersection.

- Solution ;
-4 _4 3

_j
. _4 3 _
..mlxmz—gx—Z——l

ml

.. The two straight lines are intersecting orthogonally.

« To find the point of intersection of the two straight lines s we find the general equation of
the second straight line at first.

" The second straight line passes through the point (2 » 5) and its slope = —%
-5 —
.. The cartesian equation is : Y = il
X-2 4

.*. The general equationis: 3 X+4y—-26=0

» Solving the two equations simultaneously :
4X-3y+7=0 (1)
s3X+4y-26=0 (2)
Multiplying the equation (1) x 4 :

L 16X-12y+28=0 3)
Multiplying the equation (2) x 3 :
L9X+12y-78=0 (4)
Adding (3) and (4) :

S 25X-50=0 s X=2
Substituting in (1) : Ly=5

.*. The point of intersection is (2 » 5)
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Exercise 1 :

Exercise 2 :
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Exercise 7 :
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Exercise 10 :
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m Algebra and Trigonometry

Matrices.

Organizing data in matrices.
Adding and subtracting matrices.
Multiplying matrices.
Determinants.

Multiplicative inverse of a matrix.

Linear programming.

Linear inequalities - Solving systems of linear
inequalities graphically.
Linear programming and optimization.

Trigonometry.

Trigonometric identities.

Solving trigonometric equations.

Solving the right-angled triangle.

Angles of elevation and angles of depression.
Circular sector.

Circular segment.

Areas.




m Analytic Geometry |

Vectors.

Exercise 1 :| Scalars , vectors and directed line segment.
Exercise 2 :| Vectors.

Exercise 3 :| Operations on vectors.

Exercise 4 :| Applications on vectors.

Straight line.

Exercise 5 :| Division of a line segment.
Exercise 6 :| Equation of the straight line.

Exercise 7 :| Measure of the angle between two straight
lines.

Exercise 8 :| The length of the perpendicular from a point
to . staight line.

Exercise 9 :| General 2quation of the straight line passing
| through tiie point of intersection of two lines.




First ALGEBRA
AND TRIGONOMETRY

Unit One Matrices.

Unit Two Linear programming.

VLIALIGEES  Trigonometry.




Exercise One

Exercise Two

Exercise Three :

Exercise Four

Exercise Five

Organizing data in matrices.
Adding and subtracting matrices.
Multiplying matrices.
Determinants.

Multiplicative inverse of a matrix.



Exercise

Organizing data in matrices

One 3

L} From the school book  yourself

m Multiple choice questions

@ Choose the correct answer from those given :
The matrix (3 2 1) of order «--+veeovvee

(@2x1 (b)1x3 (c)3x2 d3x1
1 5
If:A={3 2 |sthenay, + a5, = e
-1 7
(a) 8 (b) 12 (c) zero (d) 10
P 1 _ 14 7 _
If.A—(_2 5) > C—(8 9),thena21+clz— ----------------
(@5 (b)4 © -5 d3
If A is a matrix of order 2 x 3 s then the number of elements in matrix A 1S« ooovvieen
(a) 4 (b)9 ©6 (@5
If B is a matrix of order 3 x 1 » then B' is a matrix of order « -
(@3 x1 (b)3x3 ©1x1 (d1x3
If O is a zero matrix of order 2 x 2 s then the number of its elements = oo ovcoiin
(a) zero b)) D ©?2 (d)4
If A is a matrix of order 3 x 4 5 then the row contains ---------+--+--- elements.
(a)3 (b)4 ©)7 (d) 12
If A is a matrix of order 3 x 2 » then the matrix 2 A is of order ----------------
(a) 6 x4 (b)3 x4 (c)6x2 (d)y3x2



(9)H:A=(3 2 7),B=At,thena13+b31= ----------------
5 —4 2
(a)4 b)9 (c) 14 (d) 10
(10)If;A=(2 3 ),then2At= ................
4 -7 6
_ 4 4
(a)(4 6 2) o6 -7
§ -14 12 s 6

4 8 2 8
©|6 -14 @2 -14
-2 12 -1 1

t [1 -1
(ll)If (1 X 2):(_3 6) ,then;Xy: ................

(a)-15 (b)-2 (©)2 (d) 15
(12)If(3 5)=(3 5),then.x+y= ----------------
X =2 7 y+1
@7 (b) -3 (c)4 (d) 10
(13)If(4 x)=(4 Z)l ,then<y X) T3 IR OPRRE matrix.
-1y 0 3 0 v4
() unit (b) zero
(c) diagonal (d) skew symmetric

(14)IfA=(21 ‘i) ; B=(2d _i),A=Bt,then;d+e= ................

- 3e
(a) zero (b) 12 (c)-2 (d) -1
12 -2X -3 4
If =—4 s then : = e
0 (16 —8) (Zy—x 2) then xy
(@)1 (b) 2 ©3 (d) 4

(16) If the matrix :A=( 1 2Xx-4 )is symmetric s then X = -+-cooveove
-2 3

@1 )3 ()2 (d)-2

Matrices

(Y8 )Y o /sl V/ (onled) alil-alual,- yalsdl - ©



Unit 1 .

10

l 1 x-1
It #\( [ 3 5|is a symmetric matrix s then : X =

-1 5 6

(a)—1 (b) zero (c)4 @ée6
If(x2 3 ):(4 3),thenX=---------------

1 x+4/ \Il 2
(a)£2 (b)2 (©)-2 (d) zero
If()C §)=3Iwherelisaunitmatrix ,thenx+y+z+f= -------------- :

z
(a)2 (b)3 ()6 (d) 12

4 m 2

If the matrix : A= y-X 5 7 |is symmetric s then m = oo

y xX-1 1

(@) 4 (b)-6 (c) 10 d)-8
0 y-5 3X\. _ .

IfA= X 0 24 is a skew symmetric sthen X +y+z= -
y-7 -4 0

If A is a matrix of order 2 x 2 where ay; =j—2isthenA= .

-1 0 -1 -3 1 3 0
b d
(w(_3 _2) ()(O _2) (@(0 2) <)(1

If A is a matrix andaxy=nyoreachX€{1 2} » yE{1,2,3}

s then matrix A= --ooooeevn

i 1 4 1
m%f ’ ﬂ w%z 5) @%l 2 ﬂ @] 2
4 5 6 3 6 2 4 6 3

If A is a matrix of order 2 x 2 and ay =X s then Ay X @y X By) X 8yy = wevvvinniens

y  y

(2)4 (b)2 ©]1 @ 7
If the order of the matrix Ais 3 x 2 and : a, -2 985, — 3 v83, — % a; »
ay, =8y, + 3 » 83, =-9 18y, = % ay » then the matrix A= -

2 -9 2 1
(@} 3 6 M| 3 6

1 -3 -9 3

2 -3

2 3 -9

@3 6 m% )

-9 ll -3 6 1

~ N



Matrices

If Ais arow matrix and a,, =5 s then X = --oeooeeees

()5 (b)5z ©2 @1

If A is a skew symmetric matrix of order 3 X 3 sthen a; + a,, + 833 =

(a) 3 (b)2 ©1 (d) zero

If A is a matrix of order m X n where m < n and the number of its elements equals 3 and
the matrix B of order n X 2 , then the number of elements of matrix B equals -
(a)2 (b) 3 ()6 (R

If A is a matrix in the order 3 x 2 and the sum of elements of matrix A equals X »
then sum of elements of matrix 2 A equals oo

(a) X (b)2X ()6 X (d12x

If A is a symmetric matrix which of the following could be a rule to identify the

elements of A ?

(a)aij=21—j (b)aij:i+j (c)aij=ij (d)aij=3i+2j

If the matrix : A= ( Y X - 1) is a skew symmetric s then X € «ooevevvevees
x2-1 0

@ {-1,2} () {0 -1} ©{1,-2} @ {01}

If A is a diagonal matrix of order 3 x 3 and Ay y = 5 forevery X =y sthen oo

(a) A=1 (b)A=51 (c)A=50 (dA=0

If A is a symmetric matrix and skew symmetric in the same time, then «-ooooeeee

(@ A=1 (b)yA=0O

(¢) A is a diagonal matrix. (d) A is a row matrix.

If A is a skew symmetric matrix of order 3 x 3 and a,; = 4 which of the following

statements is true ?

(D a;; =-4 (2)a;; =0 (3 ay,;+2a,,=0
(a) (1) only. (b) (1) » (2) only.
(©) (2) »(3) only. (d) (1) »(2) and (3) are true.

If: X = a-b 1 , Y= a—=6 6
3 b-2 2 4-a

and:2X=Y'sthena+2b =i
(a) 4 (b) 8 (c) 10 (d) 12

11



Unit 1

If-A:(Sin3O° 1 ) , B=(m—cos60° 1

tan® 60° cot 45° p +sec?45° n+ cos? 90°

sthenm+p—-n=-on

(a)2 (b) 10 (c)-2 @il

-\ Essay questions

5 -
nIfA=(4 k 2) , B=[4 3 2
300 1 )

g
o,
Q
i
!

U~ W= B|—

Mention the order of each matrix.

Write each of the following elements : ay; s by 5¢5; 985, sbgs 5Cy)

)andA:B

ﬂ Write the type and the order of each of the following matrices :

(s ) s | o

6 o) o ) 1

1

|

15 -12 10
E) 1fA=[ 20 -10 7 |-find:-5A
-2 1 3

n Find the transpose of each of the following matrices showing the <;rder of the resulted matrix:

e

(1 2 —1)
3 -1 5

(4) (‘23 _‘1‘) (1 -2 )

A~ W

2

i :

4
6

3
7

(@

B Write all the following elements of matrices :

A=(al_]) b l=1’2 L] j=1,273
B=(bij) ’ i=1,52,3 , j=1
C=(CIJ) 9 i=192 L) j=112

B IfA= (axy) foreach X s y&{l 2,3}, write the matrix A , given that :

ay, =y —X »then find A'

12



Matrices

n Form the matrix A = (aij) of order 3 x 2 where a;; = i—-j+2

» then find the matrix C where C = A" » mention its order and find C;i ifi=3j

BFindthevalueofeachofaandbif:( @ =t ):(4 Hl) «292»
2a-1 3b+1 3 7
glf(zx_s 4 ):(25 ),findthevalueofeachof:Xandy
3 3y+12/ \3 y+18
«1593»
mlf<x+8 _5>=<38 E ),findthevalueofeachof:Xandy
3 —y/) \3 4y-10

«30 52»

3 2
(11 )53 E =2 =([ % _1),findthevalueofeachofzx,y,zandf

-1 z+y y 8
«x49-19992»

Bor(3x x+y x-z)=(-9 4 -10)
s find the values of : X sy and z «=39757»

L1 Find the valuesofa sb scand d if :

(1) 3 -5 a—?2 2b+1 oot 20 p
a-3 3d-2/\ ¢ 16 DR
(2) = 2% s o = 55550510
0 2a+c) \2b-d 10 €O
(3) a+b a—-b B 9 -3 P Tl
a+b+c a—b+2d /) \7 5 e
.l 21/? ’
m cot 60° 30° tan 60° ’ 3
cos
If =Y311
(sec 60° csc 60° sin 30°> v_ EX 2y
1 43z
s then find the value of each of : X >y and z «1 ,% s % »

‘E Show which of the following matrices is symmetric and which is skew symmetric :

0 1 =1 l 1 -1
(I){-1 o 3 (2)1 3 5
1 -3 0 -1 5 6

13



0 _% -1
-1 2 6 2 2
4 6 5 1 _1 0
2
5 2y 3y+Xx
ﬂa If A is a symmetric matrix where A = Zai bl 25 8
2+43XxX 8 0
s then find the value of each of : X sy and z «355355»
0 -2X -5\
B0 1£ B is a skew symmetric matrix where B=| Z+t0 0 3z
3y+X 6 0
s then find the value of : Xy z «—4>»

. ﬁ Problems that measure high standard levels of thinking

©® Choose the correct answer from those given :

1f<2x 1>=<a b>tandifad—bc=1,thenXE ----------------
x x) \e 4

(a){l 7—% (b){-—la—%} (C){l,%} (d){—l,%}

If { and m are the two roots of the equation X2 —3 X+ 1 =0 and it

(Pm _zz):(a b),thenad_bc= ...............

2

m m c d
(a) 18 (b) 1 (c)2 (d) 4
a b c ) ;
If[d e f |isaskew symmetric »then 2*2+FC€+1 — .
d+X+y+z
X y z
(a1 (b) zero ©-1 de

If the matrix (aX y) of order 3 x 2 where a y= X + 2 y and the sum of the first row

X

elements = k2 sthenk=-ccoveeenes

(a) 2 (b)-2 ©212 @ =292
If A is a matrix of order m x nand A' of order 2 m—1) x (n—1) sthenm+n= oo
(a)3 (b) 4 (c)5 (d) 6

14



Matrices

1+1 1-1 a b
(6)If = andabcd=1 sthen X = oo

sin X 1 c d
T U TT 1
O (b) 3 © @ F
x* -y’ 6 3 2
(7)If =3 sthen Xy = oo
X2+ Xy+y? 12 1 4
(a)3 (b)-3 (c)-2 (d)2
s (%) sin (zero)
( 8 ) If the matrix A = .
cos (JE_) cos (zero)
2
which of the following statements is true ?
(1) A is a unit matrix. (2) A is a symmetric matrix.
(3) A is a square matrix.
(a) (1) only. (b) (1) 5 (2) only.
(©) (2) »(3) only. (d) (1) »(2) and (3) are true.
X fi X
(9 ) If A is a matrix of order 3 x 3 where a, ={ Ty for =Y
Y L6 for X=y
» then the sum of the elements of the main diagonal equals -
(a) 1 (b) 6 (c) 12 (d) 18
e
(10) IfA= ) is a skew symmetric sthen2e+3 f=.ocooones
y
(@e () X+y ©f+y (d) X
X
25 b
(ll)If( 2X+y)=< )ﬁhenthevalueof:%: ----------------
X+y 37 a 5
@3 OF: (©) 15 @5
® " Life applications |

n Sports : The coach of a team of the basketball in the school recorded the scores of three
players in the classes league s as follows :

Samir : played 10 games 20 shots ’ 5 scores.
Hazem : played 16 games » 35 shots s 8 scores.
Karim : played 18 games » 41 shots s 10 scores.

(1) Arrange these data in a matrix such that the players are
arranged ascendingly according to their number of scores.

(2 ) Determine the order of the matrix. What is the value of a,; ?

15



onie 1 |

16

: , No. of kilowatt/h
Energy : It is possible to measure IO

the energy in kilowatt/hour the 3
opposite graph shows the production 2 I
and consumption of energy of some 20
countries. Write a matrix representing 15
the data in the opposite graph. 10

5

I m
o L 3 I

I Consumption
| I Production

Country A Country B Country C

Industry :

The opposite table shows the number of general national factories of food and leather

industry in three different cities in Egypt. =

Leather industry

. . . Ci Food industr
Organize the data in a matrix. i l
. 6 October 44 68
Add the elements in each column »
s . . Sadat 28 52
what’s your interpretation of the
14

results obtained ? _10 F amada:i

Add the elements in each row » are the
results you obtained possible to help us with

an extra data ? Explain your answer.




Exercise

Two

Adding and subtracting matrices

m Multiple choice questions

® Choose the correct answer from those given :

( 1) If O is the zero matrix of order 2 x 3 » then (

(@l
-4
(2)IfA=[ 8
-5

y)
(a)| -4
0

)+

) ,

J

(3)<—3 ~1
2 1
(@O
(4)<“5 -2

4 7

(a) O
(5>HX+(‘2
5

(@) O

4
-3

4 0 —3)+0
-15 0
4 0 -3
(b) O )(
) ( -15 0
2
B= -4 ,thenA+B= ................
5

(b) (

2 o

(b)<_1 1)
0 1
6 ~4)‘= ................
2 -6
(b)< 1 -4)
0 1
)=O ,thenX: ................

()1

-2
4
0

From the school book

(C)< 11
0

)
g

(@(_2 4)
5 -3

Test
yourself

(d)(l 0)

4

@I

(d)( 2 & )
-5 3

(¥ 0 )Y o /sl V/ (olad) ol - obust,— yabsdl 17



o
d

5
4

1)+B=I,thenB= ................

w51 w4 )
-4 -1 -4 0

If2X+(

m%‘2
4

;

~4
1

(@-3

y

5
2

@%1
0

|

6
5

(a) 4

0
If X » y and z are real numbers and X( 2
sthen Xy z= oo,

(a) 12

18

-2
4

-2
Zero

-2
zZero

|

-1
(b)( 0 )

(C)( 1 0)
0 1
Af 8 1 0
(C)(‘Q) (d)(4 1)

) =0 » then the matrix X = -+---ooveeeee

(b)<-1 —1)
2 zero

3) m%‘l 2)
1 1o

|

3
= sthen X +y =
y 5

(b)4

6
(b)-6

2X 1

<o(2 2) (m(l 1
4 0

(©)5 (d)3

L
'3) :(3k _y),thenx+y+k=----------------

(©1 (d)-8

L
b): 4 3 » then o b = SN
d 2 —1 c d

0 1)~y -2 0
5 0 0o 1

(b)3

1

(b)4

(c)(l 0) (d)(1 0)
2 2 -2 -2
),thenX+y= ................
(©)2 (d) -2

0 1 3
+y 1 |+z} 0 |=]|7

| 0 5
(c)-12 (d) 3



Matrices .

If( 3 0>_( 2 0 ):O,thenx+y= ----------------

_2_x 4 X+y y+2
(a) -2 (b)-1 ()0 (d) -4
For any matrix A » A + (= A) = -rereeee
(2) A (b) - A ©0 (@G ﬁ
IfA+A'=0 sthen Aisa e matrix.
(a) row (b) column
(c) symmetric (d) skew symmetric

If A is a skew symmetric matrix sthen A + At = oo

(a) 2A (b) 2A" ©O (d) zero
t

(X t) —X = e

(a) O b) X ©2X (d) zero

If the matrices A and B are of the same order m X n s then the matrix

A-2Bisof order oo
(a@)m x 1 ®)1xn (c)n xm (dmxn
If A and B are two matrices of the order 3 x 2 » then the matrix (5 A + 3 B)

isof order -«-ioveveveeen

(a)3 x2 (b)5 %3 )2 x3 (d)3x3

e, el Shesl )
_y  y+1 3 5 -3 -2

and A-2B=3C sthen Xy =oiiniens

(a)—-6 (b)-2 ()6 9
IfAt+Bt=(; ?),thenZ(A+B)t= ...............

2 6 | 0 2 0 1 3
(a)(o _2) (b)(3 _1) (C)(6 _2) (d)(o _1)
IfA=(1 _3),(A+B)t=(3 _2),thenthematrixB= ---------------

-1 2 1 -4

2 0
o} ¢

19

2 -1 2 4 2 1
(@(4 _6) (&(_1 _6) (@(0 _6)



[ Essay questions
ﬂmlfA=(‘4‘1) , B=(2 —7)andC=(Z )
_7

- 8 -1
s find each of the following “if possible” : A+B A+C
ﬂlfA:(3 ! ) . B=(‘1 3)andc=( 0 5)
9 = 4 6 -2 4
» find each of the following : B-C A+2B-C
3 IfA=(2 ‘1) . 1.=.=(‘1 4)andC=( ! ‘3)
-3 5 6 -2 0 3

»find the matrix : 2 A-3B +4C

—4 -2 5 1 —2 —4
DDooex={3 6] Y=o —2|andZ=[_3 2
0 4 i =3 6 0

s> then find the matrix : 3 X-Y +Z

BIfA:( 31 _l)andB=(_2 N 0),checkthat:4(A+B)=4A+4B
25 -3 1 -1 3

ﬂlfA:(—3 1)andB:( 2 4),checkthat:
2 5 -1 3

(A+B)=A'+B' ' (A-B)=A'-B'
A-B#B-A ‘ -(A+B)=(-A) + (-B)

ﬂIfA=(2 ‘51) , B=(1 0) gl c=(‘3 1),fmd:

3 2 4 3 4
%(A+C) ‘ 2A-B+2C
A-2B+2B+0) A+2B'-C!

7 0 -5 -8 4
BEQIfA:( )andB= 0 7 |5then find the result of each of the

4 7 5 _6 -5

following operations “if possible” » give reasons in case of impossible solution :
A+B A+B' A'+B

-4 2
ngA=( 6 )andB =( -3 ),provethatthemau'ixAis the additive inverse of 2 B
-12 6

20



Matrices

2 3 —1\ (1 2 _3
Wi(4 7 sl+la -6 -7

x 5 a
— y __2 L]
b -3 1z

0 -6 8 -1 3 5
find the value of eachof : X ,y ,z ,aand b «3915135-435-1»
A\t
ok Y e o W L S ]
x 2 5 | 8 2 -4 2
find the value of each of : X and y «493»

[B Find the value of each of a » b > ¢c and d which satisfies the equation :

a 3\ _ a d c 3
2(6 b)—3(c —2)—4(0 a ) «16 4 -35,4,6»
mFind the value of eachof X »y 5z and { that satisfies that :
1 3 2 ! 1 1)
x(s y)+z(0 4)+5(1 2)‘O2x2 «=1524=2,1»
m1f<2x-1 8)_(x+3 5)=(4x —3y)+2(—x 6y),
zZ 6 -2z 4 3 k -6 2k
find the value of each of : X »y szand k «—4,%,—3,%»
1 0 2 5 3 6
@ifAa=(2 1 3| and A+B)Y=[_1 5 8 |,find the matrix B
4 5 -1 4 0 3
4 8 -6 2 -6 2
Wmra=(2 -4 g|adB=[4 —10 o>
6 12 0 -1 8 -4

then find the matrix X where : X=2A-3B

2 1 0 7 -1 3
Wrra=|{_-2 3 3| and B={4 12 5],
4 5 2 10 21 3

find the matrix X suchthat : 2A+B-X=0

mIfA=( 23 ;) and B=(_61 ‘21),findthematristuchthat:2A—X=Bt

X+(5 -1)
0 -3

{f) Solve the matrix equation : 4

=2X+(12 —4)

5 -6

21



Unit 1

20579\

=(—1 i ;) and B=(2 - i),ﬁndthematristuchthat:

3 -2 -6
X'=A'+ B! 2(X'+A)=4B 5X-2(A-B)=0
2 -1 -4 1
ita={3 o] and B=[1 -2},
-5 2 -1 0

find the matrix X suchthat : 2B+ X'=3X'-A

im Problems that measure high standard levels of thinking

ﬂ Choose the correct answer from those given :

22

If A is a square matrix » then the matrix (A + AY g e matrix.

(a) symmetric (b) skew symmetric  (c) zero (d) diagonal
If A is a square matrix » then the matrix (A — A?) is -+reveeoeee

(a) symmetric. (b) skew symmetric.

(c¢) zero matrix. (d) diagonal matrix.

IfA'+B'=A + B sthen ---eoeeeerveens
(a) A is symmetric. (b) B is symmetric.
(c) (A + B) is symmetric. (d) (A + B) is skew symmetric.

If A is a matrix of order 3 x 3 where 2y = 21i-j »Bis a matrix of order 3 x 3 where

bii=j_i sthen A+ B = iviiiinn

1 1 1 1 2 3 0o 1 2 2 -1 3
@2 2 2| ®G|2 3 4 ©{-1 0 1 @lo 1 -2
3 3 3 3 4 5 4 -3 0

If A is a matrix of order 2 x 2 and A + A' =1 » then the sum of the elements of A i§ «ecvevs

(a) 4 b) 2’ ©1 (d) zero
If A and B are two matrices of order 2 x 2 and (A + B) is a symmetric
) then M T ieessenienenaan
b =by,
(a) zero b)-1 ©1 (d2



Matrices

8Checkthefollowingidentity:(a b):a(1 0)+b(0 1)+c(0 0)+d(0 0)
c d 00 00 10 01

s then write the matrix (3 ) in the form of sum of 4 matrices where each of them

(one of its elements is one and all other elements are zeroes ) multiplied by a real number.

BIfX+2Y=(i 32) il X+Y=( 31 (2)),findthetwomatricesXandY

ﬂIfX:( a Z)and(X—Xt)t=( e f ),thenf'mdthevalueof:e+f+m+n
C m n

« ZE10 »

2 0 1
then find the matrix X that satisfies the relation : 3A-2B'+2 X =B - X!

BIfA:( 45‘1> and Bt=(‘3 2),

23



Three

Exercise

Multiplying matrices

m Multiple choice questions

® Choose the correct answer from those given :

24

( 1) If Ais a matrix of order m x n and B is a matrix of order r x {

s then AB is defined if -+

(@m=r (Bn=r (c)n=1{ (d)m={
( 2 ) If Ais a matrix of order 3 x 1 and B is a matrix of order 1 x 3

s then AB is a matrix of order -

(a)3x1 b)1x1 (c)3x3 (d1x3
( 33 If Ais a matrix of order 2 x 3 and AB is defined as a matrix of order 2 x 1

s then B is a matrix of order -+

(a)3x2 (b)2x1 ()3 x1 (d)2x2
(4 ) If A is a matrix of order 2 x 3 and B'is a matrix of order 1 x 3

s then AB is a matrix of order -+

(a)3x1 (b)2x1 ()3 x2 (d1x3
( 5)If Ais a matrix of order 1 x 3 and B'is a matrix of order 1 x 3 » then which of the

following operation we can do it ?

(aA) A+ B (b) B + A (c) AB' (d) AB
{m(z 0)(0 1)= ,,,,,,,,,,,,,,,
1 o/\0 2
0 0 2 0 0 2 1 2
b d
@l 3 of o o) 7) CINN

Test
(1! From the school book  yourself



Matrices

& T -
(a) ®d] o (c) (d) not possible
0 g 0
5
(s)(4 2 _1)_6= ...............
8
20
(a)(20 ~12 —8) (b)(lz) (c)(o) (d) not possible
-8

(9)IfX=(z>,Y=(—3 5),thenYX= ...............

-9 -9 15
(a)(lo) (-9 10) (c>(6 10) @(1)
(10) If A and B are two matrices » where AB = ( i _;) sthen B'A = oo
(a)(3 _1) (b)(3 4) (C)(s —1> (d)(s 4)
4 5 -1 5 4 3 -1 3
(11)IfA=( 3 )andB=(2 5),then(BA)‘= ...............
(a)( 6 15) (b)(6 '4) ©(-4) @ (4)
-4 -10 15 -10
(12) If L is the identity matrix » then I" = oo where n is a positive integer.
(@l (b) 12
(©) I (d) All the previous

(13)IfA=(‘21 —1),thenA2= ...............
-2

2 -1 2 4
(a)(4 _2) (b)(_l _2) (C)lel (d)02x2
(14) IfA:( 3 ),thenA4= ...............
() A (b)2 A (©)4A (d)8A

(810 )Y o /asb ) / (onks) oll-obal,- yalsdl 25



Unit 1

115}lfA=(2 3);B=(?c 0) aAXB=(9 6)athen:x+y= ---------------
1 vy '
(a)3 (b) 5 (c)7 (d)9
num[f(2 3)(5 "2)=(1 _1),thenk= ...............
4 1/\-3 1 17 k
(a) 7 (b)—7 ()9 (d)-9
[I"?:llf(z 3)(x 7) :(7 8 )al:hen:x+y=-- """""""
4 5/\3 vy 11 18
(a)-3 (b)3 (c)-2 (d) -1
(18)If A =(2 l ) s then A% — A = oo
3 -1
(a) 1 (b) O ()31 (d)ST
3 00
(INIEX=({0 3 0]sthenX?+3 X = oreerreen
0 0 3
(a) 121 (b) 181 (©)9X (d) 12X
[zmIf(4 1)( ! _1)=lathenx=~~---------~-
3 1/\-3 X
(a) 3 (b) 4 (©)-3 (d)-4

:JIJIinsamatrixsuchthatX(;)=(;)a~thenX= ---------------

(a)(? é) (b)((l) ?) (C)(ll) @1 1)

2 =1
|_33}[f(3 2 x)(] ):(]4 _-]),thenx"yz ...............
4 5 1 y 2 19 -2

(@5 . (b) 3 ©) -5 (d)-3

:13.1rA=(3 0 1),3:(2 3 0)
2 -1 0 0 -5 4

andAB‘+X=(6 3),thenX= ...............

5 8,

6 4 12 7 0 4 0 -1
b d

i ) ol a) @l 3 el )
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Matrices

(24)If:A=(§),B=(; ‘3)@:(3 1),thenACB= ..............

(a) (12 : ;g) ®) (122 o Z ) ©) ( ? . - g ) (d) not possible
-3 . .
(ZS)If(l . 9)(1 _%)z --------------- (Wherei2=_1)
-1 i/\0 1
1 0 1 -1 1 -1 _
(a) ( . 1) (b) (1 - 2) (©) ( ) 3 ) (d) not possible

(26) (sin 0 cos 0 ) (sin 0 cos 9) R

—cosO sinB/\cos® -—sin0

1 0 -1 0
I b) -1 d
(2) (b) (c)( ) ()(0 1)

\ Essay questions

n Find the matrix of the product in each of the following (if it is possible) > showing the
order of the resultant matrix :

2 —1\/1 0 2 -3 1 0 3
1 2
SH G (Y (220G 0 0
_
4 0 2 “ _2
3 4H(1 2 3
o+ 5)( ) oY )(2)
2 -1 '
(5)(1 3)(3 0) (6)(1)(1 2)
4 _o V0 2 2 J\3 4
0 1
(7)<0 1 2)(1 0) (8)(2 3)(0 o)
12 0/\ o 1 -1 5/\0 o0
5
SR O I AT
-1 -2 -3/\-2 -3 g
5 8 —4\[3 2 5
| anle o 4)(4 1 3) (12)(4 3)(‘2 9)(7 3)

oA =( 2 ;) and B =< ; 1 3) » then find each of the following :

| (1)AB (2)BA (3)(A+B)A

BIfA=(Z _;)andB=(_73 2 ),find:AB ,BA »A? ,B? ,A'B , AB'

27



Unit 1

ﬂIfX=(2 1)andY=(2 2),ﬁnd:x2—Y2
BRI 33

1 2 1 -2 5 -7
BirA={1 5 6|andB={10 -5 5|sprovethat:AB=10I
-1 3 4 -8 5 -3
4 1 1 s
Oita=(-1 o andB=( ),checkthat:(AB)t=BtAt
3 2 2 0

nIfA=(2 "1) , B=(“1 0)andC=(1 2)>provethat:A(B+C)=AB+AC
1 -3 2 -3 0 0

3 -2
Dixa={o 2 ,B=(3 "1)andc=(4 ; 3),
5 (] 5 2 -1
-1 4
check each of the following :
(AB)C=A(BC) BI=IB=B

ngA=(; i)and(A+B)t=(11 é)afind:(AtB)t

S 5 W TN | “SSS Jy R, |
Mirra=|2 -3 4 andB—( 6 12 6),showthat:AB=0,whi1eBA¢O
3 -2 3 5 10 5

mIfA=(—31 ?) ,B=(i ‘03)andc=<(2) ;),checkthat:(Ala.C)t=ctBtAt

B oiat= (i ;‘) s then prove that : A>~5A+221=0

() Find the value of each of X » y and z that satisfies :

(x .1)(1 2 _3)=(1 z —13)
1 y/\2 -1 a4 5 0 5 «3,2,7»
[[]IfA=(1 1)andlaz(2 3),

0 1 X y

find the value of each of X and y that satisfies : AB = BA «092»

iEIfM:(; g) » find the value of each of X and y that satisfies : M2 - XM +y[=0
«493»
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Matrices

@IfA:(B 7) : B=('3 4 5)andC=
8 0 7

9

1 0
-1 4>
2 5

find the matrix X that satisfies the relation : 2 X '= A% + (BO)'

m Problems that measure high standard levels of thinking

n Choose the correct answer from those given :
(1)If Ais a matrix and B = AA" s then B is -+-vvovvvvo.

(a) symmetric. (b) skew symmetric. (c) unit matrix I (d) zero matrix O
(2 ) If each of A » B is a symmetric matrix » then the matrix (ABA) is -+-oveovee matrix.
(a) symmetric (b) skew symmetric (c) diagonal (d) triangular
(3)Ifx=(cose) ,Y=< Sl ) »then XX+ YY! = oo
sin 6 —cos 0
0 O 0 1 1 O 0 O
a (b c d)
()(0 0) )<10) ()<01) (<10)
(4)IfA=(1 L ),andA27=(a b),thena+b+c+d= ---------------
0 1 c d
(a) 19 (b) 27 (c) 29 (d) 36

(S)If[ ,maretworootsoftheequationX2—3X+1=0

athen(‘z ﬁ)(i f;)= ...............

6 3 79 1 3 2 6
d
(a)( v 6 ) (b)( 6 ) (C)(_3 | ) ()( 3 _2)

( 6 ) If neither of the two matrices A nor B is a row or a column matrix and the number of
elements of the matrix A = 10 and the number of elements of the matrix B = 6 and
AB exists » then the number of the elements of (AB) equals -+

| (a) 60 (b) 16 (c) 15 (d)6
(7 )If A and B are two square matrices of the same order
| sthen (A + B2 =A% + 2 AB + B2if ovvevn
(a) AB = BA (b)A=-B (c)A=B! (d2A=-B

(S)IfAz((l) l;),thenAnz .............

1 nk n nk n k" 1 k"
b d
(a)(O 1) ()(0 n) (C)<0 n) ()(0 1)
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Unit 1

IfA:((i) ) ),HENathenA4n= --------------

i

(@l (b)(i 0) (c)((_)
0 1 i

IfAB=0 sthen -------eeeeeee
(a@)A=0orB=0

(b)A=OandB=0

@O

(c) it is not necessary that A = O or B=0 (d) no thing of the previous.

IfA= ( Lt ) and
1 1 32 32
(@)3 (b) 4 ©5

Ax=<32 32),thenx= ------

d) 6

Tf: A is a matrix of order 2 x 2 and A2=3 A +21 A3 =mA + {1

s then the value of m + { = susgamsainn

(2) 20 (b) 17 (c) 11

If A is a square matrix of the order 2 x 2 » A x ( fl ) = (

aAX(_1)=(_1),then:Ax(3)= ............... ..
1 -3 -2
6 4 L[4
(a)<7) (b)(7) M(a)
IfA:( 40 ),thenA60=
3 -4

(a)23°((1) (1)) (b)26o<(1) (1)) (C)29o(

If : A=(COS 9 sin 9) ,the11A20]9= ..............
sin® —cos 0

(@) A (b) A2

(c) 2019 A®

*)

)6

—4
d
ol
(d)2120(

(d)2019 1

1
0

0
1

|

BIth+Ct=(1 2)andA=(‘1 0),
30

2 3

find the matrix X that satisfies : X = (AB + AC)!

ﬂIfX:(;‘ g),findaandbit‘:X2+X=O

) if X » Y and Z are three square non-zero matrices and Z = Y'X'+ XY »

30

prove that : Z is a symmetric matrix.



Matrices

n Tourism : A hotel in the tourist town of Hurghada consumes the following quantities of

meat s vegetables and fruits in kilograms for lunch and dinner meals as in the following table :

Meat Vegetables Fruits
Lunch meal 200 100 150
Dinner meal 120 80 100

If the average of the price of one kilogram of meat was 65 pounds » the average of the
price of one kilogram of vegetables was 4 pounds and the average of the price of one
kilogram of fruits was 5 pounds. Find using multiplication of matrices the total cost of

the two meals. « 14150 + 8620 »

a Tourism : A tourist company has 3 hotels in Hurghada s the following table shows
the number of different rooms in each hotel. If the daily fare of 1- bedroom is

250 pounds s 2-bedroom is 450 pounds and the suite is 600 pounds.

Hotel 1-bedroom | 2-bedroom Suite

Venus 28 64 8

Pearl 35 95 20
Diamond 20 80 15

Write a matrix representing the number of different rooms in the three hotels s then

write a matrix of prices of rooms.

Write a matrix representing the daily income for the company. Assuming that all the

rooms have been occupied.

What is the daily income for the company s assuming that all the rooms have been

occupied ? « 154 100 »
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Exercise

Four

- m Multiple choice questions

® Choose the correct answer from those given :

( 1) The value of the determinant : 7 Z == iRt
3
(a) 29 b1 © -1
(2 ) The value of the determinant : | 2 B 3 ———
4
(a)-8 (b)8 (¢) zero
2 0 0
(3 ) The value of the determinant :| — | 3 0 |equals -
4 2 5
(a) 10 (b) 30 () 15
0 0 -1
(4)If the matrix A= |0 4 2]sthen|A|= i
2 3 =5
(a)8 (b)-8 (c) 20
0 42 3
(5) The value of the determinant : | 2 18 7 |= i
0 28 3
(a) zero (b) 84 (c) 48
1 -1 5
(6)[o0 -1 2Ix 3 s P
o o 1] I-2 5
(a) zero (b)1 ©-1

32

Determinants

[ From the school book

() 11

(d) 10

()

(d) - 20

(d)-84

(d-29

\
Test
yourself



Matrices

IfA=(2 _Z),then:|2A|— ...............

= 21A1
(@)1 (b)2 (c) 4 (d)8
If 2 1I:() sthen : X = oorveivmones
4 X
(a) 4 (®3 (c)2 @1
2
If | X 2 =12 sthen : X = ooeeeenen
3 X
(a) 15 (b) 3 (c) 12 (d) 27
1 0 O
If |3 2X 5|=11,then: X = oo
6 1 4
(@3 (b)2 ()4 s
If X 12 = 2 1 sthen : X = «+oevvivienens
3 X |10
(a)2 (b)5 ©6 d=x6
If‘x -1 + - 3‘:2,then:X= ...............
2 X 2 X
(@3or-2 (b)—3o0r2 (c)3o0r2 (d-30r-2

The solution set of the equation :

X 0 0
5 3 0|= 6 i8S swesmrsnermssss
4 —-192x
(@13} ® {6} ©{1,-1} @ {6 56}
2x 0 O
If{1 3 0|=48,thenthe value of X = ooeee
2 4 _x
@2 (®)-2 (c)x2 (d) zero

The solution set of the equation :
x?2 -2
2 1
(a) & ) {-2,2} () {-2i,2i} @ {-i,i}

=7er0 in C 1S ++eererverreens

(0 # )Y o /isib \ / (ouolsd) elit-sbuat,- yalsdl 33
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|
The solution set of the equation : X+2 2 |=4is- e
X X-3|
(@ {3,-2} (b) {2 -3} ©{5,-2} @ {2,-5}
il 2 -1
The possible value of a which makes the determinant | 3 a 11=018 ormveeeeninns
-1 4 -2
(a)5 (b)y-2 ©1 (d)3
IfA355)sB250)sC(-3,3)
s then the area of the triangle ABC equals <. - square unit.
(a) 28 (b) 14 (c)7 (d2
|
It | @ b‘=6and ak kel 24, then:k=-
c b d
(a) 4 (b)3 (¢)-3 (d-4
If‘x Y|=4 ,then:| X-y 4YI_
|z { -l 4l
(a1 (b) 10 (c) 12 (d) 16
If| 2 b =5andd-c=7 sthen: a+2 b+2 = ceeevanens
C d © d
(@5 (b) 14 ©-9 (d) 19
t
If3 lx(x 2y)+1=(3 0)
1 0 \o z 1 2
sthen X Xy Xxz=
(@1 (b)-1 ()2 (d)4
If p=1 2 =2k%+1 »then the value of k = - oon
3 k+1
(a2 (b) 4 (c)6 (d)8
{ 2 =1
Ifly_» m 3 = {mn where { s m 5 n are non — zero values sthen: X= .
0 0 n
(a) 2 (b) -2 (©) 6 (d) {m



Matrices

If| 2 31=0,|° 2l-0,|? !
5 b 2 ¢ 1 c
a 0 0
sthen| -1 b Q= e
2 5 C
(a) £ 10 (b) £ 50 (c) £ 100
1. 2 1 X
HA=< ),B=( ),|B|=3,|A+B|=5
3 X 2 y
sthen X = --oveemiinn
(a) 3 (b) 15 ©) 9
If A is a square matrix such that | A|=2 ,then|A"[= -
(a) zero (b)-=2 () %
If A is a matrix of order 2 x 2 and |A| =7 » then | A% | =
(2) 14 (b) 28 () 49
If A is a matrix of order 2 x 2 and |A|=15 sthen |2 A |
(a) 15 (b) 30 () 60

IfA:(; i>mm¢B|=12,ﬂwn|AB|=

(d)x£20

(@ 21

(d)2

(d) 56

(d) 120

d3

(d)y-2

(a)-24 (b) 24 (c) 48
If A3 = 1 2),then|A|= ...............
14

(@) 8 (b) -8 (c)2
If A = — A' where A is a matrix of order 3 x 3 sthen|A|=
(a)-1 (b) zero ©1
If A is a square matrix of order 2 x 2 and |2 A|=8 sthen |3 A | = covvrimnnen
(@9 (b) 12 (c) 18
The system of equations a;, X +b, y=¢; » a,X+b,y=c,
IF| bilos , & 51|10

3.2 b2 02 b2
,| 4 1l =15 ythen : (X »y) = oo

a, %)
(@) (-2,3) b)(3s-2) (¢) (=50 ,75)

(d) (75 »—50)
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Unit 1

When solving the system of equations 2 X+3y—-z=1,3X+5y+2z=8

Ax
,X—2y—3z=_1 ,thenK= ...............
(@)-1 (b)2 ()-2 (d3

In the opposite figure ACisa tangent segment of the

circle M > AB is diameter of the circle then : . 7
The value of the determinant > 2
5 0 0 /%
3 z y|= M
2 X z
@5 b3 (c) Zero (d)2
_ _ X-2 0 0 )
The solution set of the equation : | 5 X—=3 =018 sveeeaines
4 -1 X
(a) {0} ®{3,4,-1} (¢ {253} (d {0,2,3}
x-2 0 0
The solution set of the equation| 1 1 0 [=5is wuesu
2 3 X+2
@ {2,-2} ) {3 ,-3} © {32} @{1,-1}
sin@ 0 0
Iff 2 c¢sc® 0|+ sind  cos 6 =0
—cos 0O sin O
| 3 X
sthen X = ooovvvvenins
(a1 b -1 (c) Zero (d) sin ©
X 1 3
Iff 0 2XxX 5 |=8X,then the solution set of the equation is -
06 0 X
@ {2,-2} ®{0,-2>2}  @©@{1,Z @{o,=1,1}
2 2 2
If0 E]O 9£ [ » then the solution set of the equation : il TN % 18 roverrraennnss
Z cos§ cot®
T T T TT
£ b) {= hiad dH{=
@ {3} ®) {7} ©{g} @ {7}
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Matrices

(42) If { » M are roots of the equations X 2_4X-10=0 »then the value of the

determinant "~ T lequals s
3 m
(a)—17 (b) — 12 ()-8 (d)-6
Second \ Essay questions
) Find the value of each of the following determinants :
(H|! 2 (2)|° 0
3 -1 7 -1
_3 2 )
(3| 4 3 (4)|*
-1 S 1
9 X
+X a 2
(S)a x+1x2+1
b+y b y+1 y“+1
2
(7) | sec 0 (S)W 1+tan“0
sec® tan’0 1 ﬁ
aProve that :
(1)2x ~1+3 6X:3 13
2 3x| X i [-2 -7
(2) csc® cot’ 0 » 2 —3=1
1 csc 0 5 =17
B 1| X Y= 3 , find the value of each of :
z
_ 4
(1)]2% Sy (2)|X-y 4Y
2z 5¢ z—1{ Y,
0 Find the value of each of the following determinants :
‘ 1 2 3 13 3 23
(1) -1 4 4 (2)@|30 7 5
0o 7 8 0 O 1
1 2 3 3 0 O
(3)] 4 5 6 (4)| 4 2 0
7 8 9 5 2 -1
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Unit 1

2 3 -7 I 0 1+i
0 -1 12 6)|0 1 i [(where i2=—-1)
0O 0 O =i -i 1
1 -1 5 : 7
BProvethat: 0 -1 2|x | ’=_1
o o 1] |2 )
B Solve each of the following equations :
_ 2
3X 4 =-1 «—lor3» X°=1 X+1 =0 «-1lorOor2»
2 =% X+1 Xx2-1
0 -1 X 0 3 x
x 4 3(=10 «8or=2» | (4)] x 1 0|=0 «-50r0o0r2»
2 1 2 | x+3 3
sin 20 sin 70 2 x_3 e
—cos 20° cos 70°
3 x 1 -1 -2 3
n Find the value of X satisfying : is equal to three times| 2 1 5
-3 2 -1 x 7
« = 13—1»
Dirx*+y’+22=20and Xyz=4,
X z y
find the numerical value of the determinant : y X 7
Z y X «8»
0 Find using determinants the area of the triangle :
A2s4) > B(-2,4) » C(0,-2) « 12 square units »
XB5%3) » Y(~4,52) » Z(1 +-4) « 23% square units »
X(=15=-3) » YR2s4) > Z(-3,5) « 19 square units »

[[D Use determinants to prove that each of the following points are collinear :

CEREICEES Y CEE)
(B352)5(=150)5(-55-2)

m Ll Solve each of the following systems of linear equations by Cramer’s rule :

2X—3y=5 ) 3X+4y=—1 «1ls—1»
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Matrices

X+3y=5 s 2X+5y=8 «—112»
X+2y=0 » 2X-3y=1 «%,=hy

3X=1-4y s 5X+12=Ty «=1 91»

m Solve each of the following systems of linear equations by Cramer’s rule :
2X+y-2z=10 » 3X+2y+2z=1, 5X+4y+3z=4 «13525-3»
X+2y-3z=6 5 2X-y-4z=2 s 4X+3y-2z=14 «25250»
y+2X+3z=6 s 2X-y+z=-3 X—2y+22=—11«%,§,‘—11»

12 12
X+2y+3z=4 s 2X+5y=3 s 3y+z=4 «=15151»
X—-y=5sz-y=8 s X+y+z=4 «25-355»
3X+z=T7-2y s Sy+3z=4-X s X=2y-z-1 «23515-1»
X+y=5-3z sy Y=12 s 2X-4z=-2 «lslslx»
{F) In the opposite figure : 4
—_— P
ABC is a triangle s AD bisects £ BAC I_rf’\‘
/’/' -’{J \
50 0 & b B
Find the valueof: | 6 AB AC «0»
7 BD DC

n Choose the correct answer from those given :

IfA:(cosG Sine),B=(0089 _1>wherCGE]0,%[ : |A><B|=%

1 1 sin 0 1
s then O = rvrrrrnvszrares
T T TT T
ey b) — — d) =
@ (b) ¢ ©2 @7
3+sin®
If‘4 s ) 1 =0 sthen @ = -ocoovvvrinens
sin 0
TT T T
" b) — = d) =
(@) Bl ) @
sinx O 0
The solution of the equation| cos X csc X 0 |=1
sec X cotX tan X
where X € [0 5 360°[ is -+voeveeee
(a) 45° or 135° (b) 135° or 225° (c) 45° or 225° (d) 45° or 315°
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Unit 1

The points A(—155) sB(252) 5C (3 51) are

(a) vertices of right-angled triangle whose area 5 square units.

(b) vertices of an isosceles triangle whose area 10 square units.
() vertices of an equilateral triangle whose area 9 square units.

(d) collinear.

If

1

(a) 16

k+1

k

(b) 15

(c) 14

(d) 13

If the area of the triangle whose vertices (k 5 0) 5 (4 5 0) 5 (0 5 2) are 4 square units »
thenk = -on. O

(a) zero or — 8

(c)

(b)—4or4

={)

#0

g In the opposite figure :

(3] Using Cramer’s rule-, solve-the following equations-:-

40

Find the area of the shaded

region using determinants.

(c) zero or 8

(b)

@

b,
b,

hl

b,

#0

()8 or—8

'The system of equations a; X+b, y = ¢, »a, X+ b, y =c, have a unique solution

Cc@a.,2)
. N\B
0 6
|
«18 »
3 =
1 1,141



Matrices

fQ Life applications

n L1} Consumer : Fady bought 3 notebooks and 2 books
for 85 pounds s Karim bought 2 notebooks and 4 books
from the same kinds for 110 pounds.

Use Cramar’s rule to find the price of each of the
notebook and the book.

a An agricultural piece of land is on a shape of a triangle.
If the measure of one of its angles is double the
measure of the second angle and more than the measure
of the third by 20°
» find the measures of the three angles.

« 80° 940° 560° »

(Vi)Y e /sl N/ (o) elil- st~ yabdl 41
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Inverse Inverse

[E]3n% 5]
[E]
¥

Exercise

Multiplicative inverse of a matrix
Test
From the school book  yourself

Multiple choice questions

® Choose the correct answer from those given :

( 1) Which of the following matrices has no multiplicative inverse ?

1 -1 4 2 6 4
(@) ( ; ) (b) ( ) © ( ) (d) ( 0 )
2 5 2 8 3 9 -2 1
( 2 ) Which of the following matrices has a multiplicative inverse ?
2 2 - 3 3
(a)( 6) (b)( 3) <c>( ) (d)( : 0)
1 3 2 -3 3 3 -3 1
If the matrix ( b 1 ) has no multiplicative inverse s then X = oo
6 3
(a)—2 (b) zero ()2 (d3
( 4 ) The value of X which makes the matrix ( 6 2 ) has no multiplicative
INVETSE 1§ - «vvivecivines X-4 - 4
(a)-8 (b) - 10 ()8 (d) 10

X 8
2 X

(a) 4 (b)-4 (c) zero (d)+4

( 5 ) If the matrix ( ) has no multiplicative inverse » then X = oo

3 a
(a)a=6 (bya==x6

(c)aER-{6} (d)aER-{6 ,-6}

{ & ) The matrix ( a 12 )has a multiplicative inverse at -
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Matrices

The matrix (X +3 01 has no multiplicative inverse at X = --oooveen.
2 X-3
(a)3 (b)£3 (©)5 (dz5
The multiplicative inverse of the matrix ( 2 s ) equals «-eeveenn
-1
2 3
2 -1 2 5 -5
@1 () ©@(* 2 @(7 7
3 2 -1 2 % % .
IfA= 2 1 ,then:A_lz ...............
5 3

(a)<3 5) (b)(—Z 1) (C)(—z 5) (d)(3 —1)
1 2 5 -3 1 -

IfX=(1 ?),then:X"lz

S I e Sl —
(@) X b) X! ©1 )0
IfA=<3 l)andA‘1=(2 “1),thenx= ---------------

5 2 5 3
(@) 3 (b) -3 ©5 -5
IfA><<3 “1)=I,thenA= ...............

2 —1
(a)(_l 3) (b)(2 —1) (c)(”l 1) (d)(l -1)

12 3 1 =2 3 2 -3

If the product of two matrices A x B =I and the matrix A = ( § 3)
sthen the matrix B = ----vveveeeeee.

<a>(2 3) (b)(8 5) (c>(8 ‘3) (d)(‘2 5)
5 38 3 2 3 _3
IfXX(2 _1)=(1 0),then;X=‘ ..............
1 1) \o 1
1
(a)(7 0) (b)<1 1) (c)%(1 1) (d)3(1 —1)
0 1 12 1 1

2
If 4 vt -1 =T sthen: X = o
3 1/\-3 X

()1 (b) 2 (c)3 (d)4
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Unit 1

?)=I sthen:3 A= ovevioios

@4(', 1) ®3] ‘2) (c)%(l ) @, ‘2)
: 2 1 1 1 1 1 1 1

IfA-1=(‘1 2),AB=(4 ‘2),then:B=---.- .

1 3 0 1

(a)(“ ‘2) (b)(“ ‘4) (c)(“‘ 4) (d)(‘4 4)

0 1 -4 1 4 1 -4 1
IfA=(—l :)andA=A‘1><B sthen:B= - vvooe
(a)(_7 4) ®) (—7 8) (c)(7 8) ) (7 —8)

-4 1 -4 1 4 -1 4 4
IfA=(x ;) and A x ATI;,A%,,,,then:,x,x,y: ses e

y —_—

(@3 (b)2 ©) -2 (d-3

'“(I 1)X=(X x+y),then:X= ...............
0

1, 0 X
m)( X 0) (b)(x x) (c)(x 'y) (d) ( X y)
y X 0 vy 0 x 0 vy
IfA:(Il ;j ) and A3 =~-Asthen:k=-suc- where K EZ
(a) 1 b)-1 (c) zero @3
If(2 1 )(u):(?),then;a+b=.,,...,,,.....
—\3 | /\b 6
(@3 (b) 4 ©5 @6

“When the two equations a X+ by =15 yc X+ d y=- 1 have been solved » it found
that the multiplicative of the matrix(a b)is( 3 ?) sthen X +y = oo

c d -3
(a)3 (b) zero ©9 d-3
WIfA= (2 B :) s A1+ (A = X 5 then the matrix X ="
(a) 4 A ()31 © 61 (d) 101
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Matrices

(25)IfA=<§ 1)aA‘1+Bt=At,thenthematrisz ---------------
3

(a>(1 3) o7 ) (c)(‘1 6) (d)(1 ‘5)
301 32 6 1 51
(26)1fA—1=(1 3)mldA(x)=(l),theny—x= ...............

2 5 y 3
(a) 17 (b)—17 ©7 ()—7
@7) IfA=(3 —2> sthend (A+AT) = o

1

[

(a)(‘1 0) <b)(1 0) (c)(o
0 1 0 1 1

) ( )<1 1)
0 1 1
[\ Essay questions

€D Show the matrices which have multiplicative inverse and the matrices which have

not multiplicative inverse in the following , and find it if it is existed :

(1)(1 1) (2><2 1) (3)(3 3)

0 1 -1 1 1 1

(4)@;1(‘1 0) (5)(4 4) (6)(x _y)whereXy¢0
3 4 4 4 X -y .

8 What are the real values of a which make each of the following matrices have

a multiplicative inverse :

(U@(a 1) mm(a 9) ({2 4
6 3 4 a 3 a-1

(4)(&“1 ‘2) (5)( £ 3‘3) (6)(a l)whereizz—l

1 a-2 a+3 2 1 -1

B Find the real values of X which make the matrix (X 0 ) have no multiplicative

inverse. 3 X «+9»
Oia=(3 Naap=(2 -1},

5 2 -5 3

prove that : the matrix B is the multiplicative inverse of the matrix A
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S =
]

(5 IfX:(2 (Z))athenprovethat:X‘lz
0

o=

1
T 1
B IfB=(X —xy),provethat:B1=(x )giventhath¢0

0 vy 0;—

ﬂ IfX = ( i ?1 ) and Y = ( a 2) where a b # 0 » prove that each of the matrices :
0 0

X » Y and XY has a multiplicative inverse and find it.

Biex-= 2 -3 \anday=(! =1 » then prove that :
0 1 Il 3

XYy 'l=y !'x"! X H'=X X 'yyl=y !X

A= ( ﬁ N ; ) , then prove that : (A) ' = (A™!)!

mIfA=(2 i)ande=7,provethat:A+A‘1=6I
y

1) IfB=(§ 4)andAB=I,findthematrixA
!

{7 Find the matrix A in each of the following :

A(—32 (1))=<(1) (1)) A(—42 §)=<182 ﬁ)

Mora=(% ~?|amdaB=(* ‘2>,findthematrixB
13 0 7

mlf(AB)_l=% : 0)and A= I 2),thenfind:B_1
1 5 —1 0

[B Solve each system of the following linear equations using the matrices :

3X+2y=5 5 2X+y=3 2X-Ty=3 > X-3y=2

oy _y=_ gl pmp
2X y= 1 ,X+3y—5

3X4+2y-1=0 » X=3y-7
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Matrices

@ Use the matrices to find the two numbers whose sum equals 10 and the difference

between them equals 4 «733»

m Half the difference of two numbers is 2 » the sum of the greater number and double the

smaller number is 13 » use matrices to find the two numbers. «7 93 »

m Use the matrices to find the perimeter of the rectangle whose length increases the double

of its width by 2 cm. and the double of its length increases its width by 13cm. «22cm.»

m If 3 and — 1 are the roots of the equation : a X2 +b X —3 =0 , then use the matrices to

find the values of the constants : a and b «19-2»

@ The curve whose equationis : y=a X>+b X passes through the two points (3 5 0)

and (4 » 8) s use the matrices to find the constants a and b «25-6»

m £L) The straight line whose equation is : y + a X = ¢ passes through the two points (1 5 5)

and (2 5 1) 5 use the matrix to find the constants a and ¢ «459»

Hm Problems that measure high standard levels of thinking

® Choose the correct answer from those given :

(1) 1If A is a skew symmetric matrix of order 2 X 2 5 then A~ Lis -veevrvreen.

(a) symmetric. (b) skew symmetric. (c) diagonal matrix.  (d) not exist.
(2)IfA=<x 1),A=3A"1,thenx+y=- --------------
y 3
(-3 (b) -5 ()7 (d)-9
(3) If the matrix B is the multiplicative inverse of the matrix A » then ««-rov..
@A+B=0 (b)AB =1 () AB =0 (d)A=%
(4)If A is a square matrix and A2=1 s then AL = ccovvvvee.
(a) O b)A ©)2A (dDA+1
IfX:( 1 tane),thenx—1= ........ o
—tan@ 1
(a) cos? 0 X (b) cos? O X (c) sec? 9 X (d) sec? 9 X
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Unit 1 _

If X is a square matrix such that X 24+5X +51=0 » then the multiplicative inverse of
the matrix (X + 2 I) equals ----ooooevee

(a) X-21 b)X+31 ) X+21 @ X-31

If A2— A +1=0 , then the multiplicative inverse of the matrix A s oo

(a) A b)A-1 ©I-A dA+I

If A and B are two matrices of order 2 x 2 » then which of the following always

is true ?

M IAB=0,thenA=0o0rB=0 (2)IfAB=I,thenA=B‘1

(3)If (A+B)2 =A% + 2 AB + B

(a) 1 52 only. (b) 1 53 only. (c) 2 » 3 only. (d) 2 only.

 H - .

r} g X N
n Book Fair : Hoda and Mariam went to Cairo international
Book fair. Hoda Bought 5 scientific books from a library and 4
historical books. She paid 120 pounds. Mariam bought from the

same library 5 scientific books and 10 historical books » she paid

|
= -

150 pounds. If the scientific books had the same price and also the
historical books » use the matrices to find the

price of each scientific book and each historical book. «20 95»

B (1) Consumer : Amal bought 8 kg of flour and 2 kg of butter for 140 pounds. Her friend

Reem bought 4 kg of flour and 3 kg of butter for 170 pounds. Use the matrices to find the

price of each of flour and butter. «5 950 »

E) (0 Life : A driver of a motorcycle buys 24 litres of gasoline and 5 litres of oil for 56
pounds to fill his motorcycle. While a driver of another motorcycle buys 18 litres of
gasoline and 10 litres of oil for 67 pounds to fill his motorcycle » use matrices to find the
price of each litre of gasoline and the price of each litre of oil » given that they use the

same type of gasoline and oil. ” 1% 54 »
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Exercise Six  : Linear inequalities - Solving systems of linear
inequalities graphically.

Exercise Seven : Linear programming and optimization.




ol

Exercise Linear inequalities-Solving systems ;
Six of linear inequalities graphically X

From the school book  yourself

im Multiple choice questions

® Choose the correct answer from those given :

The S.S. of the inequality : — 1 <= X < 1inRis -eeeeee

(@) }-151] OR-]-151  ©{0,1} @[-1-1]
The solution set of the inequality : 1 <2 X —1 <5inRis oo

@]1,3] ()] 1,3] ©[1,3] @[1,3]
The quadrant represents the solution for the system of inequalities :
y>0,X>0in R xRis the -eeeeees quadrant.

(a) first (b) second (c) third (d) fourth
The region representing the S.S. of the inequalities : y >0 » X < 0inR x R is the
............... quadrant.

(a) 1¥ (b) 2" (c) 3 (d) 4"

The point which belongs to the solution set of the two inequalities :

X>0 5y <Ois reeereee

(@) (0 5-3) (b) 2 50) ©@5-3) (@) 2 »3)

The point which belongs to the S.S. of the two inequalities : X > 2 >y > 1 together

18 oL

(@ (152) 2,1 ©)(351) @) 3 »2)
The point lying in the solution region of the inequality : X4+ y <318 oo
(a) (1 ] 3) (b) (2 s — 3) (C) (2 . 3) (d) (1 i 4)
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Linear programming __ |

The point «-+veeeveoe does not lie in the solution region of the inequality : 2 X +y =5
(@ (=1,6) ®G--1) (c) (1 54) (d)@2-4)

The point (3 5 2) &the S.S. of the inequality : 3 X —y oorvveenes 1

(a) < (b) =<

(c) > (d) (a) and (b) together

If the point (2 » 3) belongs to the solution set of the inequality : X+ y <a sthen «-evves
(a)a>>5 (b)a=z5 (c)a<5 (dya>0
If (1 5 y) belongs to the region of solution of the inequality : X+ 2y <7 sthen - eveveene
(@)y<3 (b)y>3 (c)y=3 (dy>7

The two points : (3 55) s (1 »5) belong to the solution set of the inequality

(a)> (b) = (©) < (d)=
Which of the following points belongs to the solution set of the system :
X>05y2052X4+y>67 o

(@) (153) (b) (0,0) (©(2-3) (d)@5-2)
The point which does not belong to the solution set of the inequalities :
X225720 s X+y>30s o

(@) (3-s1) (®)(252) ©3B»2) d@->D
The point which belongs to the solution set of the inequalities :

X>35y<] s X4y =508 e

(@) (65-2) (b)(15-2) (©)(454) (d3Bs-2)
The point which belongs to the solution set of the inequalities :
2X4Y<4 s X+3Y<OIs oo

(a) (1 5~ 4) ®@>1) ©(152) (D G>-1)
The point which belongs to the S.S. of the system of the inequalities X >0 ,y =0 »
X+2y2453X+2y=28inRxXRis oo

(a) 3 50) ®) (251 (©) (0 52) (d) (053)

51



Unit 2

Which of the following figures represents the S.S. of the inequality X +y =1 ?

LY
A / - x v /
- / ' N
o b o
e A % .
of . i I e
74 i
4 /'/ % /
AL IR ST - AT
A7) | & | 3 I 10 |1} 77
A -1 o
A
L o
/ £ W
ot A N
7 %
& &
1 .
7 i
(a) (b)
n . o
2k Z 5k
x z 0
N / 1 i
>,
2 An 7 1
s Y 7/
i (27 = )
o g
y\

(c) d
Which of the following figures represents the solution set of the inequality :
5-2X<3inRxR?

-
-

-p
i
1

Y

©

The opposite figure represents the solution

set of the inequality -+

@)y =2 Z 7
b)y<2 J g
©y=z2 | ,

@y>2 IEREIERE _t: I VA I
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Linear programming

The opposite figure represents

the solution set of
the inequality
(@A X+y<5

€©)3X+2y<6

In the opposite figure the shaded

region represents the solution

for the inequality

(@A X+y=1
©X+y>1

The opposite figure represents the S.S.

of the inequality
(a)—-2=<X<3
(c)-2=<y<3

Which of the following figures represents
the solution set of the inequality :
0=<X<2inRxR?

(a)

(b)

®2X+3y=<6
d2X+3y<6

b)-2<X=<3 |
@-2<y=3 B A0

b) X+y=<1 o <
dx-y<1

(© (d

Which of the following figures represents the solution set of the inequality :

O<y<2inRxR?

{

)

(b)

© (@
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Unit 2

54

In the opposite figure : the shaded region
represents the solution set of the system of
the inequalities y =2 s X 20 5 «ovvveeene
(A X+2y-6=<0

b)X+2y+6=<0

) X+2y-6=20

dX+2y+6=0

The shaded region in the opposite
figure represents the solution set of
the inequalities -
@X>1,y>2
(b)1<X<3,2<y<4
©)1=X=<3,52=<y<4
@X+y=z3+,X-y=<7

The shaded region in the opposite
figure represents the solution set of
the inequalities -

(@A) X>3,y<2

(b) X=23,y=2

) X+1<4,y+1<3
dX+1=24,2y<4

The shaded region in the opposite

figure represents the solution set of

the inequalities -

(@A) X20,y20sX+2y=<4,2X+y=<4
b)X+2y=<4+2X+y=<4
©)X>05y>0sX+2y<4+2X+y<4
d4X+2y=<0,2X+4y=<0

0|




ond )\ Essay questions

n Find the S.S. in R for each of the following inequalities , representing it on the

number line :

2X-3<5 4-2X<6 3X-9>6X

Linear programming

6+X<3X+2=<14+X 2X-1<X+3<3X+7

8 Find graphically the S.S. in R x R for each of the following inequalities :

2X-y=26 X+y<3 Xz-2
e y>2X-3 X<2y-4
y<2X -2<X<4 -l=<sy=<2

B Solve graphically each system of the following linear inequalities in R x R :

X=1 s y<3 X-2<0 s y>1
X=z0 s X+2y>4 -1sX<2 » 0=<y<3
y22X+6 5 y+3X<-1 y>X s X—-y>1
2X-y=5 s 2y=220+4X X+y=<3 sy X—y>1
X<1 s X+y=<-1 y<X+1 » y>X-1

u Solve graphically each system of the following linear inequalities in R x R :

Xz0 s y=0 s X+y=<5

X<4 s Yy<X+2 s X+2y=-2
X=0 s y=20 s y27-2X s X+2y=28
X=0 y y20 s 2X+y=<6 s X+y=<4

y-X>0 s 2X+2y=<12 5 y<6+2X

X+4y>4 5 4 X+y=2 y X—y<l1
0=<X=<5 s 0<y=<3 s Xzy-1
X<4,y<6 » 2y-X=z=2 s y+2X=z26

X+4y<8 s X-2y<6 s 0<X<4
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Unit 2

A\ Problems that measure high standard levels of thinking

Choose the correct answer from those given :

56

If the point (a » b) does not belong to the solution set of the inequality 2 X +y >3 » then

(a2a+b>3 (b)2a+b<3 (c)2a+b=<3 (d2a-b>3

Which of the following inequalities has a solution set does not lie in the second or third

quadl‘ant ’ then -+ oerveeenn.

(@) x>0 by X<0 ©y>0 dy<0

If the solution set of the inequality a X + y > 2 does not lie in the third or fourth quadrant
sthen ««+vvvovveevens

(a)a>0 (bya<0 (c)a=0 (dya>2

The solution set of the inequalities X +y >4 s X —y <4 does not lie in the oo
quadrant(s).

(a) first (b) first or second  (c) second or third  (d) third or fourth

The solution set of the inequality — X <y < X1 ---veoeevene

(@) (b) (c) (d)
If X » y are integers » then the solution set of the system of inequalities :
X>05y>0 5 X+ <3S woververvenns
@ {050)5(051)5(052)5(053)5(150)5(250)5(350)>(1 5 1)}
®{d,>1n:01,2,2,D}
©{a,n}
(@2
If X »y are two integers » then the number of solutions of the system of inequalities :
X>0 > y>0 » X+2y=<6 5 2X+y=<6equals oo
(a)3 (b) 4

©)6 (d) infinite number of solutions.



Linear programming

If the two points (1 54) 5 (4 5 1) belong to the solution set of the inequality

a X + by =<c » which of the following points must belong to the solution set also ?
(@) (055) (d)(2-4) (©@2,3) (d) (452)
If the point (4 » k) lies on the axis of symmetry of the region represents the solution

set of the inequalities X +y>a sX—y>a sthenk = -ororee

(a) 4 (b)y—-4 (c)a (d) zero

If X+y=a»X+y=b and the solution set of the system equals & s then .-
(@a>b (bya<b (c)a=b (da=<b

Life : A shepherd wants to make a rectangular sheep barn. The length of the barn
must not be less than 80 metres and its perimeter must not increase than 310 metres.

What are the possible dimensions of the barn ? (Write four possible dimensions)

B Professions : A carpenter wants to buy two types of nails. He does not want to pay
more that 48 pounds for the purchase. If the carpenter needs at least 3 kilograms from the
first types and at least 1 kilogram from the second type s how much will the carpenter pay
as a price for each type given that the price of one kilogram of the first type is 6 pounds
and the price of one kilogram of the second type is 8 pounds ?

Write a system of linear inequalities describing this situation.
Represent graphically this system to show the possible solutions.
Determine a point to be a solution of this system.

Determine a point not to be a solution of this system.

E) (1 Mr. Karim gave 60 minutes to his students to solve a test in mathematics. The students
have to solve at least 4 questions from section “A” and at least 3 questions from section
“B” such that the number of the answered questions is at least 10 questions from both
sections. If Hanaa answered her questions in 4 minutes to every question in section “A” ,

5 minutes to every questions in section “B”

How many questions in each section did Hanaa try to solve ?

(A0 o Jsst \ / (onls) olil- alual,- yalsdl 57



Exercise Linear programming
Seven and optimization

From the school book  vyourself

| ' M Multiple choice questions

® Choose the correct answer from the given ones :
The point at which the function : P =40 X + 20 y has a maximum value

(2) (0 50) (b) (0 5—4) (c) (15 5 10) (d) (25 50)

The point at which the function : P =35 X + 10 y has a minimum value

(a) (0,50) (b) (0 5 10) (c) (0 +40) (d) (20 5 10)
If two times the number X is not less than three times the number y then -
(aA)2X<3y (b)2X=<3y (c)2X>3y d2X=3y

Which of the following sentences represents the inequality : X +y < 157
(a) Two numbers s sum of them is less than 15

(b) Two numbers s sum of them is not less than 15

(c) Two numbers > sum of them is more than 15

(d) Two numbers > sum of them is not more than 15

Which of the following expressions represents the following sentence “two numbers s
the sum of one of them and twice of the other does not exceeds 20” ?

() X+2y>20 (b)) X+2y=20 ©)X+2y<?20 (dX+2y=<20
Which of the following sentences represents the inequality y =2 X ?

(a) Two numbers » one of them more than twice of the other.

(b) Two numbers » one of them not more than twice of the other.

(c) Two numbers » one of them less than twice of the other.

(d) Two numbers » one of them is not less than twice of the other.
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Linear programming

The point which belongs to the region of the solution set of the inequalities :
X+y=55X=1,y=2 and makes the objective function P = 2 X + y has minimum

value is «reeoeeeeee

(a) (0 >0) (b) (4 53) (©)(352) (A4

The maximum value of the function :

P=5X+2yunder conditions : X20 sy=0 s X+y<7 s X+2y=<101s -+-ecceiere:
(a) 10 (b) 26 ()35 (d) 70

The point which belongs to the feasible region of the inequalities : 0 <X <5 »

0 <y <2 and makes the objective function P =2 X + 3 y has maximum value is -+«
(@) (455) (b) (6 5 1) (©)(0,0) (d) S 52)

The smallest value of the expression 3 X — 2 y under the conditions :
—3<X<7,-6<y=<5equals -

(a)3 (b)-19 (c)—28 (d11

If (a » b) belongs to the solution set of the inequality X + 2y = 5 where a s b are integers
s then the least valueof 2a+4b=ooeeooe.

(a)5 (b)-5 (c) 10 (d)6
The opposite figure represents the solution set of
a system of inequalities s then the objective function \\5
P =X+ y is as small as |
possible at the point .- -
(2) (0 ,0) ® (152) ey
©@2-1) (d) (455) |
S X
10 i 2 \ 1
The opposite figure : e 5
Represents the solution set of a system “ I
of inequalities s then the smallest value : D ‘,"_’/
of the objective function P=3 X+ 2 yis oo 2 \‘4',;
(a)6 OF e
(c) 12 (d) 13 p
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In the opposite figure :

The shaded region represents the solution set
of the system of the inequalities X=>0 sy =0
yX+3y=<65X+y=<4,then the maximum
value of the objective function P=2 X +y

equals ............... .
(a) 7 g ;
()3 (d)4

A small factory produces metal furniture 20 cupboard weekly at most of two different
kinds and the factory sells from the first kind at least 3 times what it sells from

the second kind. Let the number of the first kind of cupboards = X and the number
of the second kind of cupboards = y. Which of the following systems of inequalities
modelling the previous data and rules ?

(@) X20,y20sX+y=220,X=<3y

b)X=205y20,X+y=2205X=23y

©)Xz20,y20sX+y=<20,3X=<y

dX=205y205X+y=<20,X=3y

A factory produces 120 units at most from two different kinds of goods X and y
respectively. If the number of units sold from the second kind is not less than half what
is sold from the first kind. Which of the following inequalities represents the data and
the previous constrains ?

(@) X=0,y20,X+y=<120,2y=<X

®O®)Xz05y20:X+y=2120,y<2X

©)Xz20,y20:X+y=<120,2y=2X

dX20,y20:X+y=<120,y22X

A bakehouse produces two kinds of cake s first kind needs 200 gm. of flour and 25 gm.

of butter and the second kind needs 100 gm. of flour and 50 gm. of butter and if the

available quantity of flour is only 4 kg. and available quantity of butter is only 1 lkg. Let

4
the number of the first kind of cake = X and the number of the second kind of cake =y »

then which of the following systems is modelling the given rules ?
(A) X20,y20-2X+y=240,X+2y=50
b)X=205y2052X+y=<40,X+2y=<50
©)X20,y20+sX+3y=40,3X+y=50
dX=205y205X+2y=230,2X+y=<70



Linear programming

\ Essay questions

n Represent each of the following systems graphically > then find the point that
satisfies the objective function in each case :

LI X+y=<5 » y=21 > X=z2,the objective function P=2 X + 3 y is as small as

possible. «2sD)»
Xz0 5 y=20 » y+2X=<10 » X+4y=<12 ,the objective functionP=2y +5 X
is as great as possible. «(550)»

Xz0 » y=20 » 3y+X=15,4X+3y=24 ,the objective function P=3y +2

X is as small as possible. «(3r4)»
X-y=<3 », 3X+2y=2-6 » X=-2 » y<5 sthe objective functionP=2X-3yis
as great as possible. «(0 5—3)»

) Find the maximum and minimum values of the objective function : P= X+ 3 y — 5 where
(X »y) belongs to the feasible region of the inequalities system : —3 <X <3 ,

—45}’54 D 4X+3y512 ’ 4X+3y2—12 «79-17»

B Youssef knows that if he wants to keep fit» he should burn the extra calories by walking
and running. He found that walking for one minute burns 6 calories» running for one
minute burns 15 calories if Youssef walks 10 — 20 minutes daily and runs 30 — 45 minutes
daily and the available time for walking and running daily does not increase one hours
then how many minutes does Youssef need to walk and run to burn the maximum amount
of calories ? «15 945 »

ﬂ A small factory produces metal furniture 20 cupboards weekly at most of two different kinds
A and B. If the profit from kind “A” is 80 pounds s and the profit from kind B is 100 pounds.
The factory sells from kind A at least 3 times what it sells from kind B. Find the number of
cupboards s from each kind to satisfy the greatest possible profit to the factory. «1595»

B A farmer wants to breed chickens and ducks. The poultry place that he has can
accommodate only 300 of them; while he wants the number of chickens not to be less
than twice the number of ducks. If he earns one pound from each chicken and two pounds
from each duck » then find how many chickens and ducks he can breed to get
the maximum profit. «200 » 100 »

B 11 One of the seafood shops sells two types of cooked fish A and B 5 and the requests
from the shop owner are not less than 50 fish » as he does not consume more than 30 fish
from the type (A) > and no more than 35 fish from the type (B). If the price of a fish from
type A is 4 pounds and 3 pounds from type B. How much fish from each of the two types
A and B must be used to achieve the lowest cost possible to buy ? «15 535 »
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[ One of the factories of musical instruments produces two types of blowing instruments
» the first type needs 25 units of copper » 4 units of nickel and the second type needs

15 units of copper » 8 units of nickel. If the available quantities in the factory on a day
were 95 units of copper » 32 units of nickel and the profit of the factory from the first

type was 60 pounds and 48 pounds from the second type. Find the number of instruments

which the factory should produce from each type to get the maximum profit. «233»

m A farmer found that he can improve the quality of planting s if he used at least 16 units

of Nitrates » 9 units of Phosphates in the process of fertilization for one kirate » there are
two types of fertilizer A s B » its contents and cost of each shown in the following table :

The | ' Number of units for each kilogr_am Cost for each
fertilizer | Nitrates l Phosphates | kilogram

A 4 1 _ 170 Pt

B 2 3 _ 150 Pt

Find the least cost of a mixture of the two fertilizers A and B s such that the farmer can
provide a sufficient number of units of Nitrates and Phosphates to improve the quality
of his plants.

Suppose you manufacture and sell skin moisturizers if manufacturing a unit of the
normal moisturizer requires 2 cnt of oils 1 e’ of cocoa butters and manufacturing a unit
of the excellent moisturizer requires 1 cm? of oil» 2 cm® of cocoa butter. You will gain 10
pounds for every unit of the normal kind» 8 pounds for every unit of the excellent kind.
If you had 24 cm? of oil 5 18 e’ of cocoa butter. What is the number of units you can
manufacture from each kind to get the maximum possible profit and what is this profit ?

ﬂrj There are two packages of food substances. The first has 5 units of vitamins and gives

3 calories » while the second has 2 units of vitamins and gives 6 calories. Given that

we need at least 25 units of vitamins and 39 calories » and the price of the unit of the first
article is P.T 6 and of the second is P.T 8, then find the number of each article that should
be bought to obtain what we need at the least cost.

(1) £ A factory produces two types of iron sheet offices s one of the workers collects each

type and then another worker paints it. The first worker takes 2 hours to collect a unit of
the first type» and 3 hours to collect a unit of the second type. While the second worker
takes 1—%— hours to paint a unit of the first type » and 2 hours to paint a unit of the second
type » if the first worker works at least 6 hours daily » while the second worker works at
most 6 hours daily » the profit of the factory is 50 pounds to each unit of the two types.
What is the number of units the factory should produce daily from each of the two types
to achieve the maximum possible profit ?



Linear programming

m A factory produces two kinds of soap A and B. The production whose value is L.E. 100
of the kind A needs 30 kg. of raw material and 18 hours of working on machines and
the production of whose value is L.E. 100 of the second kind B needs 20 kg. of the
same raw material and 24 hours of working on machines.

Find the greatest value of the production that is produced of 75 kg. of raw material and
the available time is 72 hours of working on machines. «LE.325»

@ Two tailors produce two styles of blouses A and B
The first tailor designs clothes s while the second tailor sews them.
The first tailor takes one hour to design the style A and two hours to design the style B
The second tailor takes 3 hours to sew the style A and one hour to sew the style B

The first tailor works for 8 hours / day at most s while the second works for 9 hours / day
at most. The profit of selling the blouse of style A is L.E. 10 and their profit of selling the
blouse of style B is L.E. 15

Find the number of blouses of each style that they should produce daily to gain the
maximum profit. «293»

A\ Problems that measure high standard levels of thinking

n A workshop for making furniture in which 72 workers at most can work. Some of them
are trained and the others are under training. If it must be for each two trained workers »
one worker under training works with them at least. If the quantity of production by the
trained worker equals two and half time as the production of untrained worker »

find the number of each of trained and untrained workers such that the workshop realizes
the maximum quantity of production. «48 524 »

8 Yousef and Samy work on one of machines to produce a certain production.

If Yousef produces the unit of production in an hour s while Samy produces two units of

this production in an hour » but he can work for 2 hours at most more than the number of

hours worked by Yousef.

If we know that the machine should be operated at least 6 hours daily to cover its expenses

and 8 units should be produced of the production at least daily » find the least daily wages

paid to Yousef and Samy if Yousef takes L.E. 5 per hour and Samy takes L.E. 8 per hour.
«20 516 »

B It is wanted to put two kinds of books A and B on a library shelf with length 96 cm. and
can carry 20 kg.

If the weight of the book of any kind is 1 kg. and the thickness of the book of the kind A is
6 cm. and of kind B is 4 cm » find the number of books of each kind that should be put on
the shelf such that its number is maximum.

(Give reasons for having more than one solution).
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TRIGONOMETRY

Exercise Eight  : Trigonometric identities.
Exercise Nine : Solving trigonometric equations.
Exercise Ten : Solving the right-angled triangle.

Exercise Eleven : Angles of elevation and angles of depression.
Exercise Twelve : Circular sector.
Exercise Thirteen : Circular segment.

Exercise Fourteen: Areas.
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Ei ghf Trigonometric identities

v
Test
From the school book  yourself

m Multiple choice questions

® Choose the correct answer from the given ones :

( 1) Which of the following represents an identity ?

13

(a)cos O = 5 (b) sin 6 =cos 0

() sin (7T — ©) = sin O (d)sin(23‘l§—9)=—%
( 2 ) Which of the following relations represents an equation ?

(a) tan (3Tn+9)=—cot6 (b) cos (3Tﬂ—6)=—sin9

(c)cos (—9)=cos 6 (d) cot 8 = —tan 30°
(3)tan0cscO = rinn.

(a) 1 (b) cos 6 (c)sec (d) csc O
(4) % in the simplest form equals -+

(a) sin O (b) cos O (c) sec O (d) csc O
(5)1- 86021370 = enpersesemens

(a) tan® 37° (b) cot? 37° (c) cos® 37° (d) sin® 37°

‘ (6)5c08?30°+58in230° = oo
@3 ()1 (0)25 (d) 10

3 — 2
‘ (F/)Sinex'csce_~

(@) 6 () -6 © & @

(V10 )Y o /sl )/ (oled) slil-clusl,- yalsdl 65



it 3 : i

sin? (180° - 6) + sin® (270° = @) = -++++vvsssveee

(a) 2 sin® O (b) cos 0 ©1 (d) 10
(1+cot0)2—2cot =
(a) sec® 0 (b) cos® 0 (c) csc® O (d) - csc? 9

sin O cos O tan 0 in the simplest form equals -
(a) sin’ 0 (b) cos? @ (c) tan® 0 (d) 1 —sin’ 0

w in the simplest form equals -

| =cos“ 0
(a) -1 (b) 1 (c) tan® (d) cot® 8
w in the simplest form equals -
sin® 0 + cos”
(a) 1 (b) tan® 0 () -1 (d) sec® ©
cos (90° — 0) sec (8 — 90°) in the simplest form equals -
(a) 1 (b) -1 (c) sin® 0 (d) cot®> 0
. 1—cos?f . :
The expression : T_l_ in the simplest form equals -
sin -
(a) —tan” B (b) — cos® B (c) tan? B (d) cot® B
i *'—(i—”li% in the simplest form equals -+
+ cot™ t
(a) tan® 0 (b) cot® ©) 1 (d) cos? 0
sin? 0 + cos? O + tan% @ = --orvevennn.
(a) 1 (b) cot® 6 (c) csc? O (d) sec? 8
(tan2 e - SeCZ 9)5 — o iiiieriieeas
(a) 1 (b)-1 ©5 (d-5
25in26+cos2e++= ...............
sec“ 0

(a) 2 ) 1 (c) tan® O (d) sec? 0
sin@cscO+2cosBsecO+3tanBcotO=--occvovevne
(a) 1 (b)3 ()5 (d)6
(1—cos 6) (1 +cos 0) (1 +cot? ) = --rveerremene
(a)—-1 ®1 (c) sin O (d)tan ©
If csc? § = % sthen cot? @ = oo

4 S 16 Sl
OF: ® 3 © X @
If tan® © = 15 » then sec? @ = «--oovovvvne
(a) 225 (b) 226 (c) 15 (d) 16
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Ifcot6 = % > then csc2 § = vverveennee.

1 4 10
OF OF: ©
Ifsin®+cscO®=35 »then sin 0 +csc? @ = -rvovveveenn.
(@)1 ()5 (c) 23
If sin®—cos 0 = % where 0 E]O ,%[ s then sin 0 cos 6 = -

1 9 41
Ifcsc®—cotB = % sthencscO+cotO=-covovennnns

1 2
(a)3 OF © 3
Iftan O + cot 6 =3 sthen tan® O + cot2 @ = -vcvvevvenn
(@9 (b)8 ()7

_.*:ind' 0—cos?O
sin” 0 — cos” 0
(a) tan O sec O

(b) sin” O — cos? 0 (c) csc? 8 —cot’ B

Ifsin” 0 x csc® 0 =sin @ sthenn = -evvovevene.

(a) 4 ()5 (©)6
sin0+cos’0 _
1-sin 6 cos 6
(a)cos©—sin® (b)cosO+sind (c) 2 csc* 8
1-cosX sin X

i g g
(a) 2sec X (b)2csc X (¢)2cot X

If A=2sin X +cos X s B=2cos X —sin X sthen A2+ BZ=
(a) 4 )5
(c) 8 sin X cos X

If © » oc are two acute angles and 0 + oc = 90° 5 then sin® 6 + sin

(a) zero (b) 1 (c) 2 sin® O
In AABC »ifsin? A+cos? B =1 sthen A ABC s --reeeerne

(a) equilateral. (b) isosceles. (c) scalene.

sin% 0 + cos? 0

If tan © = 4 th =
an n sin% 0 — cos? 0

17 o
(@ £ (b) 1 © 13
cos’@-sin@-1_
1+sin© B
(a) -1 (b) cos 0 (c)—sin 6

@ 2

Trigonometry

- (d) tan® 0 — sec? ©

7

(d) 2 sin® 8

(d) 4 sin? X + 5 cos® X

2

OC = -ereevevnrienns

(d) 2 cos? 0

(d) right-angled.

(d) -1

(d) sin ©
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2\ Essay questions

R S
cos2 0 cot*8

sin (7 — ©) csc (7T — 6)
(sin 6 + cos 0)% — 2 sin 6 cos 6

cos? @ sec O csc O

sin O sin (& - 9) tan O

sin (% 9§cos€—cos(%+9)sin(ﬂ?—9)
sin (%~ 6) cot (% - 6) csc (T - 6) ‘
1+ cot’ (.3531 0)
(3 0)

B Prove the validity of each of the following identities :

tan O + cot @ =sec O csc 6
2 sin” 0 + cos? § = 1 + sin®
sin (90° =) cospu =1 - sin’ 1)
sec? B + csc? P = sec? B csc® B
tan? 0 + cot® 0 — (sec2 0 +csc? 0) = —
tan® 0 cos? 0 + cot? 0 sin® 0 = 1
(sin @+ cos 0)2 + (sin®—cos O’ =2 |
(1 —sin 0) (sec 0 + tan ) = cos 0
sin 0 sin (90° — Q) tan B =1 — cos® 0
cos? O tan® 6 + cos® 0 + cot? 6 = csc” O

2

sin? o sin? B + sin® 2

o cos? B+ cos? o = 1

B Prove the validity of each of the following identities :

i cos @ xtan @ _ | —cos> 0
cse B

cos 0

+tan 0 =sec O
[ +sin 0

ﬂ Write in the simplest form each of the following expressions “where 0 is the measure
of an angle in which all trigonometric functions and their reciprocals are defined at it” :

cOs (JT H) sec ( 6)

s1n( - — (})

cos (2 T — 9)
sin (% + 6) sec (—0)

sin O csc 8 — cos® §

sin O cos O (tan 6 + cot 0)

sinBcos O tan ©

tan 0 “secOcsc O

cscB—sinB@=cosOcotB
sin? oc + tan? oc sin? o = tan? o
cot® L — cos? U= cot? L cos u2

secO—sinBtan O =cos O

sin> O csc O +cos’ BsecO=1

sin? 0 — cos? 8 + cos? 0 — sin® 0

—C(&e—zsinexcose
1+cot? 0

cos?0 .
m—l'l‘Slne



Trigonometry

) : — tan?
L=sin" 0 _ cgc29 1 =ian tan29=200s29—1
1 —cos= 0 1+ tan“ 0
1
€sc® (1 _¢in2@)=cot O ——————  tan’0=1
cos 6 ( ) sin® (90° — ©)
1+tan’@ _ 1—sin2 0
sec* 0
1 1 2 2
— = COS“ o — COoS
l1+tan’oc 1+ tan®P p
ine B it o
cos 2 o8 U O-cos 0 _ 5ec29—tan? 0 (sec 6 — tan §)% = L =5in &
sin® 0 —sin- 0 1+sin0
1 _ tan® sin? oc + cos? oc 4 sin® oc — cos? oc _
T+cot® 1+tanB sin oc + Co8 & sinoc—cosoc

2 « D
cos” 0 —sin“ 0

R =csc O —-secH
sin 0 cos® 0 + cos 0 sin® 0

sin O sin (90° — 0) 4 lan (180°+0) _ 1
tan 0 secOesc®

(sin O + csc )% + (cos 0 + sec 0)” = tan® O + cot? O + 7

1 —(sin O + cos )% _ 2 tan? 0

sin O cos O — cot 0

JecosO—-2sin® _ 3

O =27 =07 _ 2 then find the value of : tan 0 «— 2
3cosO+2sin® 2 18
B If sin O + cos 6 = % s then find the value of : sin 6 cos 6 > where 0 E]O ’ %[ « % »
(Difseco—tan 6= % s then find the value of each of : sec 6 and tan 6 « %7 > l85— »
1 $i°0-c0s’0 _ 5 pon nrove that : sin 0 cos 0 = =
n sin 6 —cos 0 47 B 32
B If tan © + cot 6 =5 5 then find the numerical value of each of the following :
tan® © + cot’ 0 «23»
tan® 0 + cot’ 0 «110 »
tan O —cot O « iﬁ»
tan” 6 — cot” 0 «£5Y21»
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Unit 3

-;__;Fl Problems that measure high standard levels of thinking

n Choose the correct answer from those given :

If X+y=30°sthen:tan (X +2y)tan 2 X +y) =

(a) 1 (b) zero (c)—1 243
IfsinG:% 5 GE[O,%[,then-m: .............
(a) V_Zzl—? (b) \(ud-r_a © W/ﬁ (d) w]bzb- =
& <0< then|4+4tan® O = o
(a)2sec® (b)2cos O (c)—2secH (d)—2cos 0
If sin © 5 cos 6 are the two roots of the equation 2 XZ+bX—-1=0sthenb= e .
(a) zero (b) 2 (©3 (d)—-4
If3sin@+4cosO=5sthen3cosO—4s8inO=-eroveee
(a)5 (b4 (©)?2 (d) zero
If(-)E]O ,%[ andtan O +cot 9 =8 sthensin@ +cos G =-oeevne
(a) Q (b) @ © 3 @ 2
IfGE]O ,%[ ,thenVSc;:c3 O+csc” O = i
(a) % (b) tan © + cot O (c)sec B —tan O (d) sec 0 +tan 0
Ifsin A +sin? A=1 5 then cos2 A + cos* A = -ovveeeeen
(-1 (b1 (c) sin®> A ()2
sin® 1° + sin? 2° + sin® 3° + - + sin® 90° equals oo
(a) 445 (b) 45 (c) 454 (d) 46
cos? 1° + cos? 2° + cos? 3° + .- + cos? 180°

cos 1° + cos 2° + cos 3° + -+ cos 180°
(a)—90 (b) — 88 (c) 88 (d) 90

£} Prove that : sin® 8 + cos® @ =1 -3 sin? @ cos’ O

) In the opposite figure :
A unit circle of centre O »
BC=sin0,ACisa tangent to
the circle at A

Find the value of : cos> 0 + sin 8
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Cxareise Solving trigonometric equations
Nine L g

From the school book  yourself

m Multiple choice questions

e Choose the correct answer from the given ones :

(1)[1If0°=<0<360°andsin®+1=0sthenO=-erocvev

(a) 0° (b) 90° (c) 180° (d) 270°
(2)[If0°<0<360°andcos©+1=0 sthen @ =--ooveeven
(a) 90° (b) 180° (c) 270° (d) 360°
(3)If0°<08<360°andcscO—-1=0sthenO@="---crere-. .
(a) 0° (b) 90° (c) 180° (d) 270°
(4)If2sin®-4Y3=0>where 0 €]0 >2 7T [ » then O = ---rvvoovveve
(a) 30° or 150° (b) 60° or 120° (c) 150° or 210° (d) 120° or 240°
(5)If2cos @+ 1=0 , where 8 is the measure of the greatest positive angle 0 E[0 2 7T[ »
‘ then®=--oioevvenen.
JT 27 47T 5
(a) 3 (b) 3 (©) 3 (d) 3
‘ (6)Ifsec(—0)=2where  E[0 > TT[ sthen O = ---vvvevvnee
(a) 60° (b) 30° (c) 120° (d) 150°
‘ (7 ) The solution set of the equation : sin 6 —'\/g cos 0=0 5 where 0 E]J'l? ’ %J‘IZ[ IS <oreermanens
4 7 5 1
| @ {57} ® {5 7} {37} @ {3}
( § ) The solution set of the equation :W/Etan 0 =1, where 90° < 6 <270° is -++-eereen
(a) {30°} (b) {150°} (c) {210°} (d) {240°}
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Unit 3

The solution set of the equation : sin 8 + cos 8 =0 s where 180° <0 <360° is -+

(a) {210°} (b) {225°} (c) {240°} (d) {315°}
[f0°<0<180°scotO=1sthen@="-rrvovene
(a) 30° (b) 45° (c) 60° (d) 135°
Ifoe [O s %[ »8in O cot O = % s then the solution set is -
T 47T STU
&%, ® {5} © {5} @ {35}
The solution set of the equation : sinf@+1=0,0€E [0 5 7E| e 5
T T

@ {3} o {5} (© {m} %

If180°<0<360°and2cosO+1=0>then O =
(a) 210° (b) 240° (c) 300° (d) 330°
The general solution of the equation :V; tan@—-1=0is »-oo. (Where n E7Z)
(a)%+nﬂi (b)ZHTEi% (c)%mn (d)ZHTCi%
The general solution of the equation : cos 0 = % i8 - (where n €7)
(a)znni% (b)znni%E (c)%+n3‘lﬁ (d)%mn
The general solution of the equation :
cot(%——ﬂ):ﬁis --------------- (where n €7)
(a)%mn (b)%+2nﬂ:
(c)4Tn+2nJ'lZ (d)%+2nnor47“+2nn

If 5 sin X = 12 cos X where X [0 » 7] » then X equals approximately ...............

(a) 157°22°48  (b) 112°37 12 (c)22°37 12 () 67° 22 48
If 3570 = 1 where § €]0 52 7T[ sthen: O = oo °

(a) 45 (b) 90 (c) 180 (d) 270

If 0 €[0 »2 7t[ > then the solution set of the equation : 75" = % i8S v
(a) {30°} (b) {30° 5 150°} (c) {210°,330°} (DD

- S
If sin X = >

7COSX=gwhere_’XE[0 ,2;)'[:[ sthen X = --oooeiviennn.

(@)% (b) 2% O @+t



Trigonometry

If X &[0 52 7t[ » then the solution set of the equation : cos X = % is the same
solution set of the equation ..............

(a)tan X =2 sin X (b) 2 cos? X = cos X
(c)2coszx+3cosx=2 (d)cos(X—%):O

If 6 €[0 52 7| 5 then the number of solutions of the equation 2 sin @ =3 is ..............
(a) zero )1 (©)2 (d)3

If 0 €[0 52 Tt[ 5 then the solution set of the equation : tan (6 — 90°) =\/§ 1S o
(a) {30° ,210°}  (b) {150° ,210°} () {150° ,330°}  (d) {210° ,330°}

If 0 < X < 2 TU » then the solution set of the equation cos (X — E) S S R

32
@{Z,=}  o{E.Z ©{%, 1% @ {% .21
If6 E[0 52 TT[ » then the solution set of the equation : 2 c0s?0—1=018 covevvee...
(a) {45° , 135° ,225° ,315°} (b) {45° ,315°}
(c) {135° ,225°} (d) {45° ,225°}
If 8 €[0 52 7[ 5 then the solution set of the equation : cos? 0 —cos O =018 .coccrr....
(a) {0° 590°} (b) {0 5,90° ,180°}  (c) {0° »90° ,270°} (d) {90° ,270°}

If0 [0 52 7] » then the solution set of the equation : 2 sin 6 cos 8 + 3 cos 6 =0

(a) {0° ,90° ,270°} (b) {90° ,270°}
(c) {0° ,90°} (d) {0° ,180°}
If 0 < X < 2 TU » then the solution set of the equation %““;( X 42=01s ..
— 8N’
2 sn
(){E,“_ﬂ: (b){ X, o
JT 27 47 5 JEZJ'E?)J'ESJ'C
@ {3555 (‘”{ 2 73

(a) {30° 5 120°} (b) {60° »240°}

(c) {15° 560° 5 120° ,240°} (d) {15° 5 105° , 195° , 285°}

If0 &[0 52 7T[ » then the solution set of the equation sin 8 + csc 6 =2 equals ..............
T iy ¥ 37T

@ {2} ® { T} (©) {7} @ {5F}

(V0 )Y o sl V/ (omled) slil-abl,- yalsdl - 73




Unit 3 g .

The number of solutions of the equation : cos> 6 —4 cos 6 +4 =0 equals ..............
(a) zero (b) | ()2 (d)3
If 8 €[0 » 2 7] » then the solution set of the equation : 2 cos’ 6 —5 cos 8 ~3 =0

1IS! swvrwes, m .,

(@) {30° ,150°}  (b) {60° 5 120°} (c) {60°,240°} (d) {120° ,240°}
IfeEo, % 7 [ » then the solution set of the equation : 2 sin? @+ 3 sin®+1=0

1S .

(a) {240°} (b) {210°} (c) {225°} (d) {330°}

If  €[0 5 7| » then the solution set of the equation : 3 sec?0—7sec0+2=0

(a) {30°} (b) {60°} (¢) {150°} (d) {120°}

[\ Essay questions

n Find the general solution of each of the following equations :

{2

sinG:% cosG=T
tanG:V? sin6=—2—3
cosG:% tan 6 = -1
cscB=-2 secG=1/_2_
cot9=—\/€ 200s9—'\/§=0
2sin9+1/3=0 COs (%—9)=%
2sin@cosB+3cos0=0 sinGcosG:T?’sinG
2sin*0-|2sin0=0 cos’0—cos0=0
2 sin? @ = sin O ﬁsinﬁcosﬂ—sinﬂ:O
2cos’0+cosH=0 2cos?0+3cos0+1=0

B Ifec[0s2m » fin(i the solution set of each of the following equations :

74

2cos0-1=0 2sinf+1=0
20039+V§=0 tan@0-1=0
'\lgcos9+2=0 3cscO+2=0
45in@+3=0 sec®+12=0



Trigonometry

4tan6-5=0 sin@—-2cos0=0
cos0+1=0 sinBcos6=0
SN2+ tan (90° - 6) =0 cos (6-50°) = 1
45in*0=3 2 sin” 6 = sin 0
3sec’0=4 sin?@—cos?0=0
3¢cos>0+2sinBcosO=0 4sin>0—3sinOcos O =0
4tan0+3tan6=0 2sin*@+sin@-1=0
tan?@——L =0

cot ©

B Solve each of the following equations in the interval [0 s 32711 [ g
tan? @ —tan 6 = 0 2sin®cosO—-cosB=0

D Solve the equation : sin 0 cos 0 — —5— cos 0 =0 » where 0° <6 < 180°

a Find the general solution of each of the following equations :
(1)l cosB=sin260 (2)dcos20=sin0

(3)cos50=sin40 (4)sec4O=csc?20

[ Find the solution set of each of the following equations in the interval [0 , 7[ :
2sin?@—-5sin@+2=0 6cos>0—5cos0+1=0
4sin’0+8sin®+3=0 2tan’* @ —tan®—1=0
3sec’0-T7secO+2=0

n Find the measure of the smallest positive angle which satisfies the two equations :
2cos0+1=0 ,tane—\/-3'=0 «240° »

B Find the solution set of the equation :
L (90)_ 1 T o . &Oe
Sln(T)—v—E— aWhCl‘CGE]O ,7[ «{20° 560°} »

‘?'.\.:,‘\ Problems that measure high standard levels of thinking

n Choose the correct answer from those given :

The number of solutions of the equation : sin X = 0 where X €[0 5 6 JU[ is «--eeeevenee
(a)2 (b) 4 (©)6 (d)8
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Unit 3 1

IfsinA+sinB =2 ,then ---ceeoveevne

(a) cos A + cos B = zero (b)ycosA-cosB=1
(c)sinA-sinB=1 (dsin(A+B)=-1

The solution set of the equation : cos X + sin X = 2 where X E[0 52 7] is -
@{T} (b) {zero} ©{0,%} @ @

If 0 < X < 360°  then the number of solutions of the equatain 3 sin X =tan X
(a)2 (b)3 (c)4 d)5

If tan 0 + cot © = 2 5 then tan**!® @ + cot?®®1? H = --.ccc....

(a) zero (b) 1 (c)2 (d)3

The values of 6 which makes the roots of the quadratic equation :
X2+2X+20086=0areequal where  E[0 52 [ are --vvveeev

FLNET T 2T FLINET T 5T
(a)6or G (b)30r 3 (c)3or 3 (d)6or G
The sum of the solutions of the equation :

sin X — sin X cos X = cos X — sin X s where XE 10 2 7t is -

(a) 5 70 (b) 27T ©3m (d) 47
The sum of the solutions of the equation :

cos 2 X =—sin 2 X where X E[0 52 Tt[ is -veeevres

(a) 2t (v 3% ©° (@ 1L

If 0 E[O ,%] and the equation X2 — (tan 0 +ﬁ) X+1=0

has positive unique root » then sin 6 cos 6 = --------.

(a) 4 (b) % (©)2 ) %
Flirec(o,2 TU[ s then find the solution set of each of the following equations :

200326+11sin(%—6)—6=0 4sin®+cscB-4=0

cos9+se0600529=1/€ tan* -3 tan’ 0 +2=0

2sinBcosO+2sinB@-cosB-1=0 W/Etanze—(l +1/§)tan9+ 1=0

tan? 0 + sec2 0 =7 6tan? O +5secO+5=0



Exercise

Ten

m Multiple choice questions

e Choose the correct answer from those given :

\ 4
Test
yourself

(1) The right angled triangle can be solved in each of the following cases except if the
given is ...............

(a) the length of two sides in the triangle.

(b) the length of two sides and the measure of their included angle.

(c) measure of two angles.

(d) the length of one side of the right angle and the length of the hypotenuse.
( 2 ) In the opposite figure :

AC 2 ooveeveconenns cm.
(a) 132 (b) 8.3
(c)3.7 @59
( 3 ) In the opposite figure :
XY = oo cm
| (@) 9.8 (b) 6.9
(c) 8.4 (d) 14.6
‘ (4 ) In the opposite figure :
The length of AB = e to the nearest metre.
| (a) 56 (b) 57
| (c) 58 (d) 59
' sd

C  42m. B
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In the opposite figure :

The length i (O R —
(a) 12 (b) 13 &
(c) 16 (d) 24

In the opposite figure :

The length of BC= o o
(©)9 (d) 5 p G313

In the opposite figure :

m (L C) =M. u
@2 (0) 30° 48
(c) 33° 33 {5 B3

6cm.

Triangle ABC is a right angled triangle at B s AB =5 cm. » BC = 5% &t
sthenm (£ C) = «ovevvvenns

(a) 60° (b) 30° (c)45° (d) 56°
In the opposite figure :
AB= il cm B
20,
(a) 98 cot 20° (b) 98 sin 20° - =
(c) 98 csc 20° (d) 98 tan 20°

If A ABC is right angled triangle at B s m (£ A) = 0.925"¢ , BC = 8 cm.
’ then AC O cireieiiieanan, cm.

(a) 10 (b) 13 ()6 (d 1

If A ABC is right angled triangle at B s m (£ C) = 54° 13 , BC = 20 cm.

s then the length of PN PO cm.

(to the nearest 1 decimal place).

(a) 16.2 (b) 11.7 (c)144 (d) 27.7

In the opposite figure : 3 dem
Lengthof BC=

(a) 5 cm. (b) 6 2 cm.

()3 % cm. (d) 3 cm. &

Scm.

3cm.



In the opposite figure : E
Length of BD oo \ y
(a) 9 cm.
(b) 29 cm.
(c) 23 cm. ;
(d) 28.5 cm.

ABC is an isosceles triangle s AB =AC = 14.8 cm. s m (£ A) = 64° 32
» then the length of BC e cm.

25cm.

(to the nearest 1 decimal place).

(a)25.2 (b) 15.8 (c) 18.7 (d)25.8
The opposite figure shows the circle of centre M » ABiis

a diameter in it » if AC =12 cm. s m (£ A) = 37°

s then the length of the radius of the circle to the nearest Bf

two decimal places = oot cm.

(a) 7.51

(c) 7.96

(b) 9.97
(d)4.79
In the opposite figure :

M is a circle with radius length is 5 cm.

» AC is a tangent at A , ( P
B . N
s AD'=6 cm. sthen m (£ CAD) = -+ooovvvvneene , Sem. ) Sem. J

‘(a) 53°
(c) 39°

(b) 31°
(d) 37°
In the opposite figure :

The length of AC o «+rvvvovner Eil
(a) 6 |

(c) 4

(b) 10
(d5

ABC is a triangle > draw AD 1 BC ,if AD =6 cm.
»m (£ B) =52°
»m (£ C) =28° » then the length of BC = ---.....
(a) 20 (b) 16
(c) 17 d) 18

D C

Trigonometry

20cm.

-+ . (to the nearest cm.)
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| \ Essay questions

n Find the value of each of X and y in each of the following figures :

12.cm.

8cm.

£3 (. Find the value of each of the angles o and B in degree measure in each of the

following figures :

\30‘“'_ T,

AP

Scm,

S : N N LB\

2 NS L
6cm. 1 icm.

B ABC is a right-angled triangle at B. Find AB to one decimal ; if :

m (£ C) =32° 18 and AC = 25 cm. «134cm. »
m (£ A) = 62° 44 and BC = 16 cm. «82cm. »
m (£ A) =42° 8 and AC = 24 cm. «17.8 cm. »

ﬂ ABC is a right-angled triangle at B. Find m (£ C) to the nearest minute » if :

AB =126 cm.and AC =18.6 cm. « 42° 3§ »
BC =54 cm. and AC = 88 cm. «52°0 »
AB =272 cm. and BC =20.4 cm. «53°8 »

B Solve the triangle ABC which is right-angled at B approximating the measures of

angles to the nearest degree and the lengths of sides to the nearest cm. where :
AB=4cm. 5 BC=06cm. AB=125cm. » BC=17.6cm.
AB=53cm. 5 AC=122cm. BC=31cm. s AC=42cm.

B Solve the right-angled triangle ABC at B in which :
AC=246cm. » AB=162cm. AB=39cm. » BC=62cm.
m(£C)=62° 5 AC=76cm. AB=12cm. > m(LA)=42°24
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ﬂ Solve the triangle ABC which is right-angled at B approximating the measures of
the angles to the nearest thousandth in radian measure > and the lengths of the sides to
the nearest thousandth cm. where :

m (£ A)=1.169"¢ , AB = 18 cm. m (£ C)=0.646"% , AC = 15.7 cm.
m (£ C) =1.082%¢ , AC = 35.8 cm.

B An isosceles triangle s the length of each of its legs is 7 cm. and its base length is 10 cm.
Calculate the measures of its angles. «44° 24 55 544° 24 55 591° 10 10 »

B ABC is a triangle in which AB=AC , BC=20cm.and m (Z B) =48° 54
Find the length of AB to the nearest cm. «15cm. »

m XYZ is a triangle in which XY =115cm. s YZ=27.6cm. 5 XZ=299cm.
Prove that the triangle is right-angled at Y s then find the measure of angle X «67°23 »

m A circle of radius length 8 cm. » AC is a diameter drawn in it » then the chord AB was
drawn of length 10 cm.
Find the measures of the angles of the triangle ABC «51°19 4 590° 538° 40 56 »

m A circle of radius length 7 cm. s a chord was drawn in it opposite to a central angle
of measure 110°. Calculate the length of this chord to the nearest thousandth.
« 11,468 cm. »

m ABCD is a rhombus » the lengths of its diagonals AC and BD are 18.8 cm. and 24.6 cm.
Find : m (£ ADC) to the nearest minute. «74° 47 »

m A piece of land is in the shape of a rhombus ABCD. Its side length is 10 m.
and m (£ ABC) = 104° 16 . Find the length of each of its two diagonals.

« 15.79 m. approximately » 12.28 m. approximately »

E ABCD is a rectangle in which the length of its diagonal AC=248cm.
and m (£ ACB) =23° 36 Find the length of each of : AB and BC

«9.9 cm. approximately s 22.7 cm. approximately »

m ABCD is an isosceles trapezium in which AD//BC AB=CD =5 cm.
AD =4 cm. » BC = 10 cm. Find the measure of each of its four angles.
«53°8 5 126°52 5 53°8 » 126° 52 »

(VN5 )Y & /i V/ (o) wlil-abal,- yalsdl 81



Unit 3

el \ Problems that measure high standard levels of thinking

o Choose the correct answer from those given :

A
In the opposite figure : 3 fr g
If D €BC such that DA=DB = DC = 5 cm. pa
»m (£ ADB) = 80° 5 then AC = --vevrvee cm. PRI I\
C D B
(a) 10 sin 40° (b) 10 sin 50° (¢) 5 sin 80° (d) 5 sin 40°

If the side lengths of right-angled triangle ABC area sa+ 1 sa—1 where a>1 s then

the measure of its greatest acute angle approximately is - -

(a) 36° 52 (b) 48° 18 (c) 53° 8 (d) 62° 42

If ABC is aright-angled triangle at B s AB = 6 cm. and the perimeter of
AABC=24cm. sthenm (£ C) = --cvoovreeee

(a) 14° (b) 18° (c) 37° (d) 53°

If ABC is a right-angled triangle at B and AB > BC and the area of A ABC =30 cm?
AB+BC=20cm. sthenm (L A) = rrvere

(2) 77° 19 (b) 54° 37 (c) 26° 18 (d) 12° 41

In the opposite figure : B
If AC is a diameter in circle M '
,ﬁisatangent,AB=6cm,r=SCm. Sl
sthen m (£ DCM) = ovevvernens ﬁ'-.\ M /
(2) 50° 12 (b) 25° 6 " '
(c) 18° 31 (d) 37° 39

In the opposite figure : A

~)\

BC is a diameter in circle M
yAC=6cm. ym (L ABC)=0

s then the area of AABC = -+voovveve cm?
(a) 6sin O (b)6tan 6 (c) 18 tan 6 (d) 18 cot ©

BN
AN

In the opposite figure :
If ABC is a right-angled triangle IJ,"’(I

at LA >AD L BC »AD =sin? 0 5 then BC = -+rvvvveeo- x

(a) sin 6 (b) tan © (c)cos 6 (13) tan’ 0

82



Exercise Angles of elevation and
Eleven angles of depression

From the school book

| First)\ Multiple choice questions

o Choose the correct answer from the given ones :
(1) From a point on the ground surface 40 m. away from a tower base s the measure of
elevation angle of the top of the tower is 72° » then the height of the tower to the
nearest metre is -« m.
(a) 120 (b) 121 (c) 122 (d) 123
‘ ( 2) A plane 1000 metres high was observed by a person at an angle of elevation of

measure 40° , then the distance between the plane and the observer to the nearst

(a) 643 (b) 1192 (c) 1305 (d) 1556

(3 ) From the top of a tower 80 m high. » the measure of depression angle of a body lies
on the horizontal plane that passing through the tower base equals 24° 12 » then the
distance between the body from the base of the tower approximately equal -
(a) 195 m. (b) 178 m. (c) 88 m. (d) 36 m.

(4) From the top of a light house 80 metres high , the measure of the angle of depression
of a fixed target on the see equals 80° , then the distance between the fixed target and

the top of the light house equals - to nearest metre.
(a) 78 (b) 79 (c) 80 (d) 81
( 5) Alight pole of height 8 metres gives a shade on the ground of length 5 metres » then

the measure of the elevation angle of the sun at that moment to the nearest degree

(a) 32° (b) 51° (c) 39° (d) 58°
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From the top of a rock 100 metres high » the depression angle of the boat which is
rad.

200 m. away from the base of the rock equals (in radian) = -
(a) 0.08 (b) 0.46 (c)0.25 (d)0.24
If a person walks 1 km. on a road inclined to the horizontal by an angle of measure
22° 15 » then his height above the horizontal equals approximately ... m.
(a) 925.5 (b) 409.1 (c)378.6 (d) 376.8

The length of the thread of a kite is 42 metres. If the measure of the angle which
the thread makes with the horizontal ground equals 63° » then the height of the kite
from the surface of the ground = -+ m.
(a) 37 (b) 19 (c) 82 (d) 80
A man of height 160 cm. was standing on the ground at a point which is 20 m.

from a tree. He found that the measure of the angle of elevation of its top is 31° 48
s then the height of the tree = - m.

(a) 13 (b) 14 (c) 12 (d) 11
In the opposite figure : l
The angle of elevation of the top of a tower of length SOW/E m.
is measured from two points A and B on the same horizontal
line as the tower base » their measures are 30°, 60° respectively :_“"‘." /60 ¢
» then the distance between the two points equals - m.
@) 10093  (b)50Y3 (c) 100 (d) 50

From the roof of a house 8 metres high s a pcrson found that the elevation angle
of the top of an opposite building was of measure 63° » and observed the depression

angle of its base s it was of measure 28° s then the height of the building to the nearest
metre equals ............... m.

(a) 30 (b) 38 (c) 29 (d) 31
From the top of a rock 40 metres high s two ships were observed in one ray on the sea
with the rock base and their depression angles were measured to be 35° 12 and 53° 6

s then the distance between the two ships = oo m.
(a) 194 (b) 17.7 (c)26.7 (d) 86.7
~ Second \ Essay questions
n Hrom a point § metres apart from the base of a tree » it was found that the measure of the

elevation angle of the top of the tree is 22°
Find the height of the tree to the nearest hundredth.

¥) A man found that the measure of the angle of elevation of the top of a tower »
at a distance of 50 m. from its base » is 39° 21 Find the height of the tower.
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ﬂ From a point on the ground at 20 metres from the base of a house » it was found that
the measure of the angle of elevation of the top of the house is 27° 43
Find the height of the house to the nearest metre. « 11 m.»

n LL) An airplane 1000 metres high was observed by a person at an angle of elevation of
measure 25° 17 Find the distance between the plane and the observer. «23414m.»

B From the top of a rock 180 metres high from the sea level » the depression angle of
a boat 300 metres apart from the base of the rock was measured. What is the radian
measure of the depression angle ? «0.54"9

B A person observed » from the top of a hill 2.56 km. high » a point on the ground. He
found its depression angle measure was 63°. Find the distance between the point and the
observer to the nearest metre. «2873 m. »

ﬂ From the top of a lighthouse 200 metres high » it was found that the measure of the depression
angle of a boat is 31° 14 Find the distance between the boat and the base of the lighthouse »
knowing that the boat and the base of the lighthouse are collinear. «329.8 m. »

B L] From the top of a tower 60 metres high » the measure of the angle of depression of
a body located in a horizontal level which passes through the base of the tower equals
28° 36 . Find how far was the body from the base of the tower to the nearest metre. « 110 m. »

g A light pole of height 7.2 metres gives a shade on the ground of length 4.8 metres.
Find in radian the measure of the elevation angle of the sun at that moment. «0.983™,

m Find the measure of the angle of elevation of the sun when the shadow of a flagpole of
height 3.5 m. is 2 m. «60° 13 »

m From the top of a tower » a person found that the measure of the angle of depression of
a point in the same horizontal plane passing through its base is 35° If the height of the
tower is 160 m. » then find the distance between the point and each of the base and the
top of the tower. «229m. 5279 m. »

m The upper end of a ladder rests on a vertical wall » it is 3.8 m. far from the surface
of the ground » the lower end rests on a horizontal ground. If the measure of the angle
of inclination of the ladder to the ground is 64°
» find to the nearest hundredth each of :
The distance between the lower end and the wall.
The length of the ladder. «1.85m. 9423 m.»
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@ If the measure of the elevation angle of the top of a minaret from a point

140 metres distance from its base was 26° 46 »

what is the height of the minaret to the nearest metre ?

If it is measured from 110 metres distance from its base »
find to the nearest minute » the measure of its elevation angle at that distance.
«71m. »32°50 »

14} An observer measured the angle of elevation of a fixed balloon to be % s
when he walked in a horizontal plane towards the balloon a distance 800 metres »

he measured its angle of elevation to be %

Find the height of the balloon to the nearest metre. « 1093 m. »

EB Two persons stand on opposite sides of a flagpole fixed vertically on the ground such
that the two persons and the base of the flagpole are collinear. They find that the angles
of elevation of the top of the flagpole are of measure 54° 16 and 47° 12 If the length of
the flagpole is 12 m. » then find the distance between the two persons. (Let the heights of

the persons be neglected) «19.7m.»

EB AB is a tower of 50 m. high where A is its top and B is its base. Two persons stand »
onc of them at C and the other at D where B 5 C and D are collinear and C E€BD If the
measures of elevation angles of A from C and D are 52° 13 and 45° 36 respectively »
then find the length of CD (Let the heights of the persons be neglected) «102m.»

m From the top of a tower of 60 m. high » a person found two boats on one ray with the base
of the tower. He found that the measures of the depression angles of the two boats are 47°

and 41° 35 respectively.
Find the distance between the two boats to the nearest metre. «12m.»

(D A man was standing on the ground at a point which is 85 m. from the base of a tower.

On the top of the tower there is a flagpole. He noticed that the measures of the angles of
elevation of the top of the [lagpole and its base are 56° and 54° respectively
Find the length of the flagpole to the nearest metre. (Let the height of the man be

neglected). «9m.»

m A ship approaches a lighthouse 50 metres high. At a moment » it was found that the

measure of the elevation angle of the top of the lighthouse is 0.11™9 After 15 minutes »
it was found again that the measure of its elevation angle is 022734,

Calculate the uniform velocity of the ship.
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m Problems that measure high standard levels of thinking

® Choose the correct answer from those given :
( 1) In the opposite figure :
If the elevations angles of the top of
a tower from three points on a line leads to
the bottom of the tower are 30° 5 45° , 60°
respectively sthen AB : BC = oo

@1:y3 (b)2:3 ©13:42

( 2) In the opposite figure :

The elevation angle of a top of
a mountain from the base and
the top of a house CD whose height

is h » their measures was X >y

respectively sthen AB = -+ oooovennn
h tan X h tan X

(a) Tmny (b) @nX-tany (¢) h (tan X - tan y) (d)htan Xtany
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Exercise 2
Circular sector

Twelve Test

| From the school book  yourself
rst \ Multiple choice questions

o Choose the correct answer from the given ones :

. 1) [LL} The perimeter of the circular sector in which the length of its arc is 4 cm. and the

length of the diameter of its circle is 10 cm. equals oo

(a) 14 cm. (b) 20 cm. (c) 30 cm. (d) 40 cm.

{ . 1 The area of the circular sector which the radius length of its circle is 4 cm. and the
length of its arc is 6 cm. equals oo cm?
(a) 24 (b) 12 (c) 10 (d) 8

. 1 The area of a sector whose arc is of length 10 cm. and the length of the diameter of
its circle = 10 cm. equals oo
(a) 50 cm? (b) 25 cm? (c) 12.5 cm? (d) 100 cm?

/4111 The area of the circular sector in which the measure of its angle is 1.2¢ and
the length of the radius of its circle is 4 cm. equals -
(a) 4.8 cm? (b)9.6 cm? (c) 12.8 cm? (d) 19.6 cm?

. %1 [l The area of the circular sector in which the measure of its angle is 120° » the

length of the radius of its circle is 3 cm. equals -oeooee

(@)3Tem?  (b) 6T cm? (c) 9 7T cm’ (d) 12 7T cm®

( &) If the perimeter of a sector is 8 cm. and its arc is of length 2 cm. » then its circle is of
radius length -0 oeeeee cm.
(a) 6 (b) 2 (c)3 (d) 4
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The perimeter of a sector is 44 cm. Its circle is of radius length 14 cm. »
then the length of the arc of the sector = ---oeeve cm.

(a) 16 (b) 8 (c) 32 (d)4

The area of the circular sector in which » its perimeter is 12 cm. s length of its arc

is 6 cm. equals et cm2
(a) 6 ()9 () 12 (d) 18
The area of the circular sector in which r = 4 cm. and its perimeter 20 cm.
equals -eeeeee cm?
(a) 40 (b) 32 (c) 24 (d) 48

The arc of a sector is of length 3 cm. and the area of this sector is 15 cm? » then its
circle radius is of length «-c-oooooe cm.

(@5 (b) 10 (©)2.5 (d) 15

The area of a sector is 400 cm? If its radius length is 20 cm. , then its arc length

(a) 10 )5 ()20 (d) 40
If the area of the circular sector equals 110 cm? » the measure of its angle equals
2274 | then the length of the radius of its circle equals -+

(a) 2 cm. (b) 5 cm. (¢) 10 cm. (d) 20 cm.
The perimeter of the circular sector whose area is 24 cm? 5 length of its arc is
8 cm. equals ...............

(a) 20 (b) 14 ()32 (d)24

The area of a circular sector is 45 cm? and the length of the diameter of its circle is
20 cm. » then the length of its perimeter equals - cm.

(a) 29 (b) 19 (c) 39 (d) 49

The area of a circular sector is 27 cm? and the length of its radius is 6 cm. » then the
measure of its central angle = (-

(@15 (b) 2 (©)3 (d) 4.5

The perimeter of a circular sector = 4 r cm. where r is radius length of its circle
s then the radian measure of its central angle equals (-« yrad

(@) 5 (b) 8 ©2 @ 3
The length of an arc of a circular sector (Z) and the measure of its angle (1.2)
which drawn inside a circle of radius length (r) » then its perimeter = -----oeoo cm.

(@12r (b)32r (c) 1.2 12 (d) 3.2 12
2

rad.

cm?  where r is the length of the radius of its circle

The area of a sector is
then the measure of its angle equals -
(a) 30° (b) 60° (c) 90° (d) 45°
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90

The perimeter of a circular sector equals 24 cm. and the length of its arc equals

10 cm. » then the area of its surface =

()77 (b) 14 7T

©49T

(d) 154 T

If the area of a circle is 53.6 cm? » then the area of the circular sector of this circle

such that the measure of its central angle equals 67° 30 =

(a) 10 (b) 11
S

The area of a circle is 490 =2 cm? » then the area of a circular sector from this circle

8

whose arc is of length 32 cm. = -

(a) 100 (b) 200

) 12

2

......... Cm.

(c) 400

(d) 13

(d) 300

The arc of a sector is of length 4 { cm. and the length of the radius of its circle

equals r cm. s then its perimeter =

@l+2r )y r+2!¢

The length of an arc in a circular sector is ([) s the measure of its angle (Grad) and the
length of the radius of its circle is (r) » then the perimeter of this sector
(©) r (2 + 69

@r+!{ )r+2!

The perimeter of a circular sector is 35 cm. and its area is 75 cm.? » then the measure

of its central angle in radians = -

3oL 4 1
(a)20r3 (b):,’or3

In the opposite figure :

The area of the shaded sector = -------

(a) 18

©9Y3m

In the opposite figure :
The area of the shaded sector =

(2) 30 T (b) 2—52;5

In the opposite figure :

Quarter of circle whose centre M

» then area of the shaded part = -

(A 10T
(c)30 7™

©2@+20

3,8
(0)20r3

)
S3 3 11 I

(b) 20 7T
(d) 40 T

@2¢+2r)

(d) 2r (1 + 679

(d) 1 or %
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In the opposite figure :
Two concentric circles with centre (M)
Their radii 4 cm. > 6 cm. and the

length ofEB =9 cm. » the length of@ =6 cm.

» then the area of the shaded part = .- cm?
(a) 10 (b)9 T ()12
In the opposite figure :

The area of the shaded part = oot cm?

(a) T (b)2 7
©F @ 2 m

In the opposite figure :
CA »CB are two tangent segments of the circle M

» the radius length of the circle M = 8 cm.
ifm (£ AMB) = 5 T

» then the area of shaded region = oot cm?
(a)79.1 (b)97.1
(c) 791 (d)9.71
In the opposite figure :

The radius of circle M is 10 cm.

sBC=AC »m (£ ACM) = 36°

» then the area of the shaded region = -+ cm?
(a) 20 v (b) 30 7T ()40 TT
In the opposite figure :

A semicircle whose centre M

s then area of the shaded part = .o cm?
(a) 8.29 (b) 16.6
(c)5.52 (d) 11.04
In the opposite figure :

1fA (412 »442) > then:

the area of the shaded part equals - cm?
(a) 64 T (b) 16 T ()4 T

dem. A 2em.
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Unit 3

In the opposite figure : A
ABisa tangent to the circle M f
which passes through C »D » E .. |

If AB =8 cm. » MD = 11 cm. / A

M C B
the length of CED =6 cm.
» then the area of the shaded part = - ¢m?
(a) 22 (b) 18 (c) 12 (d) 11

Se ¢ ____Ju Essay questions

n Find the area of a sector where the length of its arc is 12 cm. and the length of its radius

is 8 cm, « 48 cm? »

B Find the area of the circular sector in which the length of its arc is 16 cm. s and the

length of the radius of its circle is 9 cm. «72cm’ »

ﬂ (1] Find to the nearest cm? the area of a circular sector , where the measure of its central

angle is 30° and the radius of its circle is of length 3.5 cm. « 3 cm? approximately »

| Find the area of the circular sector in which the length of the diameter of its circle is

20 c¢m. and the measure of its angle is 120°. « 104.7 cm® approximately»

B Find the area of a sector whose central angle is of measure 40° and the the radius of its

circle is of length 6 cm. «13 cm’ »

[ The central angle of a circular sector is 48° and the length of the radius of its circle

is 6 cm. Find the area of the sector to the nearest cm?> «15cm?»

ﬂ Find the area of the circular sector in which the length of the radius of its circle is

10 cm. and the measure of its angle is 1,27

Find the area of the circular sector in which the length of its arc is 7 cm. and its

perimeter cquals 25 cm. «315cm’»

ﬂ The perimeter of a circular sector is of length 28 cm. If the length of its radius is 7 cm. »
then find its area and the measure of its central angle in degrees and in radians.

«49 cm? 5 114° 35 5284,
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m A circular sector of area 270 cm.? 5 the length of the radius of its circle equals 15 cm. »
find the length of the arc of the sector and measure of its central angle in radian meausre.

«36cm. » 2.4md' »

m The area of a sector is 40 cm? Find its perimeter if the length of its arc is 8 cm.  « 28 cm. »

m The area of a circular sector is 25 cm? If its central angle is of measure 0.5%¢ , then find
the length of the radius of its circle and the length of its arc. «10cm. s 5 cm. »

m The area of a circular sector equals % the area of its circle.

Find the measure of the central angle of this sector in radians and in degrees and if the
length of the radius of the circle is 10 cm. » then find the perimeter of the sector to the

nearest cm. «2.51™ ,144° 445 cm. »

m Find in terms of JU the area of the shaded part in each of the following figures :

= == ~
B [ e 4/ Y
§ ~ x § \‘\\ '“f/
S W E R\E/A
) -"J o
l \ /560 \
" 3em, : 3cm, 6ecm——> <—ZCT>
1] Figure (1) Figure (2) Figure (3)
-t a— L 3
S % ;

1 . s . f&:i\- M 7cm
8cm, S N
Figure (4) Figure (5) Figure (6)

EB A circle M of radius length 7.5 cm. , MA MB are radii where A B = 12 cm.

Find the area of the minor circular sector M A B to the nearest square centimetre.

«52 cm’ approximately »

EB Three congruent circles are drawn to touch each other. If the length of each of their radii
is 5 cm. » then find the surface area of the included part between these circles.

«4cm’ approximately »
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m AB and AC are two tangent segments from A to the circle M to touch it at B and C » so

that MA = 12 cm. Find to the nearest cm? the area of the part between the two tangents

—_—

and the smaller arc BC » knowing that the radius of the circle is of length 6 cm.

«25cm’ approximately »

m ABC is an equilateral triangle with side of length 8 \/—gcm. A circle of centre A is drawn

to touch BC at D and cuts AB and AC at X and Y respectively. Find to the nearest

tenth of cm?

S —
the area of the part between BC and XY «7.7 cm approximately »

[E] AB and AC are two chords in a circle M such that AB = AC = 8 cm. and m (£ A) = 60°

|:.\-
.r',-ﬂ.'—“l

Find to the nearest cm? the area of the minor sector MBC «22 cm? »

~ Thi

Problems that measure high standard levels of thinking

n Choose the correct answer from those given :

94

If the roots of the equation 3 X 2_19 X + 13 = 0 equals the diameter length and arc

length of a sector in a circle » then the perimeter of this sector = -+ cm.
(a) 19 () 13 OF @
If the roots of the equation X 2_ 13 X + 19 = 0 equals the diameter length and arc
length of a sector in a circle » then the area of this sector = -+t cm?
9 13 19
(@) 19 OF- © % @ 4

In the opposite figure :
Two disjoint circles M and N

' A s A, are the areas of the two sectors

If 2_; = % sthen O = - ocovvveenne . _JI.L‘/';' /; 20 J lk‘f\:\:\ |
(a) 72° (b) 80° / T A Ny Y
(c) 90° (d) 100° a :

M
In the opposite figure : _E‘
MARB is a circular sector from a circle whose _ R \
centre (M) » the length of its radius ‘-“f/f \"\I__
is6cm. sm (£ AMB) = —TBL s A circle C f/z"\ 2 ) \
is drawn inside the sector such that ASESS, o =—""8
it touches MA » MB ,Xﬁ » then the area of the shaded region = oot cm?
(a) X (b)27 (c)4 T (d)6 T



In the opposite figure :
Two concentric circles at centre (M)

MC=CA s A, »A, are the areas of the two shaded parts

»if A=A, sthenm (£ AME) = oo
U 41
@ -¢ (b) -

T 5T
©F @22

In the opposite figure :
If the area of the rectangle AEDF = 27 cm?
» then the area of the shaded part = ... cm?

(@9 (b) 127
© 15T (d) 18 7T

In the opposite figure :

Two semicircle sharing the same
centre (M) s if the area of the two
shaded regions are equal » MA =1 cm.
AB=2cm. sthen @ =-oeerven... °

(a) 15 (b) 20 (c) 30

In the opposite figure :

P

AB and DC are two arcs in two

concentric circles with centre M

MB =BC s m (£ AMB) =m (£ CMD)

A
’ A1 » A, are the areas of the two sectors » then A—l = veeens

2
@ % ® 3 © 4

In the opposite figure :

Two concentric circles with

centre (M) s if m (£ AMB) = 60°
MC=CB »>A, »A, are the areas of the two

shaded parts » then Ar = i
Ay

(a) 2 (b) 3
© % @1

Trigonometry

e

L = |
D C MlemA 2cm.B

(d) 45
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In the opposite figure :

/o

Semicircle (M) if DB =43 DC s \

AD = 6 cm. » then the area of the " : \ a ~
B M A 6cm. D

shaded area= -+ revvoeo sz.

@) 213 b 1293-3m ) 18Y3-67 () 18Y3-87

B ABC is a right-angled triangle at B in which AB =4 c¢cm. and BC = 6 cm.
An arc of the circle of centre A touches -]i at B and cuts —AT(E atD

Find the area of the zone bounded by BC ,CD and/BB «4.1cnt »

B M and N are two circles touching each other externally at A Let BC be a common
tangent touching them at B and C Let the radii of these two circles be 5 cm. and
15 cm. respectively » so find the area of the part bounded by the two circles and the
common tangent BC (V—3_ = 1.732) « 29 cm” approximately »

¢ Uiea .

n Agriculture : A flower bed is in the shape of a circular sector » its area equals 48 m?,
length of its arc equals 6 m.

Find its perimeter and the length of the radius of its circle. «38m.s16 m.»

B A piece of paper is in the shape of a square. If we cut from it a quarter of a circle of
centre on the vertex of the square and the length of its radius is equal to the side length
of the square and if the area of the remained part from the square equals 48.285 cm?

then find the side length of the square. «15cm. »
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Circular segment

4
Test
From the school book  yourself

4\ , Multiple choice questions

® Choose the correct answer from the given ones :

The area of a circular segment » the radius of its circle is 8 cm. and the measure of its

central angle is 120° approximately equals - cm?

(a) 95 (b) 51 (c) 83 (d) 39

The area of the circular segment whose length of the diameter of its circle is 8 cm.
and the measure of its central angle is 1.274 equals approximately «----oo.. cm?

(a) 8.57 (b) 2.14 (c) 4.28 (d) 1.07

The area of the circular segment whose radius length is 10 cm.

and its arc is of length 5 cm. is approximately ... cm?

(a) 1.03 (b) 2.06 () 0.01 (d)0.05

The area of the circular segment whose central angle measure is 30° and the radius
length of its circle is Zﬁcm. equals - cm?

(a)§+2 (b)m -3 () m+3 (d)g—z

The area of the circular segment inscribed in a circle » its radius length is 10 cm. and
subtend an inscribed angle of measure 60° equals approximately - cm?

(a) 18 (b) 55 (c) 61 (d) 27

The area of the circular segment whose chord length is 18 cm. » and the radius length
of its circle 18 cm. approximately equals ... cm?

(a) 29 (b) 28 ()30 (d) 60

(Vi 2 )Y @ /st \ / (onl) elil-abusl, - yalsdl 97
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In the opposite figure :
The area of the shaded part approximately

/ B\
[45\

equals - eeeereeeers cm? o\
@71 (0) 285 3
(c) 143 (d) 2.02 i
The area of the major circular segment in which the length of its chord equals the length
of the radius of its circle equals 12 cm. equals = -+ooeeeee cm?

(a) 439 (b) 315 (c) 137 (d) 13

ABC is an equilateral triangle inscribed in a circle where the length of its radius is 7.5 cm.
Find the area of the minor segment whose chord is BC = --vvovee cm?

(a) 35 (b) 72 (c) 45 (@5

If the measure of the central angle of circular segment is 90° and its area equals 56 cm? 5
then the radius length of its circle equals approximately - cm.

()99 (b) 19.8 ()7 (d) 14

The area of a circle is 706.5 cm? Find the area of a segment of this circle where the
measure of its angle is 135° (m=3.14) = +ovveveee cm?

(a) 264.9 (b) 185.5 (c)124 (d) 344.6

If the height of a circular segment is 5 cm. and the radius length of its circle is 10 cm.

» then the arca of the segment approximately equals - cm?

(a) 9.1 (b) 122.8 (c)12.3 (d)o614

The area of a circular segment whose chord is of length 8 cm. and the length of the

perpendicular from the centre of the circle to this chord is 5 cm.

equal approximately - cm?

(a) 48 (b) 121 )7 (d)8

The area of circular segment whose chord 16 cm. and height 4 cm. = -+ cm?
(a) 141 (b) 45 (c) 79 (d) 107

The area of the circular segment equals the area of the circular sector subtended

by the same arc if its central angle is of measure .-

(a) 90° (b) 180° (c) 270° (d) 45°
ABC is a triangle in which : AB=5cm. ,BC=8cm. ,m (£ B)=60°,

then the area of A ABC = .. cm?

(a) 10 (b) 20 () 10Y3 d) 2013
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In the opposite figure :

C
m (£ ABC) = 45° L
and AB is a diameter in ég;;

the circle whose length is 14 cm. B 7em. M Tem. A

» then the area of the shaded part = ... cm? where (n = %)
(a) 77 (b) 63
(c) 14 (d)91
In the opposite figure :
A semicircle M  BC is a tangent to the circle at B
sAB =BC =12 cm.
» then the area of the shaded part = ... cm?
(a) 20.55 (b) 3.42 = ——
(c) 10.27 (dy14
In the opposite figure : A
The area of the_minor circular segment —B(3.4)
whose chord AB = - oo square unit. X ], IJ/!‘-_ X
(@) 0.3 (b) 0.6 g ®© f%
d) 1.6 e
p
n Find the area of the circular segment in which :
(1) The length of the radius of its circle is 12 cm. s and the measure of its angle
equals 1.4724, « 30 cm” approximately »
(2) The length of the radius of its circle equals 8 cm. » and the measure of its angle

equals 135° « 53 cm’ approximately »

ﬂ Find the area of the circular segment if the measure of its central angle is 115° 24

and the length of its radius is 20 cm. « 222 cm’ approximately »

[LJ Find the area of the circular segment in which the length of the radius of its circle
equals 14 cm. and the length of its arc equals 22 cm. « 56 cm’ approximately »

ﬂ The area of a circle is 490 % cm? Find to the nearest cm? » the area of a segment of this
circle if the length of its arc is 26.18 cm. « 96 cm’ approximately »

B AB is a chord in a circle in which its length is 10 cm. and opposite to a central angle of
measure 60°
Find the area of the major circular segment whose chord is AB « 305 cm’” approximately »
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[} (0 Find the area of the circular segment in which :

The length of its chord equals 6 cm. > and the length of the radius of its circle
equals 5 cm. « 4 cm” approximately »
Its height equals 5 cm. » and the length of the radius of its circle equals 10 cm.

«61 cm® approximately »

n A chord of length 6 cm. is drawn in a circle of radius length 6 cm.
Find the area of the minor segment. «3.26 cm’ approximately »

0 Find the area of the major segment drawn in a circle of radius length 10.5 cm. and its
chord is of length 14 cm. « 321 cm’” approximately »

(1) A chord of length 8 cm. in a circle is at a distance 3 cm. from its centre.
Find the area of the minor circular segment resulting from the intersection of this chord
with the surface of the circle. « 11 cm” approximately »

Eﬁ] In the figure drawn : A
ABC is an equilateral triangle drawn in y =7 \
the circle M in which » the length =/ )
of its radius equals 8 cm. : \/
Find the area of each shaded circular segment.

«39 cm’ approximately »

1) ABC is an equilateral triangle of side length 24 cm. A circle is drawn passing through its
vertices. Find the length of the radius of the circle then find the area of the minor circular
segment whose chord is BC « 118 cm? approximately »

7] ABC is a triangle inscribed in a circle. If AB = AC = 15 cm. and BC = 18 cm. »
then find the areas of the minor segments whose chords are AB s BC and AC

«393 »89.5 »39.3 cm” approximately »

EB AB and AC are two equal chords in length in the circle M in which the length of each
one is 64 3 cm. and m (£ BAC) = 60° Find the area of the included part of the circle
between the two chords and the minor arc BC « 69 cm” approximately »

B C. _D
m In the opposite figure : H > l

ABCD is a square of side length 6 cm. » A / |
two arcs whose centres are A and C are drawn |,

and the radius length of each of them = 6 cm. |/
Find the area of the shaded part. _r

]-;\ - :A

6cm.,

«21 cm’ approximately »



Trigonometry

m Two congruent circles in which the radius length of each one is 12 cm.
and one of them passes through the centre of the other.

Find the area of the included part between them. « 177 cm® approximately »

EB ABC is a right-angled triangle at B in which AB = 6 cm. and BC = 8 ¢m. » drawn inside

a circle. Find to the nearest cm? the area of each of the minor segments whose chords

are the sides of the triangle. «4cm’ > 11 cm? » 39 cm? approximately »
(1) In the opposite figure : P
M 5 N and E are centres of semicircles » (S N, \ \
[/E NN
AC=8cm. sCB=6cm. (1_.(, Y,
. B A
Find the area of the shaded part. =
2
«24 cm’ »

m Ais an external point of the circle M such that AM = 10 cm. Two tangents ABand AC
are drawn to the circle from A to touch it at B and C Find the area of the minor segment

whose arc is BC if the radius of the circle is 5 cm. «15.355 cm® approximately »

‘B The lengths of radii of two circles are 6 cm. and 8 cm. If the distance between the two
centres is 10 cm. s then find the area of the common zone between the two circles.

«26.57 cm’ approximately »

n Choose the correct answer from those given : < o
o
In the opposite figure : / N
A quarter of a circle whose center M /_/ ‘\E
>m (£ AMC) = 50°  CE = CB » then the Mf,”s(? i |
12cm
area of the shaded parts = -+ cm?
(a3 +18 (b)y16 7w ©)9+87T @127
In the opposite figure : ( ;—\—'
Two circles touching externally at point A if AB =4 cm, (/ \'\\ A, \‘-\
»AC=6cm.and A, A, are the areas of the two '.\ \ /
shaded parts » then AE = s =S {/(\ .\‘)
(a) = ®b) £ \ N/
3 5 ~—¢
) 4 4
(c) 9 (d) 35
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In the opposite figure :

Two circles touching externally at point A 15 / ‘
and A, » A, are the areas of the two shaded parts {\ ' )
if4A,=9A, > BC=20cm. P oais 7(

s then the length of Y Tr— cm. ;‘F ‘)
()4 (b) 6 ,:"'
(c)8 (d) 12 —L

) 1f the chord of the intersection of two circles is a diameter of one of the two circles and
its length is equal to 10 cm. and equals the length of the radius of the other » then find the

area of the common zone between the two circles. « 48.33 cm’ approximately »

ﬂ In the opposite figure :

Two concentric circles at M » if r is the radius
.\\.J‘ I‘\

length of the smaller circle and MD =r ; l."" V@) |

» MA =2 r where A lies on the greater circle I"-\‘_I\ . \:1:“"
»m (£ AMB) =m (£ CMD) = ™ = ]L ="
Find the ratio between 6™ and sin 6 given that

the areas of the two shaded parts are equal. «4:3»

T,
49 Lite applications

= e —

£ [ Decoration : A flower bed is in the shape of a circle whose radius equals 8 metres.
A chord was drawn in the circle of length 8 metres. Calculate the area of the minor
circular segment to the nearest tenth. « 5.8 m’ approximately »

a Agriculture : A piece of agricultural land is in the shape of a circle whose radius

equals 4 metres is divided into four parts by an equilateral triangle whose vertices lie
on the circle.
Calculate the area of each minor circular segment to the nearest hundredth.

«9.83 m’ approximately »
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Exercise

Fourteen

From the school book  yourself

m Multiple choice questions

e Choose the correct answer from the given ones :

( 1) The area of the triangle ABC in which AB =7 cm. s BC =8 cm. and m (£ B) = 50°

equals «rveereeee cm?
(a)214 (b) 429 (c) 18 (d)334
( 2) The area of the isosceles triangle in which the length of one of its legs is 10 cm. and
the measure of its vertex angle is 60° equals - cm?
(a) 25 (b) 5013 © 2513 () 50
( 3 ) The area of the isosceles triangle in which the length of its base is 6 cm. and the
length of one of its legs is 5 cm. equals -+ cm?
(a) 15 (b) 12 (c) 10 (d) 20
(4 ) The area of the equilateral triangle whose side length is 6 cm. equals - cm?
(a) 18 (b) 1893 ©9 @913
( 5) The area of the quadrilateral in which the lengths of its diagonals are 6 cm. and 8 cm.
» and the measure of the included angle between them is 30° equals - cm?
(a) 12 (b) 24 © 1293 () 2443

' (6 ) The area of a quadrilateral is 30 cm?and the lengths of its diagonals are 10 cm. and
12 cm. » then the measure of the acute angle between its diagonals equals -+

‘ (a) 30° (b) 60° (c) 150° (d) 45°
(7 ) If X is the length of the side of an equilateral triangle whose area is 9’\/; cm? » then
= s cm
| (a) 36 (®) 6 ©63 @312
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The area of the regular hexagon whose side length is 4 cm. equals -+« cm:

@) 1293 (b) 12 () 2413 () 24

The area of the regular pentagon whose side length is 10 cm. to the nearest

hundredth P Cm?’
(a) 172.05 (b) 90.82 (c) 688.19 (d) 137.64
The area of the rhombus in which the measure of one of its interior angles is 50°
and its side length is 6 cm. = <o cm?
(a) 13.79 (b) 110.31 (c)27.6 (d) 11.57
The area of the equilateral triangle whose side length is X cm. equals -+ cm?
() X @@xz @@kz @ 5 X
The area of the square whose diagonal length is X cm. equals -+ cm?
(@) X2 (b) 3 X ©V2 x2 (d)‘/gx2
The area of the regular hexagon whose side length is X cm. equals - - cm?
@ 2y ©Lx2 (@ 3 X

2 4 2 2
The area of the regular octagon whose side length is X cm. equals - cm?
@2x2%cot45° )2 X%tan45° ()8 X%cot22.5°  (d)2X?*cot22.5°
In the opposite figure :
ABCD is a quadrilateral in which BD = 6 cm. =
» the area of the figure ABCD = 244 3 cm? .
sthen AC = ..o, cm.
(a) 12 (b) 14 (c) 15 @ 16
The arca of the triangle whose side lengths are\/? ,Vg ,Vg cm. equals o cm?

@16 ® 116 ©130 @ 530

An acute-angled triangle whose area is 14.4 cm? » the lengths of two sides are 6 cm.

» 8 cm. s then the cosine of the angle between these two sides = -+

3 ] 3 1
(a) 3 ®) 3 © 3 @ 4
The area of the triangle whose side lengths 4 cm. s6 cm. s 8 cm. = --ovvevevee cm?
(a) 173.9 (b) 11.6 () 139 (d)41.6



Trigonometry

The area of the acute angled A ABC is 40.13 cm? 5 if AB=9 cm. » BC = 12 cm.

sthenm (£ B) = -+oooeeeene ° (to the nearest degree).

(a) 32 (b) 42 (c) 48 (d) 88

The length of a side in an equilateral triangle that has area of 36’\/_3— 2 = veveveeac itz cm.

@) 613 (b) 24 ©) 6 (d) 12

In the opposite figure : D  8m A

ABCD is a parallelogram 150 1{5‘.‘."

Tts area = -+ ecceeveneee sz. (_'r ) B

(a) 16 (b) 20 (c) 24 (d) 36

The area of quadrilateral in which the length of its diagonal 12 cm. and 13 cm. and

cosine the angle between them is % equals «veveeenens cm?

(a) 30 (b) 72 (c) 60 (d) 144

If the area of a regular hexagon is 54W/§ cm? , then its side length equals ««-eoooeve cm.

(a) 6 (b) 12 © 643 @ 1293

In the opposite figure : . _7{5 2

BC is a diameter of the circle M » AC = 6 cm. f_..-'/ 4&\\
W v

»m (£ ABC) = 0 , then the area of AABC = ---vvevve. cm? é/— o U__.-'---],'-3

(a) 6sin O (b)6tan O (c)18tan O (d) 18 cot 6

If the length of the perpendicular E D

from the centre of the regular hexagon / \

to one of its edges equals 6 cm. - ;

» then the area of the hexagon = ------veet cm? F [ / jC

@213 ®)36(3 1 £
©) 5493 @ 7213 "

In the opposite figure :

The area of A ABC equals -+ cm?
(a) 24

(b) 28 __
()32 g &%,
(d) 35 =

-

10cm.

o
N
2 NUB

D L -'_'.E

(V1 0)Y o /issil ) / (oaole) wlil- wluzl, - yabsd] 105
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In the opposite figure :
If the area of the quadrilateral "Ng,

\&_—~T
ABCD = 50 cm? s then m (£ AEB) = -vvcevevvvnee ° it;_‘ on ‘ \
(2) 30 (b) 60 % __ \.l
(c) 75 (d) 90 o T | \
In the opposite figure : X 3
If the area of the quadrilateral 'f“ ey, o "
ABCD = 190 cm? *\ i
s then the length of EC = -+ cm. .~
(@9 (b) 10 o1l [ (d) 12
In AABC:
If half of its perimeter is denoted by S and S — AB = 6 cm.
»S—-BC=8cm. sS-—AC=10cm. »then area of AABC) = cm?

(a) 830 (b) 2415 () 430 ) 4815
A\ o ussions

n Find the area of each of the following figures , given that [ | expresses a unit of

the area :
(1) [N (2) Py (3)
N YT\ 1
/ h\ Lt |
(4) N @ L1/ (6)
< x gl |4 / \ /
~N T [ |V
B PEONT S A TN 90
\ / [ | Vi \
‘ / - ) \ /
\ / \ /

a Find the area of the triangle ABC in each of the following cases :
AB=6cm. » BC=8cm. » m (£ B)=90° « 24 cm®»
AC =12 cm. » length of perpendicular drawn from B to AC equals 7 cm.  «42cm’»
AB=16cm. > BC=20cm. » m(Z B)=46° « 115 cm” approximately »



Trigonometry

B Find the area of the triangle ABC in which : BC = 16 cm. s BA=22 cm.
and m (£ B) = 63° approximating the result to the nearest thousandth. «156.817 cm®»

ﬂ Find to the nearest tenth the area of an isosceles triangle » the length of one of its
legs equals 12 cm. and the measure of the included angle between them is 64°  «64.7 cm”»

B Find the area of the quadrilateral in which the lengths of its diagonals are 12 cm. »
16 cm. and the measure of the included angle between them is 68° approximating the
result to the nearest square centimetre. « 89 cm’»

G Find the area of the figure ABCD in each of the following cases :
A parallelogram in whichAB=8 cm. > BC=1lcm. > m (£ B)=60° «4473cm’»
A trapezium in which » the lengths of its parallel bases AD and BC are 7 cm. 5 11 cm.
respectively » the length of the perpendicular drawn from D to BC equals 6 cm. « 54 cm”»
A rhombus in which AB = 8 cm. » and the measure of the included angle between two
adjacent sides in it equals 58° «54cm’»

ﬂ The area of the parallelogram ABCD is 192 cm? and the lengths of its diagonals AC and

BD are 16 cm. and 24 cm. respectively » then find : m (£ AMD) «90° »
€3 1n the opposite figure : D
ABCD is an inscribed quadrilateral in a circle » [ ;f-,l"!‘_f-i?_‘_{ ‘\,‘;
—_— R ,\PL" ) ’
ACNBD={E};if AE=2.1 cm. sEC=3.6 cm. » (/f"f il o
C\
ED =24 cm. and m (£ AEB) =70° » "R
then calculate the area of the quadrilateral ABCD « 15 cm? approximately »

Q Find the area of each of the following regular polygons approximating the result to
the nearest tenth :

A regular pentagon of side length 16 cm. «440.4 cm’ »
A regular hexagon of side length 12 cm. «374.1 cm®»
A regular octagon of side length 8 cm. «309 cm® »
A regular heptagon of side length 10 cm. «363.4 cm’ »

m Find the area of a regular polygon of 12-sides of side length 10 cm. approximating the result
to the nearest tenth. «1119.6 cm’»

m Find the area of the triangle ABC in which: AB=8cm. s BC=7cm.and

AC =11 cm. « 28 cm” approximately »
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1\ _ Problems that measure high standard levels of thinking

n Choose the correct answer from those given :

The perimeter of A ABC = 14 cm. and its area =2 14 cm? and the length of one of
its sides 3 cm. » then the difference between the length of the other two sides

(a) 1 (b) 2% ©)7 @) 11

A regular hexagon whose area (A,) is drawn inside a circle whose area (A,) » then

@ T3 2743 ©m:243 @2m:393

Two regular polygons are drawn inside the same circle one of them formed from 6

sides and of area (A,) and the other formed from 12 sides and of area (A,)

@1:92 (b)1:2 ©V2:3 @y3:2

The area of a regular polygon formed from 400 sides and its side length J tan (i)

20
length unit equals oo square unit.

(a) 50 (b) 100 () 100 cot (5)° (@) 50 tan (55)°
In the opposite figure :
ABCD is a quadrilateral in which
ACNBD={E} ‘
» the area of (A AED) = 9 cm? / [ 1
» the area of (A AEB) =18 cm? , the / J
area of (A CEB) =16 cm? » then the ¢

arcaof ADEC = oivieein. sz.
(a) 6 (b) 8 ()10 (d) 12

If ABCDE is a regular pentagon of side length = { cm. and the length of AC =m cm.
the area of (A ABC) _

» then - =
the area of (A ACD) /
{ m 2{ 3
(2)— ®F © 5 @
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Trigonometry

In the opposite figure :
ABCD is a quadrilateral in which

If the area of (A DEC) = A cm? Y aneemd TSN
, the area of (A AED) = (A — 2) cm? = .
» the area of (A AEB) = (A + 10) cm?

» the area of (A BEC) = (A + 16) cm?

» then the area of the figure ABCD

T e cm?
(a) 8 (b) 32 (c) 56 (d) 88

B3 in the opposite figure : " /’\‘

If the area of (A FED) = 3 cm? e \

» the area of (A EDC) = 8 cm? [1/ \

, the area of (A EBC) = 24 cm? S Ty )
and F is the midpoint of AD C _'iB
Find the area of the figure ABCD «56 cm?®»

n Constructions : The opposite figure represents a set of stairs

3 metres

lead to the entrance of the residential compound is in the shape of
an isosceles trapezium » its larger base is down and its length equals

7 metres » its smaller base is up and its length equals 3 metres »

each leg inclines by an angle of measure 75° to the larger base.
Find : 7 metres

The length of its base at the midpoints of the two legs (middle base).
The length of each of its legs to the nearest tenth.

The area of the trapezium to the nearest square metre. «5m.57.7m. 538 m’»

a Basins decorations : Basin is designed to fish decoration » its base is in the shape
of a regular pentagon », the length of its diagonal equals 72 cm.

Find to the nearest square centimetre the area of its base. « 3407 cm’»

B Flowers : Karim designs a garden to his house » and hopes to determine a special
part for flowers » is in the form of a regular hexagon of area 541/;m?

Find the length of its side. «6m.»
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Exercise Scalars , vectors and directed
One line segment

. £ From the school book
m Multiple choice questions
@ Choose the correct answer from those given :
(1) £3 Which of the following represents a vector ?
(a) Time. (b) Temperature degree.
(¢) The displacement. (d) The mass.

(2 ) If ABCD is a parallelogram » its diagonals intersecting at M » then

First : CD is equivalent to -+

(a) AB (b) BA ) CA (d) AD
Second : MD is equivalent to <«
(2) DM (b) MB (c) BM (d) MA

( 3 ) In the opposite figure :

If ABC&md EBCEF are two parallelograms F E r}? 7{\
s then AD is equivalent to each oo and - /
(ay BA,CD (b) BC 5 CF

() BC , EF (@) BC s BA ‘ .

( 4) {13 In the opposite figure : E . 3
ABCDEEF is a regular hexagon » its centre is M \ .
Then : £ M ’ = A
First : AB is equivalent to each of the following directed h \"'-..\_ i
SEZMENts EXCEPL -+ é —-\i;

(a) ED (b) BC () MC d) FM
Second : MD is equivalent to - oo
(a) MA (b) BC (c) CF (d) CB

112



Vectors

( 5) [LI M is the point of intersection of the diagonals of square ABCD 5 then each two

directed line segments of the following are equivalent except -+
(1) AB>DC (b)) AM,MC  (c) BC » AD (d) AM > MD
(6) If ABCDEF is a regular hexagon whose centre (M) which of the following

directed line segments are not equivalent ?

(a) AB,FM  (b) AB » ED () AB » MC (d) AB s MD
(7 ) In the opposite figure :
If a body moved from the point A in direction of east to the : 9em. 6!
point C s then return to the point B in direction of west s then A B c
First : The distance covered by the body = -+ cm.
(a) 6 b)9 (c) 15 (d) 21
Second : The displacement = - cm.
(a) 9 cm. in AB direction (b) 6 cm. in @ direction
(c)9cm. in BA direction (d) 21 cm. in BA direction
( 8) In the opposite figure : North .
If a body moved from the point A a distance 48 m. east -
» then changed its direction and moved a distance 20 m. W' ™% = 48m. LI.;" Est
north and stopped at the point C » then South
First : The distance covered by the body = -+ m.
(a) 52 (b) 68 (c) 48 (d) 28
Second : The displacement = -+
(2) 68 m. in AC direction. (b) 68 m. in CA direction.
(¢) 52 m.in K(-f direction. (d) 52 m. in CA direction.

(9) In the opposite figure : ,--D
If each of DC and AB is perpendicular to BCanda body B 12em  E _’_ " §
moved from the point A to the point B s then the point C . i = o €
and stopped at the point D s then ;

First : The distance covered by the body = -+ cm. "
(a) 25 (b) 35 (c) 29 (d) 20
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Second : The displacement = -+ cm.

(a) 35 cm. in AD direction (b) 35 cm. in DA direction
(¢)25 cm. in H)) direction (d) 25 cm. in EA: direction
In the opposite figure :

ABCDEF is a regular hexagon of side length 8 m. /
» if a body moved from the point A to the point B » '

then to C s then to D » then to E and stopped at the point F » then I‘ S
First : The distance covered by the body = -+ m. .I
(a) 8 (b) 48 (c) 32 (d) 40

Second : The displacement = -+

(a) 8 m. in AF direction. (b) 40 m. in FA direction.

(¢) 8 m. in FA direction. (d) 40 m. in AF direction.

A car covered 20 meters due north then it covered the same distance due west »

then the displacement of the car is -
(a) 40 meters due west. (b) 40 meters due western north.
©) 201/5 meters due western north. (d) 201/5 meters due western south.

In a coordinate orthogonal planc sifA(1 53) sB(-351) sC (0 s4) and AB s

equivalent to CD » then the coordinate of D is -

(@) (-4,2) (b) (45-2) ©(=3-1) (d)(-4--2)

&) In the opposite figure :
ABCD is a rectangle » its diagonals are = 3
intersecting at M » E € AD = M
Show whether the two rays have the same > opposite or

different directions in each of the following :

EandC_D) A_Fjandﬁi)
mandA_(f mandm
DE and CB (6)WandMD
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Vectors

B In the opposite figure :

ABCD is a rhombus in which AC 1 BD = {M} D
Write the directed line segments equivalent to each ’ \
of the following : A{H‘:_-“” ‘_/’%C
(1)MA (2)MD
(3)AD (4)BA B

B In the opposite figure : D A
ABCD is a parallelogram in which ACNBD = {m} ; / ‘-\._\\ IK
» E is the midpoint of AB and F is the midpoint of BC I,/ _‘_',Lil';?é’.j : - ?-;"L
First : Determine the directed line segments 5‘,.' !;,f | ,r
(if existed) which are equivalent to : c F B
(1)BE (2) MB
(3) ME (4)AC
(5)AB (6)BC
Second : Show why the following directed line segments are not equivalent :
(1) ME and BF (2) AC and MC
(3)FB and FC (4)BA and DC

ﬂ In the opposite figure : R
ABC is a triangle in wh_ich X is the midpoint of AB /" e
s L is the midpoint of AC and XYZL is a rectangle. L/ =X
Write the directed line segments (if existed) which are / b 8
equivalent to each of the following : e N .
(1) XY (2)XL (3)AL
(4)BX (5)BY ‘

) 2 In the opposite figure : A
ABC is a triangle in which AB = AC g Moo
»X Y and Z are the midpoints of AB s BC » CA respectively £ " _ I“\._.

C Y B

First : Which of the following statements is true ?
(1)||X_\;||=||Z?” (2)X_Yhisequivalenttoi?
(3) BY is equivalent to ZX
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Second : Write all directed line segments (if found) which are equivalent to :
BX AZ XZ
CcY XY ZY

[} £ On the lattice ifA(2,3) » B(-3,1)andC (5,-1)

Draw CD such that it is equivalent to AB and determine the coordinates of D

Determine the coordinates of the point M which is the midpoint of BC s then

determine the directed line segments which are equivalent to each of :
[a] BM [b] AM [c] AC [d] DB

Is the figure ACDB a parallelogram ? Explain your answer.

ﬂ In a coordinate orthogonal plane »if A4 5—-3) » B4 >4)andC (-3 s-1) BA
,CD » OM and NO are equivalent directed line segments where O is the origin point.

Find the coordinates of each of : D s M and N

£} €13 On the lattice ifA(35-2) » B(652) » C(1,3)andD (4,7)
Find : || Kﬁ” and " Eﬁ”
Prove that : AB is equivalent to CD
If the directed line segments BC » AM > ND and OR are equivalent

Find the coordinates of : M 5 N and R where O is the origin point.

m Construct a coordinate orthogonal plane where O is the origin point and plot the points
A-=2,3) » B(150) » C25-3) » N(-351)andT (4 »1) > then draw the directed

—_— —

line segments CD » OE » NL and KT where each one of them is equivalent to AB

s then from the graph determine the coordinates of : D »E s L and K
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Exercise

Two

m Multiple choice questions

e Choose the correct answer from those given :

(1)IFA =(5 5—12) sthen | A | = oo

v
Test
[} From the school book  yourself

(a) 13 (b) -7 (c) 17 (d)7
( 2) All the following vectors are unit VECtors except -«
(@1 50) (b) (0.6 ,0.8) (©@©>-1) (d -1
(3)If(6 »4) and (3 » m) are two perpendicular vectors s thenm = ---oooovoo
(a)2 (b) -2 ()8 (d)y-4.5
(4)[JIfA=(-2>1)and C = (- 3 5 k) are parallel 5 then k = «--rcrvroveie
®-3 ) ©-3 @ 35
‘ (5)IfA=(455)and B =(-20 » 16) » then the two vectors A and B are -~
(a) perpendicular. (b) parallel. (c) equivalent. (d) otherwise.
(6)If:A=(k»2)»B=27-Fand A LB »thenk = oo
| @1 (b)-1 ©=1 (d) zero
| (7)1f: A = (k »9) is parallel to B=(—4 53) »thenk = i
(a)—4 (b)-3 (c)-12 (d) 12
| (8)LIIfA=(452) » B=(l>-2) rthen|A—B = e
| (@3 (b)4 (©)5 (d)7
‘ (9)If:A=355) sB=(@456)sthen:[|[-2A+3Bfl= e
(a) 6 (b) 8 (c) 10 (d) 14
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IfA=(-354),B=(2,1)andC=A+2B sthen: C = -oceorr.-.

(@ (-1-5) (b) (=4 ,9) (©)(156) (d) (A5
IfA+B=(8,16)and A=(5512) sthen|B]=

(a) 7 (b) 5 () 13 @) 8Ys
f23Bsy)+3(X+s-2)=B352) sthen: X+y=- -

(a)3 (b) 4 ()5 (d)6
IfB=(-254),C=(45,3)and2A-3B=4C sthen: | A =

(a) 5 (b) 12 () 13 )7
IfA=(4,-6)and3(A-B)=7B—-2A sthen B =

(@) (2,-3) (b)(=2,3) (©)(=25-3) (d)@2,3)
IfA=3i+kjand|Al=5,thenk = e

(a) 4 (b) -4 (c) x4 d) 2
I3k Al=l-15A1thenk= oo

(a) 5 (b)-5 ©) £5 @) 15
mlfll_sKll—snkXH sthen K = «eororreree

@ 3 ) 3 OFs: @ =3
IfA=(k,2) » B (2,m)andA 2B,thenk+m— ...............

(a) 4 (b)5 ©1 (d)3

itk 4A|==3A »then k= cooorrreoe

@ 3 (b) 5 (© = @=3
kG a)l=1sthenk = cnnee

@+ (b) o< ©=1 ()5

IfA = (6 2 ,Tn) is a position vector of the point A » then the coordinatcs of A
L

@ (©65-6)  (b)(~656) ©) (6 56) d) (6 ,-6)
The vector M = (8 25 %) is expressed in terms of the fundamental unit vectors by
the fOrmL <+ veverveeeee

@4i+4] b)8i-8] ©-4i-87 d)8i+8]
The polar form of the VectorA=—3-3is e

0D o3 0 o@



Vectors

(24) In the opposite figure : Y

" A || = 4 length unit R

e A
’ then : A=, " - el
..\* _;-,__’u[]l '_X
@ (25213) ®) (293 52) )
©(413) @ (V3 52) 4
y

(25) If the magnitude of the vector A equals 7 » then the magnitude of the vector — 2 A

equals ...............

(a) 7 (b) -2 (c) 14 (d-14
26)1FA=(3,T) then2 A =

06 oD 06D 06D
27 IUL=2s-3)and K =(3 51— X) are parallel » then X = ---eveeeeees

(a) 4 OR ©-1 (-9
(28)IEA=(X>4) 5 B=(2>y)and A // B »then «oveee

@X+2y=0 GBYX=2y () Xy=8 (d)%=2

—_

29) If A= 2,-1 » B= 3,4) > C= (k » 15) and the two vectors C,B_Aare
par allel sthen k= --oevvvvnenn

(a) 1 (b) 2 (c)3 (d)4

(30) If the two vectors K =(mns1)>» E = n_;— 4 -3 are perpendicular s then n = -
(a)2 (b)-2 (c)+2 (d)y—-4

GDIf K is a non zero vector sthen ..............
(a) — Al X (b) - K ’ X have the same direction.
l-Al<lAl (d)—A > A have opposite directions.

(32) Which of the following vectors are perpendicular ?

(@) (3 50) »(2 5— 1) (b) (=2 »5) 5 (4 5— 10)

(©)(250),(052) @a-»-4),2,-3)
(33)fA=(251) 5 B=(k»3) » C=(ms>—4)andA/B,ALC

,then%: ...............

(a)— 6 (b) - 2 © 3 ) -3
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fA=3i-4j,B=],C=(5 ,17‘—8) sthen: | A + | B+ Cll= v

(@9 (b) 10 (c) 11 (d) 12

The vector represents a uniform velocity of 6 km./h. of a car moves towards western
NOrth = «++eevvvveenens

@3Y2i+392] ®312i-3927]
©-3Y27+3127 @-612i+6Y2]

The vector represents a displacement of 40 cm. of a body in direction of eastern

@20921+20Y2 ®-20Y21+20927
©-20121-2012 (2092712092

If the magnitude of force F = 10 newton and it acts in direction 30° north of the east ,
then i':‘: N T

@5Y3i-57 ®)5i+5Y3] ©5Y3i+5] @-5Y3i+5]
If K: ksk+3), " K ” =3 Vglength units » then one of the values of kis «---oooveev
(a)-3 (b) zero ()3 (d)6
In the opposite figure : : l_
A=(1,3) » B=(5:5) Hli®
» then the figure represents ; _
A ) | 5
51 ,/': ¥
3 1 T ;'// E
. - = P4 T P W
5 T |
' Y
(a) (b) () (d)

IfX =(X,»y,) and §= (X, »y,) » then the two vectors K and _ﬁ are
perpendicular if -

(a)xl Y2_x2y1=0 (b)Xl xz"Y1Y2=O
X1 X, XY,
— <] d)——-=1
© Y. ( )x2y1
FA=(-152)»B=(3,7)C=(712) ythen C = v
(2)2A-B (b)A+2B ©)2B-A (d)3A+2B



Vectors

BiA-G,-2)adB=2,7) »find :

«(=1359)»

« v 197 »

«13»

(1)A+B «(5>5)» (2)B-A
(3)22—3§ «(05-25)»

BdicA=-(3,-2) » B=(—2,4)andC=(7»1) » then find :
(1)”K+26” « 17 » (2)||5§+3K||
(3)||X—%§|| «44 2 » (4)|IK+§—2E||

E) 01fA=3i-2andB=-1-4] »find :

(1)K+§ «2?—6-}» (Z)X—E
(3)||K+§|| «2410 » (4)2K+3§
(5)A-3B «61+10]» (6)-3A

« 4T+ 2}»
«3i-16»

<<—9-;+ 63»

LL] Express each of the following vectors in terms of the fundamental unit vectors »

then find the norm of each of them :

(1)M=(-4,-3) «5» (2)N=(@8-6) & 1053
(3)F=(=5,-12) «13» (4)A=(0,212) 22 »
(5)§=(—3 390) «3Y3» (6)E=(ﬁ,—31/_2.-) «2Y5»
E Find the polar form of each of the following vectors :
(HM=8Y31i+8] (2)mN=3Y21+3V2]
(3)0A=(5,513) (4)B=(713,-7)
(5)C=-4i-4]
| Oir OA is the position vector of the point A with respect to the origin point »
' find the coordinates of A in each of the following :
(1)0A = (1213 , 60°) (2)@:(51/3341)
(3)0A = (24 » 150°) (4)@?:(6,577‘)
n Find the value of each of X and y in each of the following :
(1)X(—6,y)=(3 s 35) «—%,—10»
(2)(X5=3)-(5-00=2>y) «T5-3»

(3)Bry)+X(1r-2)—(-4,1)=0
(4)XQ253)+y(=3>1)=(=455)

«—T79=13»
«192»

(V1 # )Y e /s ) / (omkad) elil-alual, - yabsd] 121
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BDifA=6,-8 > B=(-9,12)and C= (-4 »—3)

Provethat:K//ﬁ ’ BJ_E ’

1A

Find:2A+B » B-2C

>l

+§—3E «Bs-4)s(-1518) (6 517y »

~»

1
2

BirA=(-293,-3)and B=(2,V3)

» write the relation between the two vectors A and B with showing the reason.

DOifM=2i+3] » N=-8i-12] » L=ai+15jandF=6i+bj:

(1)Provethat: M // N (2)Find: aERIfN /L
Find the value of each of : 4ﬁ+ _I\? »4 ( ﬁ+ ﬁ)
Find : b ERfF L N IsFLM? Explain your answer.

rA=(3,-2) » B=(-2,5andC=(0,11):
Write each of the following vectors in terms of the fundamental unit vectors :
o o = o == | (= =
2B,3C s A+B-C , z (B+C)
(2 ) Express 6 in terms of K and ﬁ

A1tA=(4,3) > B=(=2,5andC=(2,21):
( 1) Find each of the following vectors in terms of the fundamental unit vectors :
- = /(= =
B-C,L(B+C)
(2 ) Express E in terms of A and 1§

BiC=@,-1) » D=(-3,2)andE=(-5>1)
s find the vector A which satisfies the equation : 2A=2C-3D+2E «(% ,—3) »

OifA=(7,-3) » B=(-2,5andC=21+3]
(1) Prove that : The vectori =) E +3 E—;‘: is parallel to the Vectorf/i = 3'} -8 3
(2)FL=kM »find : k =3

. .

i on an orthogonal coordinate plane ,iff=5Ai—31/E—JT , M=-i-273 j
and_N;:—ZAi+\/-§-JT » find Ein the polar form where:6=E+M+3 N  « (4,240 »
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m Find in terms of the fundamental unit vectors s the vector which expresses :
(1) A force of magnitude 37 newtons acts at a particle in the north direction.
(2) A uniform speed of magnitude 60 km./h. in west direction.

(3 ) A uniform speed of a car covered 75 km. per hour in east direction.
(4 ) Adisplacement of a body a distance 25 m. in south direction.

(5) A vector » its norm is 6 units and makes an angle of measure % with the positive
direction of X-axis.

( 6 ) A displacement of a body a distance 150 cm. in the direction 30° north of west.
(7) A force of magnitude 20 kg.wt. acts on a body in the direction 30° south of east.

(8) A displacement of a body a distance 40 cm. in the direction north west.

m A s B > C and D are four collinear points are ordered from left to right where
AB:BC:CD=2:3:5
Complete each of the following with a suitable number given that the symbol “=" means
“is equivalent to” :

(1) AB =i BC (2) CB = vrrveerserennns AB

(3)CD = cvororrerenee AB (4)AC = orermnrnnen DC

(5)BC = oeereerronns CcD (6)CD = -veoreeree AC

(7)BD = eernrisnnn BA (8)CD = rrreverrinen CB

(9)AD = oo CA

DiA=2i+jandB=i+3] ,find:

( 1) The value of k which makes the vector ( X +k E) parallel to the Vector-‘f «—%»
(2) The value of { which makes the vector ( [A+B ) parallel to the Vectorj « —%»

[m The lattice opposite of congruent parallelograms.
Express each of the following directed line segments in terms of M and N :

(1)AB (2)BY

(3)EC (4)DE L M
(5)XE (6)XY _N‘ \# X,
(7) Y™ (8)IM A A e A
(9)BM (10) EF hT 78/ 1
(1) FL (12) FD
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m Construct an orthogonal coordinate plane where O is the origin point and plot
the position vector of the vector ﬁ =(2,3) > then draw :
(1) Adirected line segment » its starting point is A = (- 3 » — 2) which represents the
vector 2 M » then find the coordinates of the ending point.
( 2) A directed line segment » its starting point is B = (4 » 5) which represents the vector

— M, then find the coordinates of the ending point.

E{l The following figure shows a representation of some vectors in the orthogonal

coordinate plane. Write each vector in terms of the two fundamental unit vectors.
Yy

§

m Problems that measure high standard levels of thinking

# Choose the correct answer from those given :

(1) If X is a vector » || X || =4 , which of the following is a unit vector ?

| =% I e 3
(@) & A (b) - A ©-7A @2 A
(2)IfA=2i+jsB=i+2] then
@A=B b AIB SINEE @MALB

(3)IfA=20i-15]>B=7i+24 jandM=A+B,N=A—B sthen -
@M/ N ®MLN ©M=N @ IMI=IN]
(4)If A=3i+ 4} ,B=71i+ 243 » then the vector which has the same magnitude as B

and parallel {0 A is oo
@51+20] () 151+10] ©i+3] 151+ 20

(5)IfA=21-j>B=i+]+C=i+3jandA L(kB+C) sthenk =
(a) -1 (b) 1 (©)3 (d)4
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(6 ) Which of the following statements is incorrect ?

@TIfA=B,then|A|=|Bl oI Al=]B] then A=B
(©)IfA/B,thenA=kB () IfA=kB,thenA /B
() IElAl=1BI > then oo
@ A=B b A=-B
©A=+B (d) We can not determine the relation between A and B

- e e

( 8 ) The measure of the angle between two vectors K = 6?— 2jsB=1+3 Fis ----------
(a) zero (b) 30° (c) 60° (d) 90°
(9) AB is a directed line segment » C is a point in its plane C & AB  then the number

of directed line segments that can be drawn such that its initial point C and equivalent

t0 AB i§ +ooreee
(a) zero (b) 1 (©)2 (d) infinite number.
(10) In the opposite figure : N :
It arepresents force F I F | = 12 units. N30
Which of the following statements does not represent the force F " ) A =

(a) The Force _F" of magnitude 12 force unit

and acts in direction 60° north of the west.

(b) F = (12 force unit » 120°)

©F=-61+6Y3]

(d) The magnitude of the force is 12 force unit and acts in direction makes 30° with
the north.

(11) If the polar form of the vector K is (12 ’ 2731:) s then the polar form of the vector

(@ (12 ,%) ® (12 5 237':) © (6 ’%ﬁ) (@ (12 ’STW)

(12) If the position vector A= ('\/E > 1) rotates about origin with angle of measure 45°

anticlockwise » then the polar form of the vector A after rotation is -+

(a) (2 530°) (b) (2 545°) (c) (2 575°) (d) (4 575°)
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Exercise

Three

Operations on vectors

A=(xA’yA,z 4

="

[Sl¢’
\ 4
Test

[} From the school book  vyourself

m Multiple choice questions

® Choose the correct answer from those given :
(IVIfA=@5-2)»B=(1,2) »then AB = v
(ay(35-4) (b) (—2 54) (¢)(4,0)

(2 IfA=(-15,5 > B=(2s1) »then | AB =

(2) 2 (b) 3 (©) 4
(3)IfA=(@45-2) > AB=(355) sthen B = i

@ (15=7) (b) (7 5 3) ©157)
(4)IfA=5i-6] » B=(152) sthen BA=

@41-8] (b)y-4i+8 ]
(©)5i-4] (d)8i—4j
(SHA=(7505B=(5V252F) s then [ AB]l=

(a) 12 (b) 13 (c) 14
(6)AB —BA = corrererrenne

(a) zero (b)2 A_ﬁ (c)2 EA
(7)IfAB=31+3] » BC=]sthen: | AC [|= e

(a) 6 (b) 312 © |

(d@2>-4)
(d5

(d)(3>7)

length unit.

@729

() O

(8 Tf the two vectors AB=(2 53) s CB=(=3 »5) » then AC = wwwerrvvecee

(@ (>-2) () (=8> 1) (€)(=2595)
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(9)IEAB=(3 5—4) sBC=(2 51) s then CA = -rrrrreeereee

Vectors

@1 --5) () (5--3) (©)(=355) (d) (=5,3)
(10)If3A+B=(55-2) »AB=(=3510) sthen A = --cc-cccccccr
(@ (2Z->-1) b)(-1-2) () (25-3) (d)(=253)
() IHfA=@3>-5 sB=(~15>5and M =(6 k) and AB // M 5 then k = «---r-rrrrvree
(a)-15 (b)—10 (c)-5 (d)5
(12) If AB = (2 56) ,AC = (=2 59) » then | BC|l=
(a) 15 (b) 13 ©4 (@5
(13) If M is the midpoint of XY »then XM + YM = -vvecevveee
(@) 2 XM (b) XY ©) O @YX
(14) If ABC is a triangle » then AB+BC+CA =
(a) O (b) 2 AC ()2 CA d) AC
(15) If ABC is a triangle » then AB + BC + AC = -rcreeeccce
(2) O ()2 AC (©)2 CA d) AC
(16) If ABCD is a quadrilateral » then AB+BC +CD = oo
(a) AC (b) AD ©O0 (d)2 AD
(17) If ABC is a triangle  then EA: = B_(E =
(a) BC (b) CB (c) CA (d) AC
(18) Which of the following equivalent to the zero vector ?
(a) AB + CD + BC (b) CD - DF - FC
(c) FE — FD - DE (d) AB - AN + CN
(19) ABCD is a parallelogram » AC (1 BD = {M} ,then: AB + AD = -....... e
(a) CA (b) BD (©) 2 MC (d)2 DM
(20) In the opposite figure : N A
ABCD is a parallelogram / \“\\y’___/_,,.—- ’/?
If the diagonals intersect at M » then all / //\' \\H x'/
e
the following statements are expressions “
for AC EXCEPL +vveenianns
(2) AB + BD (b) 2 AM () AD + DC (d) BC + DC

127




Lmn‘l —

128

In A ABC »if D is the midpointofB—C sthen BA+CA+AD =
(a) BC (b) DA (c)2 DA (d) CB

In the given parallelogram :

OM +ON = < -

(a)a (b) b ) N
©1a+H wia-» - & "
If ABCD is a rectangle » then AC + BD =

(2) CD (b) 2 BA (c) BC (d)2BC

If D is the midpoint of BC ,Aisa point & BC 5 then «ervvoeee

(2) AB + AC = AD (b) AB + AC =2 AD

© AB+AC+AD=0 () AB+AC+2AD=0

If: AB =CD where AB=(6 54) >C=(=153) sthen D = --ccccceererre

@G -7) b)Y (=5--7) © 557 (D@ >57)

In parallelogram ABCD s A= (7 s—2) sB=(15 s4) s C=(9 5 6) » then the coordinates
of Dare ---o-evvvvenenn

(@) (1,0) () ©0>1) (©)(-1,0) (d©--1)

RN UG I G —

If ABCDE is a regular pentagon s then DE + EA - BA = -+ooes

(a) DB (b) AD (c)CE (d) BD
If AB=2AC >then ..............

(a) A ABC is a right-angled triangle. (b) B is the midpoint of AC

(c) AB+AC=2CB (d) C is the midpoint of AB

In the opposite figure :

ABC is a triangle if D is the midpoint of BC , A

E is the midpoint of AD f; .' \
sthen: AB+AC= ... AE LS
@1 ®)2 D

(c) 4 (d)-4



T Tage— S— et E s = Vectors

In the opposite figure :

ABCD is a rectangle » ’ | N {
E is the midpoint of AD » then |
EB+BA -DC=eoeren B T
(a) EB (b) BE

(c) EC ) CE

In the opposite figure : -
LM is a vector TEPIESENLS «+iovvemecee. 1y Jf"/ .I_,,fj
@2A 2B / ‘ﬁ 22
©)2A-B @2B-A L = &

In the opposite figure :
ABCD is a rectangle » E is the midpoint

of CD s then

First : AE + DE = --ccccoc......

(a) AB (b) AC : o
(c)2 AD ) CA

Second : AD -2 AE+ AB=oooveen.

(a) AD (b) 2 CB ) CB (d)2 AD

In AABC ,if D 5 E are the midpoints of AB, AC respectively and AB= M s E = ﬁ
sthen DE = «-vvovvvee.

@M+N ®M-N © 1+ M-N) @-1M-N)
ABCDEF is a regular hexagon AB=M »BC = N s CD=F

s then AE = cororevrvreen (intermofﬁ,ﬁ ,ﬁ)

@M+N+F GM-N+F ©N+F @F-M

In the opposite figure :

If ABCDEEF is a regular hexagon ;o N
sthen (AB —CB) + AF + DE = --vcccoooonn
() FE (b) AE i

(c) AD (d) AC

(W)Y o /sl N/ (o) wlil- sbat, - yalsdl 129
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In the opposite figure :

ABCD is a trapezium

If : AD + BC =k YX

s then the value of kK = «-coeerivee
Where k ER
(a)-2

(b)y—-1 ©1

@2

IfA=(2 ’2) 7B=(4 3—2) ,C=(—2 30) ,D=(1 ,k)andm‘J_CAB,

(@)1 © %
If ABCD is a parallelogram

A(l 72) 9B(X ,—3) aC(—3 95) aD(—7 SY)

(b)-1

sthen: BD = oo
@ 2,7 (b) (-12 ,-13) ()4 5-3)
IfA=(355) sB=(—1>m) | AB| =4 length units > then m =
(a) zero )5 -1
The given figure represents the two vectors
A > B Which of the following
figurcs represents the vector A B ?
/ -
/ X

(a) (b) (c)
In the opposite figure :
|| K + E— E || = (where the side length of each square
in the lattice represents to length unit).
(@)1 (b) 2
©5 (d) 4

@2

(d) (-12,13)

(d)



Vectors

(42) The opposite figure represents
the vectors A 5 B s E s D which of
the following is true ?
@B=-C
©D=B+C
(43) In the opposite figure :
6 congruent parallelograms.

IfFX=M,FD=N

s then [5) R (in terms of M s ﬁ)
(a) M + ﬁ
©2M-2N
(44) In the opposite figure :
ABCD is a parallelogram
» X is the midpoint of AB
s then EX = cooeveerrenns

@ + (N +2M)
© 5 M+1N)

A o
b)A=B+C
@A+D=2B

-/ _/ r,i" ,
| I\i M/ / ,:
~— —7E
/ / X )/ Y
L g4
) 2M+2N A K R B
@dW2N-2M
D__ ___ A
N \
N\ > ol
1 — ~ ‘\\
C M B

L eN-M)
@2 N-2M)

n ABCD is a parallelogram s in whichA (3 ,0) » B(0s4) s D(-2,-1)

Find the coordinates of the point C

«(=593)»

BABCDisaparallelograminwhichA=(X92) » B=(338) » C=09,1) » D=(7>5y)

Find the values of X 5y » then find : ” Kﬁ ” ’ ” E ||

«1s=5 52%"\/—83»

El In an orthogonal cartesian coordinates plane if A=(—15-4) » B=(1,1) 5 C=(6,-1)

» find each of AB s BC in terms of the two fundamental unit vectors »

then prove that : AB LBC

nIf2ﬁ+3A_§=2a_§—ﬁ,provethat:ﬁ=c—A‘

[ < In any triangle XYZ » prove that : XY + YZ + ZX = O
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{1} £ In the opposite figure :

ABCD is a quadrilateral » /
ECAB,FECD i/
Prove that : :

—— — — o . —

EB+BC+CF=EA + AD + DF

n In the quadrilateral ABCD 5 prove that :

'E+B6+C]5=E E+Bé=ﬁ+ﬁ
ﬁ+BI§=ﬁE+A5 A_]§+CI5—_C§—E=G

DB - AC = DA - BC

B ABCD is a trapezium in which AD// BC > E is the midpoint of AB > Fis the midpoint

of_D_C-Provethat:A—-D+Bé=2§I-3

8

ABCD is a trapezium. AC+BD=4AD

§]1) £ ABCD is a trapezium in which AD//BC » ‘g—lc) = % Prove that : AC + BD = % AD

1) ABCD is a quadrilateral in which 2 BC =5 AD Prove that :
2AC+2BD=7AD 2 AB-2DC=3DA

{71 ABCD is a parallelogram » its diagonals intersect at M » N is a point outside

the parallelogram. Prove that :

3 AC+DB=2AB AC-DB=2BC

(0 AB+AD+2CM =0 (0 NA + NC = NB + ND

NA + NB+NC+ND=4NM | AN + BN+ ND +NC =2 AD

{F) 3 ABCD is a parallelogram in which E is the midpoint of BC
Prove that : AB + AD + DC =2 AE

{[] ABCD is a quadrilateral in which X is the midpoint of AC Y is the midpoint of BD
Prove that : AB + AD + CB + CD =4 XY
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f) XYZis a triangle s LEYZ suchthat YL:LZ =5 : 3
Prove that : 5 XZ +3 XY =8 XL

[E] If M is the point of intersection of the medians of the triangle ABC 5 P is a point outside

e S ——

the triangle » prove that : PA + PB + PC =3 PM

m ABC is a triangle » D is the midpoint of BC ,E is the midpoint of AC and F is
the midpoint of AB Prove that :

(1)AF + AE = AD (2)AF - AE =
(3)CF +EB =3 EF

—_—

1
7CB

[m ABC is a triangle in which D » E » F are the midpoints of the sides AB 5 BC 5 CA
respectively. M is the point of intersection of its medians. Prove that :

(1)1 AE + BE=DC
(2)MA + MB + MC = MD + ME + MF

@ ABC is a triangle in which D is the midpoint of AB ,E is the midpoint of AC
Prove that : AE + CD = EB + DA

m ABCisatriangle » DEBC , EEBC such that BD = CE
Prove that : AB+ AC = AD + AE

P IfA=(351) > B=(154) > C=(-1,-5) find N where: NA + NB+ NC =0
«(1,0)»

FZ) ABCD is a quadrilateral. I AB=(2 51) > BC=(—3s4) » DC=(5,-1)
» find the vector which is represented by ﬁand ifB=(-1,3), find the
coordinates of A , C D

AIAB=(1,-4) » A=(2,3) » C=(-1,15)
> find the values of { and m such that : fK—mﬁ: E «453»

m If ABC is a right-angled triangle at B where A = (2500 » B=(352) » C=(-5,5-X%)
s find the value of : X «—1»

@ If ABCD is a rectangle in whichA=(5,1) » B=(2 ,— 2) 5 C=(-3,k), then find
the value of k and find the coordinates of the point D «39(096)»
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m In the opposite figure : o A\e
If DE // BC , find the numerical values of k ,Z s 5 3 E _ _
(1)BD=kDA (2)CE={CA
(3)BC=mED , (4)AD+DE =nAC RIS

)

N
afw
-
w|w
-
vl
)
(VS
v

F1) If ABCDEF is a regular hexagon whose centre is M

,provethat:MA+H§+MC+MD+ME+W=6

¢1) 3 In the opposite figure :
ABCDEEF is a regular hexagon. / \
Prove that : AB + AC + AE + AF =2 AD F £ C

fL) In the orthogonal cartesian coordinate plane » AB= (-253) » CB= (-65-4) >
2B+AC=(6,11)Find :
( 1) The coordinates of each of the points A » B » C
(2 ) The area of A ABC using vectors. «13»

@mABCDisatrapeziuminwhichA:(—Z »—3) s B=@4,-1) » C=(255) » D=(-15k)
(1)Ifﬁ//D_CL » find the value of : k
(2)Pr0vethat:@LKﬁ
(3 ) Find : the area of the trapezium ABCD «4 530 »

) Choose the correct answer from those given :

(HIf X ’ _ﬁ are two non-zeroes vectors s then " X " + || ﬁ “ --------------- || A+B ||
(a)> (b) < (c) = (d) =<
() ifA+B=Co|Al+IBl=IClthen ...
(a) X ’ _ﬁ are perpendicular. (b) K ’ B are equivalent.
(©) A B are parallel (@ Cis perpendicular to Aand B
(3)If K ’ _ﬁ are two non-zeroes vectors and || X + _ﬁ || e || X— ﬁ || sthen ..............
(a) X --B b) A >Bare equivalent.
(c) A > Bare parallel. (d) A >Bare perependicular.
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(4 ) In the opposite figure : b . x  C
ABCD is a square and \
AY + XY =k XC s thenk = - Y
@1 ®)2 =~ ]
©3 (d) 4

( 5) In the opposite figure : ?
If M is the point of intersection / /;
of the medians of A ABC », then ~ j' A\
First: AD 4+ BE 4 CF < oo Pk i
(2) BC (b) zero : .
(c)2BC (d) AB + AC
Second : MA + MB+ MC = -oevvnne.
(a) MD + ME (b) 3 MA
(c) AB+BC +CA (&) 3 (AB +AC)
Third : f AB+ AC=k AM sthenk=cevcvrren.
(a) 1 (b) 2 (c)3 (d) 4

(6 ) M is the centre of regular hexagon ABCDEF and _D_ﬁ + ﬁ + Bﬁ =k W

UjL -

sthenk = ovvvvennnn
(a)2 (b)3 ) 4 @5

—_— —

(7)) If the sum of two unit vectors A > B is also unit vector Ei.e. A+B= C

s then the magnitude of their difference || K— —ﬁ ” =

(a) zero ®12 ©13 (d)2

( 8) In the opposite figure : A
ABC is a triangle s D € AB rd."
If AD =3 DB and CD =k AC + m CB Y 4 " \
s then K 4 m = ooorrrr. C-«-;" = A
(@) + OF
(©)2 d) 3
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In the opposite figure :

AD bisects £ BAC and AB = 2 AC
,thenﬁ R

(@ 1 (AB+AC)

(© L 3AC+2AB)

In the opposite figure :

ABCD is a parallelogram in which
BF=2cm. s FC=4cm.

, then N Se—

(a) LAB+ L AD

(c) 2AB+ 1 AD

In the opposite figure :

If M (3 5 2) is the point of intersection

of medians of A ABC »M (1 »—3)

is the point of intersection of medians

ofAP:liC\ ﬁhenﬁ+§§+€é=--

(@ 2>55)
©25-3)

In the opposite figure :

If M is the point of intersection

of medians of A ABC

sthen MX + MY + MZ = -+
(2) 3 ZB

—_—

(c) zero

(b) L (AC+2AB)
@ L QAC+Am
) 7 AB+—AD
@) 3 AB+ L AD
(b) (6 »15)

(d) (= 6 5— 15)
(b)2 YC
() 5 AX

<y e

Lopy



~ Vectors

(13) In the opposite figure : 1
@bisects £ AOC where O is the centre of the circle S e
s then OA + OB + OC = oo y f’l- *;// \
@72 OB (b) 20B \ __ 1 / P
©(Y2+1)0B (d) 3 OB et

n ABCD is a quadrilateral s X 5 Y 5 Z and N are the midpoints of AB , BC 5 CD and DA

_—

respectively. Prove that : AB+ DC + CB+ DA =2 (7)5 + _l\ﬁ(-)

[E) ABCiis a triangle »D E BC »if AC + AD + CB + DB =k AB

s then find the value of : k «2»

(VA )Y /sl ) / (o) wlil-alat,~ yalsdl 137



Exercise

Four Applications on vectors

v
Test
£ From the school book  yourself

m Multiple choice questions

» Choose the correct answer from those given :

Problems on geometric applications
(1) ABCD is a trapeziums AB // CD A (2 51) »B (3 52) »C (4 ,0).IfAB=2CD >

then the coordinates of D are «--.-cooone
1 1 1 1 1 41 =l
@(33-5) ®63-7) ©(333) @ (5 +37)
( 2 ) In the given figure :
D 5 E are the midpoints of AB ,AC

,ﬁ=a,ﬁ=ﬁ,then:ﬁ= -------------- //\\
E~ D
/

() m+n (b)m - n

L~

(©) 5 (m-n) -5 m-n  © :
2 2
( %) In the given figure :

M is the point of intersection of the medians of A ABC

7K§+A_Ch=km

sthen k= oo
(@ 5 o
(©)2 d) 3
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Vectors

In the opposite figure : B

OA=O0B =6cm. »m (£ 0) = 120° \\jﬁ-a\

TS DN — cm, \"\\\ “\
@6 (b) 12 |

© 673 @612
Problems on physical applications

In the opposite figure :

"

The resultant of the two 12 Newton 20 Newton
forces in terms of unit vector T |

@8u (b)-8u ©32u d-32u

In the opposite figure : o

The resultant of the two forces 20 kg.wt

in terms of UNit Vector U = - ﬁg,wt
(@)5u ®)-51u (©)45u d)-45u

In the opposite figure :

The resultant of the two forces “ w lT
in terms of Unit Vector U = - -

(a) 50 U (b)—50u Bl emE J

(© 1101 (@-110u

The magnitude of resultant of the forces acting on a body as trying to move it
with a force of magnitude 70 newton and the magnitude of the force of friction

is 55 newtons equals oo newtons.

(a) 70 (b) 55 (c) 125 (d) 15

If Fl =i- 3_3 ’ Fz = 31— jact on a particle » then the norm of the resultant

equals oo force unit.

@ 2110 (b) 8 © 412 (d) 4

If Fl =(asb) » Fz -_3i+ 4_3 act on a particle and the system is in equilibrium
sthena+b= o

(a) zero (b)—-1 ©1 (@7

.

fV,=12e > Vg=8e sthen Vg, = oo

(a)20 e (b)-20 ¢ ©)4e d)—-4de
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IfV,=120e s Vy=—80e »then v,y =

(2) 40 ¢ (b) 200 & (€)—200 ¢ (d)—40 e
fV,g=75€e s Vy=—60¢ »then Vg = e

(2) 135 ¢ (b)-135¢ ©15¢ d)-15¢

A cyclist A moves on a horizontal straight road with velocity 14 km./h. If he met

another cyclist B moving with velocity 20 km./h. in the opposite direction.

» then magnitude of the relative velocity between them = - km./h.
(a) 20 (b) 14 (c) 34 (d6
A car moves on a straight road with a speed 90 km./h. If a motorcycle moves with

speed 40 km./h. on the same road » then the magnitude of velocity of the motorcycle

with respect to the car when they move in the same direction = -+ km./h.

(a) 50 (b) 30 (©) 90 (d) 40

If two forces 1—3; =47-6 joFy,=- 6i+8 3 act at a point » then their resultant
R= ..

@@85135) () (292 545°) © (292 5135°) (d) (8 »45°)
IftheforcesF1=(7 s —2) ,F;=ai+3 J ,F; =(—4 » b) act at a point are in
equilibrium sthena+b =i

(a)4 (b)-4 (c)-3 (d)-1

In the opposite figure :

If F, =F, = 3 newton

s then the resultant of the two

forces I_:'1 s 152 T LY p—

(a) (3 5 180°) (b) (6 5 180°)
(c) 3 590°) (d) (6 590°)
If the two forces 1—3: > ﬁ; act at a point. F; = 34 gm.wt. and acts in thc castcrn north
direction » F, = 34 gm.wt. and acts in the western south direction » then the resultant
of the two forces = -+ eoverer-

(a) 68 gm.wt. in the north direction.

(b) 341/—2— gm.wt. in the western north direction

(c) 68 gm.wt. in the western north direction.

(d) zero



Vectors

'Problems on Geometric applications

n In the opposite figure : D A
ABCD is a parallelogram » E is the midpoint

Prove using vectors that :

of AB » F is the midpoint of DC /F{‘x / k
C

The figure DEBF is a parallelogram.

A
B In the opposite figure : D e R D)
ABCD and ABXY are two parallelograms. Y_/,.;f.-f—-"".'ﬂ \
Prove using vectors that : \ i B __»_;_:,\.C

The figure CXYD is a parallelogram. | s

€D 1f XYZL is a parallelogram » E EXL » F € YZ such that EX = ZF

» prove using vectors that : EF and YL bisect each other.

ﬂ In the opposite figure :
ABCD is a trapezium in which AD // BC
s AD = % BC » its diagonals intersect at M
If E and F are the midpoints of MB and MC respectively

» prove using vectors that : AEFD is a parallelogram.

B ABCD is a quadrilateral. If AC + BD =2 DC
s prove that : ABCD is a parallelogram.

G Use vectors to prove that : The line segment drawn between the two midpoints of any
two opposite sides of a parallelogram is parallel to the other two sides and its length

equals the length of each of them.

n Using vectors » prove that : If two opposite sides in a quadrilateral are parallel and
equal in length » then the two other sides are parallel and equal in length also i.e. the

quadrilateral is a parallelogram.

B ABC is a triangle in which D is the midpoint of AB ,E s the midpoint of AC

» prove using vectors that : DE // BC s DE = % BC
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B IfFA(655) s B(8,—3)and C (-2 »-15) are the vertices of the triangle ABC » find

using vectors the coordinates of the point of intersection of its medians. «@s=1)»

@ IfA=G-1) > B=(255) » C=(-253)andD=(-5,-4)
» prove using vectors that : The figure ABCD is a trapezium.

m Using vectors , prove that the points : A=(354) » B=(1,-1) » C=(-4,-3)

and D = (-2 » 2) are vertices of a thombus.

m If ABCD is a quadrilateral in whichA=(15-2) s B=(9,0) » C=(8>4)andD=(0,2)
» prove using vectors that : The figure ABCD is a rectangle » then find its perimeter

and its area. «6Y17 534 »

m Using vectors » prove that the points : A=(153) 5 B=(6,1) » C=(4,-4)and

D = (-1 ,—2) are vertices of a square and find its area. «29 »

m In the opposite figure :

ABCisa trialgje iiwhii}i D E AB : N MD
s EEAC,DA=M,>EA=N 2N/ \2M
,BD=2M,CE=2N
Find : BC in terms of M and N . .
s then prove that : BC / DE «3(M=N)»
In the opposite figure : L
ABCD is a trapezium »AD// BC ,AD=%BC ,K§=§,Kﬁ=ﬁ D - : A\_I
(1) Express in terms of M and N each of the following : Xy ""‘.gﬁ
BC ,AC ,DC , DB f 7 \
(2)If X EAC where AX = % AC C{ -— I'\"]-3
» prove that : The points D s X and B are collinear.
@ In the opposite figure : iV
ABCD s a trapezium in which AD // BC . \ '
,BC=4AD ,AD=M ,AB=N i
(1) Express in terms of M and N each of : BC , AC » BD , DC B - 5

(2)If X EDB where DX = % XB

» prove that : The points A » X 5 C are collinear.



Vectors

m In the opposite figure : B
FAB is a triangle in which “;‘H“‘*n\‘_
FA=7cm. »FB = SVEcm. "% \.‘A_”SEMR'“‘;
sm (£ AFB) = 135° B em A
Find using vectors : The length of AB « 13 cm. »

m ABCD is a quadrilateral in which X »Y 5 Z and L are the midpoints of AB
» BC » CD and DA respectively. Use vectors to prove that :
(1) The quadrilateral XYZL is a parallelogram.

(2)) The perimeter of the quadrilateral XYZL equals the sum of lengths of the two
diagonals of the quadrilateral ABCD

Problems on physical applications

€D it the forces Fl =27i- 3} ’ Fz =41+ 7_3 > i—i =37+ 8_3act on a particle »
find the magnitude and the direction of the resultant of these forces

(given that forces are measured in newton). « 15 newton »53°7 48 »

8 If the forces Fl =(-6,6) ,» Fz = 9T+ 13} ; l?3 =(2 s—17) act on a particle where the
forces are measured in dyne » find the magnitude and direction of the resultant of these

forces. « 13 dyne »67° 22 48 »

€) (1) Find the resultant force Facting in each of the following :
(1) (2)

70 Newton %\ &7 70 Newton
30 kg.wt 40kgwt .. !
(3) (4)
15 kg.wt (‘\
. Yukstiksdadiindinin X \
| = N
30 kg.wt ;
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In each of the following , the two forces _151 and _152 act at a particle.

Show the magnitude and the direction of the resultant of each two forces :
F, = 15 newtons acts in the east direction »
F, = 40 newtons acts in the west direction.
F, = 50 dyne acts in 60° west of the north direction »
F, = 50 dyne acts in 30° south of the east direction.
F, = 30 newtons acts in 20° east of the north direction »

F2 = 30 newtons acts in 70° north of the east direction.

Theforcesi—“"1=2_;+3-JT ) _152=ai+j ’ F_i=57+b3actatapanicle.

Find the values of a and b if their resultant force ﬁ is as follows :

F=5i-2j F=0

{13 The forces E =71- 5-3 s Fz =ai+ 3} s i—i =40+ (b- B)Fact at a particle.
Find the values of aand b if :

The resultant of the set of forces equals 47— 7}

The set of forces is in equilibrium. 15-29-355»

A car “A” moves on a straight road with velocity 140 km./h. » another car “B” moves

on the same road with velocity 110 km./h.

Find the velocity of the car “A” relative to the car “B” when :
The two cars move in the same direction.

The two cars move in two opposite directions.

L] A car moves on a straight road with velocity 75 km./h. If a motorcycle moves on the
same road with velocity 45 km./h.
, find its velocity relative to the car in each of the following cases :

The motorcycle moves in the opposite direction of the car.

The motorcycle moves in the same direction of the car. km

E] A car for watching the velocity on the desert road (Cairo - Alex.) moves with velocity
30 km./h. This car watched a truck coming in the opposite direction » it seems that the truck

moves with velocity 110 km./h. What is the actual velocity of the truck ?
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a car coming from the other opposite road which seemed to be moving at 135 km./h.
If the maximum available speed on the road is 100 km./h. » is the coming car in violation

of the prescribed speed ? Explain your answer. « It is no in violation »

m Problems that measure high standard levels of thinking

n Choose the correct answer from those given :

(1) HF, =(6,28),F,=(6,4%) ,F,==91+4 ] measured in dyne » then the

magnitude of their resultant = -+ dynes.

(a) 13 (b) 10 ©5 (d) 6%
(2) I the forces Fy = (812 ,2[) s F,=ai+3j,F;=-51+(0+2)]

act at one point and the system in equilibrium > then & = ...cccevoco.

(a) 13 (b)-13 ©1 @-1

(3)If F; =i- 3-} ’ ﬁ; =37+ 6_} » then the force —15; which makes the resultant of the

three forces is unit vector acts due to y-axis equals «+«-------
@-3i-3] b)-4i-27
©-5i-3] @-4i-3]
(4) A system of 100 forces » magnitude of each is 10 newtons act at one point and

| the maesure between any two consecutive forces is % s then the magnitude of

their resultant is

(a) 100 (b) 500 ()10 (d) zero

B iF, =51+3j > F,=(7+a)i+6] » F,=—141+(3—b) ] are three coplanar
forces meeting at a point » the polar form of their resultant

F:(lo 2 ,135°) , find the values of : a and b «—8 »2»

B A car “A” moved on a straight road measured the relative velocity of a car “B” in front of
it in the same direction it found it 20 km./h. > then when the car “A” decreased its speed
to the half and remeasured the speed 5 it found that the relative velocity of the car “B”

became 50 km./h. What is the actual velocity of each car ? « 60 km./h. > 80 km./h, »
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Exercise Five

Exercise Six

Exercise Seven:

Exercise Eight :

Exercise Nine

STRAIGHT LINE

Division of a line segment.

Equation of the straight line.
Measure of the angle between two straight lines.

The length of the perpendicular from a point to
a straight line.

General equation of the straight line passing
through the point of intersection of two lines.



Exercise

Five

| 'St \ Multiple choice questions

e Choose the correct answer from those given :
IfA=(356) » B=(—75>4) »then the midpoint of AB = ...
(@) (-4,510) (b)(-4,5) G- (d)(-2,5)
It M is the point of intersection of the two diagonals of the parallelogram ABCD
where A=(3,7) » C=(-3s1)>thenM="-..

Division of a line segment

From the school book  yourself

(@) (©0-4) (b) 3 53) (©)(0,8) (d) (6 56)

If the point (3 5 6) is the midpoint of AB where A = (=3 »7) » then the point
B= .

(@) (6,-1) b)(-6-1) ©(9>5) (d) (0,6.5)

If C (2 » 4) is the midpoint of AB where A (X »4) > B(l »y)

s then X + Y= e

(a)7 (b) 1 (-1 (d)-7

A circle of center (2 5 —2) » if one of the two ends of its diameter is (4 5 2) s then the
other end of this diameteriis ..........

(@) (—4,2) () (0,-06) (©(=3,-3) (d) (8 ,4)
IfA(-35-7) s B(450) ,then the coordinates of C which divides AB internally
intheratio5:2is ..........

(@) (=2-2) (b)) 2,-2) (©)(252) (d)(=2,-2)
IfA(255) sB (7 s—1) s then the coordinates of C which divides AB externally in
the ratio 3 : 2is -

@E25,-7 BY25,7) (c) (17 5 13) (d) (17 »—13)
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(8)IfA=(-4,4)sB=(5,-8) »CEABsuchthat CB:AC=1:2 sthen C= o=

(a) (4 5-8) b)2,-4) () (-8-4) (d)(=452)
(9) If CEAB >AB=4BC and A(-1 ,4) »B (3 »4) , then the coordinates of the point C
iS .o
(@) (0>4) (b) (4 52) (c)(4-0) (d)(254)
(10)IfA(=35-4) > B(-8,s7) and C EAB ,C$Xl§whereAC=2CB
sthenCis ..........
(a) (13 5 18) (b) (- 13 ,18) () (=13 ,-18) (d) (13 ,-18)
(1) IfB (0 53) 5 C(3,0)andA lies at the third distance between B and C
sthen Ais .........
(@) (152) OXVERY) ©(-1--2) d)(=2,-1)

(12)IfA(2 53) 5> B(65—1) »then the coordinates of C which lies at quarter distance
fromAtoBis.........

(@) 2,3 b)(2,-3) © (3,2 d=3,2)
(13) The coordinates of the point lies at % the distance from A to B to the directed
segment A_ﬁwhere AQB>-2) » B(-155)is..........

@153 O(L:32) ©@>-1 @(%-1)
(14) If C (4 5 4) divides Kﬁ internally in the ratio 1 : 2 and A (7 »8) s»then Bis ..........
@(C2,-4 ((dA-2) ©-15-2) (d)(2-4)
as)If E =3 ,4) »A(-2,5) ,Cdivides Kﬁby the ratio 3 : 2 externally
s then C = oo
(@) (7 17) (b) (8 53) (c) (~853) (d)(=75=17)

(16) The ratio of division that the X-axis divides the line segment X—ﬁ
where A2 55) » B(75-2)is.........

(a) 5 : 2 internally (b) 2 : 3 internally
(c) 3 : 2 externally (d) 2 : 5 externally
(17) The ratio by which the y-axis divides AB where A (255 s B(6s7)equals..........
(a) 1 : 3 externally (b) 3 : 1 internally
(¢) 1: 2 cxternally (d) 3 : 2 internally

(18) IfA(255) » B(552) » C (4 ,y) are three collinear points » then C divides AB
in the ratio ..........

(a) 1 : 2 internally (b) 2 : 1 internally
(c) 2 : 1 externally (d) 1 : 2 externally
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(19) In the opposite figure : A »8)
AD is a median in A ABC » M is the point of intersection of its // /
medians where A=(0 »8) » B=(3,2) » C=(=3,5) //-\-1
> then the point M = .. > )
Ce3,5 D~ BG:2
(a) (057.5) (b) (0 55)
©(=355) d (5 50)

(20) If AD is a median in A ABC > where A = (1 52) 5D = (4 5—4) » then the point of

intersection of the medians of the triangle ABC is ..........
(@3 »-2) (b)(=352) (©25-3) (d)(=2,-3)

(21) ABC is a triangle in which A (-3 5 1) s B (1 57) and M is the point of intersection of
its medians where M = (1 > 2) 5 then the point C = -+

(@) (5,2) b)(G-5-2) ©)(=5,52) (d)(=55-2)
(22) ABC is a triangle in which A (8 5 7) » M is the point of i tersection of its medians
where M = (2 5 1) and D is the midpoint of BC >thenD= ..

(@ (1,2) ®)2>1) () (=15-2) (d)(-=1-2)
(23) If AE is a median of A ABC M is the centriod of the triangle ABC
sA(554) 5 M(758) >then AE = oo

@(%-3) ®(%,4%) ©) (3 +6) (@) (152)

(24) If C divides BA by the ratio 2 : 3 internally » then Q—CBj =
2 Bl 3 2

(@) % (b) 3 © 3 (@ 2
(25) If C divides AB by the ratio 5 : 7 externally » then % = e

(@ = OF © 2 @ 3
(26)IfCEAB », 3 AB=5BC ,then C divides BA by the ratio ..........

@2:3 (b)3:2 ©3:5 d)5:3

(27) If A divides EC?by the ratio 2 : 3 externally , then ..........
(a) B divides A_C? by the ratio 2 : 3 internally.
(b) B divides AC by the ratio 2 : 1 internally.
(c) C divides Kﬁby the ratio 3 : 1 internally.
(d) C divides A_P: by the ratio 3 : 2 externally.

149



. 2 .

In triangle ABC »B (3 55) » C (-3 5-7) D EBC such that

the area of A ABD = % the area of AABC sthenD = -

@(3-12) ®»(%.2) ©) (05— 1) (1 51)

If the midpoints of the sides of a triangle are (—2 53) » (7 »—1) » (4 »4) » then the

point of intersection of the medians of the triangle is ..........
(@) (3 52) (b) (9 ,6) ) (5 50) @ (2 »0)

In the opposite figure :

[B:6)
YV /re AY _ 3 =
If XY // BC 9@- 5 sthen X = Q_.m
(a) (2 ,4) (b) (4 52)
©) (=254 4,2
In the opposite figure : (5.5) A

AE _ ..
EC ” \(1,-3)

@ 5 () 3

© 4 A 2 35
5 3

In the opposite figure : C1,4) /.

If ACECB and AC = 3 AB
(31—2) ',“

(@) 4>-2) b (=20 3.0 &

©@>-7) (d@>-5)

In the opposite figure :

The point Cis .......... B(7.6)
(@) (550) I

(b) (4 50)

(©) 3 50) ,
2 50) /a(l-3)
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Y,

(34) In the opposite figure : y

CA:CB=:eee 1 ’N
: 0.\

(@)2:1
®)7:3 o2
©3:7
X X
3 (6] (&
@1:2 (x,0>\

n IfA=(@0,-3) 5 B=(3,6) s find the coordinates of the point C which divides BA
internally by the ratio 1 : 2 «(293)»

E3itA=(3:-2) » B=(-1,5),find:
( 1) The coordinates of the point C which divides AB by the ratio 2 : 3 internally.
(2 ) The coordinates of the point D which divides AB by the ratio 4 : 3 externally.

«(%9 %) 5(—13 526)»

B Find the coordinates of the point C which lies at the fifth of the distance from A to B
where A=(-15-1) » B=(954) «(1+0)»

O QIfCEBA ,CEABandA=351) > B=(4,2) » AC=2AB

» find the coordinates of the point C «(Ls—1)»

B IfA=(53) 5 B=(—45-2), find the coordinates of the point C if C EE
where 3AC=2CB «(=1>D»

[QitA=@453) » B=(-3,5) find the point C € AB where 3 AC =5 CB
3. 17 27
(-34)(-F-8)>

E)ifA=251) > B=(-1,-2), find the coordinates of the point C EAB , C& AB

such that its distance from A equals 4 times its distance from B «(=25-3)»

BIfthepointsA=(3 s—4) C=(—1,[) ’ B=(ka1)arecollinear,C€A_ﬁ,

‘é—gz%,find:[andk «=—29-T»
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[?_] LIIfA=85s-4) 5 B=(-152)  find the coordinates of the points which divide Kﬁ
into 3 equal parts in length. «(55-2)5(250)»

[ﬁ] IfA=(1,-4) » B=(554) find the coordinates of the points C s D and E which
divide AB into 4 equal parts in length. «(25=2)5(350)2(4+2)»

(1) 1f A € X-axis » B € y-axis »C = (— 4 » 3) is the midpoint of AB » find the coordinates
of each of : A and B «(=850)5(056)»

[B IfA=3,-2) 5 B=(-253), find the ratio by which the point C = (8 » y) divides
AB showing the type of division s then find the value of y «1:2externally »—7 »

‘B Find the ratio by which the y-axis divides the line segment AB where A = (253)
s B = (-3 » 7) showing the type of division and find the coordinates of the point

of division. «% internally » (0 7;53—) »

m IfA=(-2,3) 5 B=(4,-2),find the ratio by which the X-axis divides the directed line

—_—

segment AB showing the type of division and find the coordinates of the point of division.

«% internally » (% >O) »

EB B3IfA=(5,52) s B=(2 s—1), find the ratio by which AB is divided by the points

of intersection of AB with the two axes s showing the type of division in each case » then

find the coordinates of the division point. «2: 1 (internally) 55 : 2 (externally) s (3 5 0) 5 (0 5 —3) »

{[] If C and D are the two points of intersection of AB with the two axes » find the ratio by
which the points C and D divide AB showing the type of division.
giventhat A=(-5,7) » B=(-352) «7:2externally »5 : 3 externally »

mlfthepointsA=(1 s—1) » B=(-151) » C=(V§ﬂ/§)aretheverticesofatrianglea
NEER N

find the coordinates of the point of intersection of its medians. B B

f[JIfA=4,12) » B=(-2,10) » C=(153) > D=(2,7)E is the midpoint of AB
» M divides CD externally by the ratio 3 : 2 » find : the length of EM « 5 length units »

‘EABCD is a parallelogram. If A= (7 ,-2) » B=(1554) » C=(9,6)

» find the coordinates of the point of intersection of its diagonals AC , BD , then find

the coordinates of the vertex D «(852)5(150)»
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EDIfABCD 18 a quadrilateral yA=(453) » B=(0,2) » C=(-25-3) » D=(2,-2)
» find the midpoint of each of AC , BD , then determine the kind of the figure ABCD

« (1 50) s(1 50) » a parallelogram »

mProvethatthepoints:A=(1 s4) s B=35-2) » C=(-3,16)are collinear » then find :

( 1) The ratio by which A divides BC showing the type of division. « 1: 2 internally »
(2) The ratio by which B divides CA showing the type of division. «3:1 externally »
(3 ) The ratio by which C divides AB showing the type of division. «2: 3 externally »

@ D »E » R are the midpoints of AB 5 BC and arespectively in AABC
IfD=2+3) » E=(-1s4) s R=(4,5)

s find the coordinates of : A ,B ,C «(T94)5(=352)5(1 »6)»

fE) ABC s a triangle » its vertices A= (3 55) » B=(65-4) > C=(1,1)
If D divides AB by the ratio 1 : 2 » E divides AC by the ratio 1 : 2 also

, prove that : DE / BC , DE= % BC

m LLi Distance : A bus moves from city A to city B where A=(5 y—6) » B=(150)
It stopped twice during its movement. Find the coordinates of the two points at which
the bus has been stopped if :
(1) It stopped at the middle of the road.

(2) It stopped at two thirds of the road from city A «(35-3)> (% 9 — 2) »

| Third \ Problems that measure high standard levels of thinking

€] Choose the correct answer from the given ones :

( 1) In the opposite figure : AFL4) y
If BC = 2.5 length unit
s then the point C = -
X% B(2:0) x

@ @Bs-2) (b) 35,-2) 0 \—*
(©)(15-2) d@s,-1) -

N !

y
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In the opposite figure :
If4AC=3AB

s then the point B is ..........
(@ (=5-14)

(©) (-3520)

In the opposite figure :
If BECD 5 then 25

(@) &
© %

If A and B are the images of the point (

/ =I'|I.l .
\
|
\

(b) (4 ,16) : o

@

(d) (-2 ,21)
()1 N
() % (2) (LB (2K

3 » 1) by reflection in the X-axis and y-axis

respectively » then the coordinate of the point that divides AB by the ratio 2 : 3

internally is

@@>-1)

® (53

If the origin point is the point of intersection of the medians of the triangle whose

vertices are (a sb) s(b 5c) s(c s a) »then a® + b’ + ¢

(a) zero (b) abc

3 In the opposite figure :
ABCD is a parallelogram in which
F is the midpoint of BC s AC N DF = {E}
sifE=(353)yC=(255) »then find the

coordinates of the point A

©(Z-1) (@ (0 -0)
3 N 5.E..Em
(ca+b+c (d) 3 abc
_ _(2,:51 E,
”Lﬁ%@;
«(55-1)»

61fA=(2 s2) » B=(5,6) 5 C=(10 ,—4)aretheverticesofatriangleaDEB_C

such that AD bisects Z A internally » find the coordinates of D
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Exercise . g .
Six Equation of the straight line

b
Test
1] From the school book  yourself

. First)\ Multiple choice questions

e Choose the correct answer from those given :

(1)IfA@B s-2) » B(556) »then the slope of the straight line AB = ---rrroeiei

(@-1 ®) 7 (c) 4 @1
(2 ) The straight line whose general equationis 4 X+ 3y + 5 =0 s its slope = «.-coccoene
—4 -3
@ % ® 5 © ==

( 3 ) The straight line which passes through the two points (4 5-2) » (5 »3)
» the slope of the perpendicular straight line to it = ---ooooeve

@5 (b) L (©-5 @ =
(4) If the slope of the straightline: 3a+1)X-2ay+3=0equals2 sthena=---ooe:

S _1

(a) 1 (b)-1 © 2 @ -1

( 5) If the straight line : a X —4 y + 5 = 0 makes with the positive direction of the X-axis

an angle of tangent 0.75 sthena=---ooiooe

| (=5 (b) -3 © % @3
(6)If the points : (1 58) 5 (3 »y) »(9 5—4) lies on the same straight line then y = ----ooet
| (a) 11 (b) 5 ) - 11 d) -5

(7) If the straight line passing through the points (3 5 0) and (0 » 2) is parallel to the

‘ straight line whose equationisy=aX—-3 sthena= oo
-2 2 3 -3
@ ®) 3 ©3 G
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(8) LI If the two straight lines L, : 3X-2y+7=0andL,:aX+3y+5=0are
perpendicular sthena = ooeove

(a) 1 (b) 2 (c)-2 (d-1

(9 ) The slope of the straight line which makes with the positive direction of the X-axis
a positive angle of cosine = % IS -ovveeenenns
OF Ok © 5 @ 3

(10) The straight line which makes a positive angle of measure % with the positive
direction of the X-axis » its direction vector = -

@ ©>1) (b) (1,0) 1,1 (a1

(11) The straight line whose equation is y = % X +7 5 its direction vector = -«
(@G5 -4) (b) (4 55) © 554 (d)Gs>-4)

(12) The straight linea X + by + ¢ =0 » its direction vector is -+
(a) (asb) (b) (a »-b) (c) (b »a) (d) (b5 -a)

(13) The slope of the straight line which passes through the two points (a » az) s(b > b2)
iS ceerereeanens
(a) a* — b2 (b)a—b (c)a+b (d) ab

(14) If u= (2 s-5) is a direction vector of a straight line » then all of the following
vectors are direction vectors to the same straight line except the vector -

@ 2,95) (b) (6 »—15) (c)(255) @ (=1-,25)

(15) g If u= ( % s 1) is a direction vector of a straight line s then all the following
vectors are perpendicular to the straight line except the vector -+

@(1:-1) ®»@s-1 ©(-1,-1) (d) (4 5—2)
(16) If the slope of a straight line = _TZ s then its direction vector is -« v
(@ @G-,-2) (b) (-=3,2)
(©)(65—4) (d) all the previous right.
a7 If (6 »4) and (3 » m) are direction vectors of two perpendicular straight lines »
thenm= - rereerens
2 =2 9 -9
(@ 3 (b) = © 5 G
(18) The direction vector of the straight line perpendicular to the y-axis could be - :
(a) (2 50) ®)©O-,51) ©(51) dE1--1)
(19) Each of the following relations represents a straight line except «+++---
@y=Ysx  (®)x=5 ©@X+3=1  @y=Vx
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(20) The equation of the straight line which passes through the two points (4 »0) »

(0 53) 8 cworrreeones

(A)3X+4y=12 b)4X+3y=12 (c)3X+4y=0 (d)3y+4X=0
(21) The equation of the straight line which passes through the point (2 5 —3) and is

parallel to the X-axis is «---w-eeon

(a)X+3=0 b)y+3=0 () X-2=0 (dy-3=0
(22) (L] The cartesian equation of the straight line which passes through the point

(=2 »7) and is parallel to the y—axis is oo

(@y=2 b)y=-2 () X=17 (d) X=-2
(23) L1} The equation of the straight line which makes a positive angle of measure 45°

with the positive direction of the X-axis and cuts 5 units from the positive part of the

y_axis 1§ +vore il
(@y=X-5 By=1X+5  (©y=-=X+5 dy=X+5
‘P
(24) The equation of the straight line which passes through the point (3 » — 2) and is
perpendicular to the straight line y = 7 is «+voevee

(a)x=3 by xX=17 ©)y=-2 (dy=7

(25) L} The cartesian equation of the straight line which cuts the positive parts of the X-axis
and the y-axis with magnitudes 2 » 3 respectively is »--oeee.
(A)3X+2y=6 b)3X+2y=1
(c)2X+3y=6 @d2x+3y=1

(26) The vector equation of the straight line which passes through the point (- 4 5 3) and
its direction vector is (2 » 5) i «ererveeenee
(a);=(2,5)+k(—4 s 3) (b)?:(—4,3)+k(2,5)
©T=(453)+k(552) Ar=@255+k3 -4

(27) (L) The vector equation of the straight line which passes through the origin point
and the point (1 52) is e

(@r=k(,2) b)r=k(@2 1)

©@T1=(1,2)+k(l,0) @T=(152)+k(0>1)
(28) The vector equation of the X-axis is -«

@r=(15>1)+k(0 >0) ®r=(1,0)+k(l,1)

©r=k(l,0) @r=k(©,1)
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The vector equation of the straight line which passes through the point (3 » 5)
and is parallel to the X-axis is -

@r=k(@3,5) (b)'rk=(3 s5)+k(@051)
©1=3>5+k(50) dr=k(l,0)

All the following equations represent an equation for the straight line which passes
through the two points (5 »0) 5 (0 » 2) except the equation -
@r=(550)+k(55-2) ) r=@052)+k(5>-2)
©1=(550)+k(255) @r=052)+k(10,4)

The parametric equations of the straight line passes through (0 » 5) and its vector
directionis (-1 s4) are .............

(a)X=1-ksy=5+4k by X=ksy=5+4k

() X=5+4ksy=-k (dX=-ksy=5+4k

The parametric equations of the straight line which makes with the positive direction

of the X-axis a positive angle of measure 45° and passes through the point (3 » - 5)

are ...............

(a)X=3+ksy==-5+k b)X=3+k>y=5+k

() X=1+3ksy=1-5k dXxX=1-3ksy=1+5k

The straight line L.: X=1-2k sy =-1 + 4 k passes through the point -+
(@) (L>1) (b)(1>-1) ©E15-1) (dE1-1)

The straight line whose vector equation is -; =2 s-1)+k(3 -5

» its perpendicular direction vector = «--woeoeee

(@3 s,-95) (b)2s-1) () (553) (d-=5-3)
If the two straight lines4 X +by+9=0,r=(1 »5) +k (2 » 6) are parallel  then
D= e
4 3 -4 -3
@ 5 OF © O,

If a straight line passes through the point (2 5 1) and the vector N = (1,3)is
perpendicular to it 5 then the equation of the straight line is oo
@X+2y+5=0 by X+3y-5=0

() X-3y=0 d3X-y-5=0

The straight line which is perpendicular to the straight line t = 0,5 +k (\[— s 1)
makes with the positive direction of the X-axis an angle of measure -

(a) 30° (b) 60° (c) 120° (d) 150°
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(38) The straight line :; =(154)+k(0»1)is parallel to -+-eevevo-

(a) the X-axis (b) the y-axis
(c) the straight liney = X (d) the straight line y = 2

(39) 1] The area of the triangle enclosed by the X-axis and the y-axis and the straight line
2X+3y=06equals oo square unit.
(a) 6 (b) 3 (c)2 (d) 12

(40) Which of the following points lies on the line T= -2-1)+k(1,-3)?
W) oY) 0d-d) oE

(41) The point which lies on the straight line X=-1+2k , y=3-k
and its X coordinate = 3 i +eereeeeees
(@31 b G->-1 (©3-0) (d)352)
(42) If the straight line a X + b y = 12 intercepts 6 length unit from the positive part of

X-axis and 4 length unit from the negative part of y-axis sthena+2b = vooeene.

(a)8 (b) 4 (c)—4 (d)-2

(43) The equation of the line which lies at equidistant from the two straight lines y = — 2
and y = 10§ «+eveeveen
(@A)y=8 by=4 (c)X=4 dXx=-12

(44) The equation of the straight line which passes through the point C (3 5 4) and
intersects the two positive parts from the coordinate axes X-axis and y-axis at

the two points A and B respectively where AC : CB =2 : 3 is ---ooeeneee

@2X+y=10 b)X+2y=10 ©2X+y=5 (WX+y=10
(45) The area of the triangle bounded by the straight line passing through the point
A (2 5 3) and its slope = % and the coordinate axes equals «--wcoeeon square unit.
(a)2 (b) 3 (c)4 (d)5
(46) In the opposite figure :
The equation of AB is wsE .
(41 2\/5 /’\/,,/
@x-Y3y-1=0 o
® xX-Y3y+2=0 Y

ol X

X
(C)'\/; X+y —1/? =0 ’13 -

@3x-1Y3y-6=0
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(47) In the opposite figure :

If OC =BC »ym (£ C) =90° C
which of the following considered Q’\r

an equation to the straight line OC ? -

@y=9X (b)y=X
©y=mX (dy=mnX

(48) In the opposite figure :
Three identical circles touching each other externally
If C = (4 »4) , then the equation P D Y
of the straight line AB is oo :'3. I A\ |
@r=@>4+k(1,-13) gL
O T=6-4+k(1,-13)
©r=012,4+k(1,-13)
@r=(12,4)+k(-13>1)

(49) In the opposite figure :
Two identical circles > then
the equation of the straight line L is -
(A X=0 (b)y=0
() X+4y=0 @3X+4y=0

(/ } ._Ji )1_‘ By
\-\‘f-ﬁ--fl}\\ / (7.1))’

(50) In the opposite figure :
The centre of the circle is (7 5 8) »
the straight line ABisa tangent N
to the circle at A » then the equation : "-\A(lo,lg,)
of the straight line AB is - k 78) 5 Ly
(@)5X+3y=95 i
(b)3X+5y=35
(€)3X+5y+95=0
@3X+5y=95
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(51) In the opposite figure : f
The area of the shaded figure = +-covoveve square unit. /
(a) 16 (b) 12 /
(©8 (d) 24 0 _/fz/_ 4 6
4y
]

n Find the slope of the straight line passing through each pair of the following
points and show which of these lines are parallel and which are perpendicular :
(1)B51)5(=255) (2)450,2--1)

(3)(T>-1)»(3,-3) [ (4)(=55-2)+(-153)

B If the equations of the straight lines LiandL,are2X-3y+a=0
and 3 X + by — 6 = 0 respectively

( 1) Find the slope of the straight line L,
( 2 ) Find the value of b which makes the two lines L, and L, parallel.
( 3 ) Find the value of b which makes the two lines L, and L, perpendicular.

(4) If the straight line L, passes through the point (1 5 3) » then find the value of a

«%’_2—9a277»

B Which of the following straight lines is parallel to the y - axis » which of them is
parallel to the X - axis and which of them passes through the origin point s then find
the coordinates of the points of intersection with the two axes (if found).
(1)2X+3=0 (2)X+3y=0
(3)2X+3y=12 (4)y-5=0

() Find the different forms of the equation of the straight line which :

( 1) Passes through the point P = (3 5 — 1) and the vector E = (-3 » 5) is a direction vector
to it.

(2 ) Passes through the point (5 s —1) and makes with the positive direction of the X-axis
a positive angle of measure 135°

(3 ) Passes through the two points (2 s—3) 5(5 5 1)

(4 ) Passes through the point (2 » —1) and its slope = —;—

('5) Ll Passes through the point A = (2 » - 3) and is perpendicular to the vector (-1,2)
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Passes through the point (1 » 3) and is perpendicular to the straight line
r=(Q2,5+k(=2,1)

Passes through the point P = (3 5 5) and is perpendicular to the vector AB
where A=(2,-3) » B=(5+4)

Carries a position vector A= (25-3)

B Find the general equation of the straight line which :
Passes through the point (3 »—4) and is parallel to the straight lineX+2y-7=0
Passes through the point P (- 1 > — 3) and the vector AB is a direction vector to it
whereA=(—4,3) » B=(-5,-2)
Cuts a length = 4 units from the negative part of the y-axis and the vector

_1; = (7 »—3) is a direction vector to it.
Cuts a length = 3 units from the positive part of the X-axis and its slope = —%

Cuts a length = 2 units from the negative part of the X-axis and cuts

a length = 4 units from the positive part of the y-axis.

Passes through the point (— T 21/_5 ) and makes with the positive direction of

the X-axis a positive angle of measure ( “aL )rad

Passes through the point (3 »—5) and is perpendicular to the straight line X+3y=11
Passes through the point (3 » 5) and is perpendicular to the straight line AB where
A=2,-3) » B=(554)

Is perpendicular to AB at the point A where A=(-3,6) » B= 251

Is perpendicular to AB at its midpoint where A= (-4 51) » B=(=2,3)

m Find the equation of the straight line which passes through the point (2 s — 3) and its
slope = 2 and if this straight line passes through the two points (a » 7) s (5 »b)

, find the values of : aand b «7 33 »

ﬂ Find the equation of the straight line whose slope = m and passes through the point (a » 0)

What is the point of intersection of this straight line with the y-axis ?

0 Prove that the straight line which passes through the two points :

A=(4,-1) 5> B=(253)isparallel to the straight line which passes through the two
points C=(251) » D=(35—1) >then find the equation of each of the two straight lines.
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m IfA=052) » B=(2,1) » C=(-2,3) are three points in the plane » find the

vector equation of the straight line AB , then prove that the points A » B » C are collinear.

[m Find the two intercepted parts from the two coordinate axes by the straight line :
2X-3y+12=0

m Find the equations of the two straight lines which pass through the point (- 3 »2) and
parallel to the coordinate axes.

m Find the equation of the straight line which passes through the point (2 »—2)

. -2 . T .
and makes a positive angle whose cosine = o with the positive direction of the X-axis.

) IfA=(-4,4) 5 B=(-1,-2),Cdivides AB by the ratio 1 : 2 internally » find the
equation of the straight line which passes through C and the point (2 » 3)

) IfA=(154) 5 B=(~4,6) »find the equation of the straight line which passes
through the point of division of AB internally by the ratio 2 : 3 and is perpendicular to
the straight line whose equationis 5 X-4y—-12=0

EB Connecting with geometry : AB s a diameter in the circle M. If B (-7 511)
»M = (-2 ,3) , find the equation of the tangent to the circle at the point A

m Connecting with geometry : If the straight line whose equation is : 3 X + 4 y—-12=0

intersects the X-axis and the y-axis at A and B respectively » find :
(a) The area of A OAB where O is the origin point.
(b) The equation of the straight line which is perpendicular to AB and passes through

its midpoint.

{1} Find the lengths of the two intercepted parts of the two coordinate axes by the straight line
which passes through the two points (=3 5 1) » (4 50)

[E] Find the lengths of the two intercepted parts from the two coordinate axes by the straight
line:r=B,-1)+k(2,5)

EE] Find the equation of the straight line which passes through the point (5 »— 2)
perpendicular to the straight line which intercepts from the positive part of X-axis

a part of length 4 units and from the negative part of y-axis a part of length 3 units.
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m Prove that the points A=(2 5—3) » B=(7,2) » C=(1,1)are vertices of a triangle.
IfD&e ‘AB such that AD : AB =2 : 5 » find the coordinates of D » then write the

different forms of the equation of the straight line CD

m Find the measure of the positive angle which the straight line L. makes with the

positive direction of X-axis if :
L:3y+X=6
L passes through the two points (0 50) » (2 »—2)
L intercepts from the two coordinate axes two positive parts of lengths 4 and 6 units

respectively.
L:X=2+3k » y=—-1+2k

The vector u = (1/— s 1) is a direction vector to it.

The vector N= (ﬁ s 1) is a direction vector perpendicular to it.

f¥) Find the vector equation of the straightlineL:2X-3y-6=0

m Find the vector form and the general form of the equation of the straight line L :
X=3-2k » y=-1+3k

PI) Find the vector form of the equation of the straight line L :

X,y

S =1wher¢a¢0 sb#0

@ Find the equation of the axis of symmetry of AB where : A= 25+3) » B=(-455)

@ IfA(5,-6) » B357) s C(1,-3)find the equation of the straight line which
passes through the point A and bisects BC

m ABC is a triangle » its verticesare A(—155) > B(4,-2) » C(-3,0) Find the
equation of the straight line which passes through the vertex A and perpendicular to BC

F1]) Prove that the two equations :
= (-153)+k(65-4) » T= (5 5— 1) + k (= 3 »2) are of the same straight line.

FL) ABCD is a square in whichA=(352) » C=(-1,4)

Find the equations of the straight lines carrying its two diagonals.
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aDABC is a triangle » its verticesare A=(351) 5 B=(-151) » C=(2 s4) Find :
(1) The equations of the straight lines which carry the sides of the triangle.

(2) The equations of the straight lines which carry the medians of the triangle.

8] Prove that : The point M = (5 » — 4) is the centre of the circumcircle of A ABC where
A=(1,-1) » B=(1,-7) s C=(250) »then find the equation of the tangent to the

circle at the point A

m Problems that measure high standard levels of thinking

D Choose the correct answer from those given :

(1) The straight line intersects X-axis at the point (a » 0) and intersects y-axis at the

point (0 » b) passes through the point --+----..o..
l,,1 Lo il sl
(a) (a » b) (b)(ia,zb) (c)(3a,3b) (d)(4a,4b)
(2 ) If the intercepted parts from the two positive parts of coordinate axes X-axis and y-axis
by the straight line L; are a » b respectively and the intercepted parts from the two

positive parts of coordinate axes X-axis and y-axis by the straight line Lyare2a,2b

respectively s then -
(L, LL, | ®L, /L,
©L,NL,={(a>b)} (d) something else.
(3) L, is a straight line passes through the point A (2 » 3) and makes an angle of measure 60°

with the positive X-axis » if the straight line L, rotate around A with an angle of measure

15° clockwise s then the equation of the straight line in its new position is -«
@y-X=1 by+X=1 ©2X+y=1 (d)2X+3y=5

(4 ) The equation of the straight line passes through the point (3 » 4) and intercepts two

equal parts in length of the coordinate axes could be ...

@X+y=17 b)Y X-y=-1 (©)y+2X=10 (d)both (a) and (b)
(5)IfA(3 5-5) 5B (-4 58) »then the ratio in which the straight line X + y = 0 divides

the line segment AB from A is «reveeeeeee
(@2:1 (b)1:2 (c)2:3 (d3:2
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The coordinates of the projection of the point (2 s 3) on the straight line L : X +y = 11

(@) (-65)5) (b) (6 55) (c) (5 56) @) (=5 56)

The image of the point (3 » 8) by reflection in the straightlineL: X+3y-7=0

(a)(—1,-4) (b) (=3 5—8) ©ds-4) (d) (3 58)
If the point A (0 » 0) is the image of the point B (4 » 2) by reflection in the straight
line L. » then the equation of the straight line L is -

(a)X=2y b)2X+y=5 ©2X-y=5 (WX+y=6

The opposite figure represents the square ABCD % B

» the equation of the straight line ADis X + y=4

» then the equation of the straight line containes the b B

diagonal BD is v 2 ks L . )

() X= 4 (b)y=4 T

©X+y=2 @ x+y=42

(10) In the opposite figure :

If the equation of the straight line ABis ¥

% - % =1 , then the equation 4

of the straight line BCis oo x, [/ |/ : |
SA C 0O

(a)%+%=l (b)%+%=1 |

©X-L=1 @ X+y=18 '

6 3 ,

In the opposite figure : 1A

The area of A ABC W

= e square unit. x| _ "}il 3
0 B

(a) 15 (b) 20 |-

(©) 24 (d) 32 1

166



Straight line

(12) In the opposite figure :
If the area of A ABC = 15 square unit

CA = CO » then the equation of L is «-eeeees

(a)%+%=1 (b)%+%:1
X, Y_ X Y-
©f5+t6=1 O RSTRE

(13) In the opposite figure :
The area of A ABC
= s square unit.
@ + (b2
©1 @ 3

(14) In the opposite figure :
The vector equation of the
straight ling BC is -
@r=0,3)+k@2,-1)
M) r=(350)+k(2,-1)
@©1=0,3)+k(-1,2)
@r=30)+k(-1,2)

(15) In the opposite figure :
If the equation of the straight line AB
i 2 X+ 3 y = 12 5 then the vector equation
of the straight line [DYCRT
(AT=025,3)+k(2,3)
b)) r=253)+k(3»2)
@©r=3>2)+k(@2»3)
Dr=3,2+k(3,2)

| Y
X
N
0.6) B\,
\
\
\'\
"\
\\\ 4
\ "
X, L R, 7
e) G R K
1 \
¥ L, L,
:
v
- =E -
©-2) B~ x 122~
=

> X

"

. @0C B—

- i (6:()

y
[ !
A(6,9)
i
e
& ~h.,
0) B

167



Unit 5 Sl 1 o ol

In the opposite figure :

If the equation of the straight

ine ABis X + Y =
11neAB1s6+8 1

» then the parametric equation

of the straight line OC i§ +---rveoo

@X=3+4k » y=4+3k (b)yX=4+3k 5 y=3+4Kk
©X=3+3k 5 y=4+4Kk (d)X=4+4k » y=3+3k

In the opposite figure :

L, NL,={A}

s OC = OD ) then the vector equation Lo

of the straight line L 18 ---eoveeres _'?l-\_f?_s"..

@r=00,2)+k(1,3)

() T=(05>2)+k(=1,-1) '

©r=0,2+k({3:1)

(@1=0,2+k({3,-1)

In the opposite figure :

If OC =2 OB » the equation of the straight
line ABis2 X +3 y = 6 » then the vector

equation of the straight line AC is - o~

]
~1
=)

@1=(-6 ;Q)+k(1 »3) X,

®T=(=6:0+k3>1)
©1=@650)+k(1>3)

@r=(@6,00+k(351)
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(19) In the opposite figure :

If the area of the square ABCD = 36 square unit »
D =(-12 5 0) 5 then the vector equation of

the straight line EB is v
(@)1=(053)+k(3 »2)

D) T=(053)+k(352)
©T=(656)+k(253)
@T=(6,-6)+k(2»3)

(20) The parametric equations of

the straight line E 1§ ceevreeneeninns

() X=4+3k
(b) X=3-4k
(©)X=4+3k
d)X=3-4k

s y=6+4Kk
s y=4-6%k
s y=6-4k
s y=4+6k

(21) In the opposite figure :

If the area of the rectangle OBDE = 20 square unit

s then the equation of (Kﬁ IS reeerremienns

(@2X+y+20
b)2X+y-20
©)2X-y=20
dy=2Xx+20

=0
=0

(22) In the opposite figure :
If OA , OB are tangents to
the circle M at A and B

» then the vector equation

of the straight line (O_M)is ---------------
@T1=@050)+k(~1,3)

M) r=(4,3)+kBs-1)
©T=@0,0)+k3>=1)
@r=0(5,00+k@3,-1)

A
3 /
/|E
D R U
/O
JR’."
C ¥B
v
y
'\l
A(4:6)
<\
g %
\
D} \
";/// &
¥ \ X
0 B
y\P
¥
!
A
o
4\
\ = \\
% \B X
@) €
Ef D
‘;\l'
.
i |
£ N A X
0 W e
| .‘."‘\1;1'\\4 )
".;""-\_\ .
y\‘l ‘-.. E
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B In the opposite figure :
If ABCD is a quadrilateral » find :
(1) The slope of BD » then deduce the value of 6

( 2) The two equations of AB and ET))

[} Find the equation of the straight line which passes through the point (4 » 3)
and intercepts from the coordinate axes two different positive parts » the sum of their

lengths = 14

ﬂ Find the equation of the straight line passing through the point (3 » 2)

and its slope is negative and it makes with the two coordinate axes a triangle

of area 12 square units.

() In the opposite figure :
Two squares OABC s OMED
,BENCA={K},K=(1 »4)
Find the area of the shaded square.

« 9 square unit »
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Exercise Measure of the angle Pt
Seven between two straight lines

From the school book  yourself

4
Test

m Multiple choice questions

e Choose the correct answer from those given :

(1) L1 The measure of the angle between the straight lines whose slopes are 2 5 — %

(a) 30° (b) 60° (c) 90° (d) 45°
(2)) The measure of the acute angle between the two straight lines whose slopes
are —4—3 s—Tequals ............
(a) 30° (b) 60° (c) 45° (d) 54°
(3 ) The measure of the acute angle between the two straight lines whose slopes are % s %

approximately equals ...............

(a) 28° (b) 14° (c) 32° (d) 15°

(4) L1 The measure of the angle between the straight lines whose equations are X = 3
sy =4 equals <o
(a) 90° (b) 45° (c) 60° (d) 30°

(5 ) The measure of the acute angle between the two straight lines
L,:T=©0>-2)+k@>-1)andL,:T=(055+K 2 »1)equals ccco........
(a) 30° (b) 45° (c) 60° (d) 90°

( 6 ) The measure of the acute angle between the straight line :
6 X -3y +5 =0 and the straight line whose slope is % equals ..............
(a) 135° (b) 60° (c) 30° (d) 45°
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The measure of the acute angle between the two straight lines L, : y —’\/E X-5=0
and L, : X—V_3_y—6 =0equals .............

(a) 30° (b) 45° (c) 60° (d) 90°

The measure of the acute angle between the two straight lines

L ir=@255+k(=3,1)>L,:2X=3—yequals ...

(a) 30° (b) 45° (c) 60° (d) 50°

The measure of the angle between the two lines

L :X+2y+5=0 5 Ly:r=(1>4)+k(12)equals oo

(a) zero (b) 45° (c) 90° (d) 135°

The measure of the angle between the two straight lines L, : r= 1+s2)+k@Bs-4)»
L, i4X+3y—5=0is

(a) 0° (b) 30° (c)45° (d) 60°

The measure of the acute angle between the two straight lines L; : 2 X+ 3y =15
» L, T= (-2 - 1)+ k(1 ,-3)approximately equals ..............

(a) 52° (b) 51° (c) 39° (d) 38°

The measure of the acute angle between the two straight lines L; : 2 X~-y-3=0
sL,: X=k »y =1 +k approximately equals ..............

(a) 19° (b) 71° (c) 18° (d) 72°

The measure of the acute angle between the two straight lines X=3yand X+2y =0

(a) 15° (b) 30° (c) 45° (d) 60°

The measure of the acute angle between the straight line : X -2 y + 3 = 0 and the straight
line passes through the two points (4 s— 1) 5 (2 » 1) approximately equals ...............

(a) 71° 34 (b) 19° 28 (c) 70° 32 (d) 18° 26

The measure of the acute angle between the two straight lines : ’\/; X-y=5 5 y=2
CGUAlS Sl

(a) 30° (b) 60° (c) 45° (d) 120°

The measure of the angle between the straight line which passes through the two

points (0 5 3) 5 (=3 50) and the straight line y = 0 equals e
(a) 30° (b) 60° (c) 45° (d) 90°
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(17) L1l The measure of the acute angle between the straight line whose equation is
; =(252) +t(l 5 1) and the straight line whose equation is X =0 equals -
(a) 30° (b) 45° (c) 60° (d) 135°
(18) If the measure of the included angle between the two straight lines :
X=T7 > y=aX+2equals 90° sthena=-rervon.
(a) zero (b) 1 (c) 90 (d-1
(19 IfA(-251)sB(253),C(-2+-4)

» then the measure (1) of the acute angle between Kﬁ ’ (]_3_C) 1S i,

W) ow(3) o) ew(3)

(20) The set of values of k which makes the measure of the acute angle between the two

straight lines X +ky-8=0 » 2X—y—5=0equals%is ...............

1
(a){3,—%} (b) {—3,%} ©) {3,§} @ {3}
(21) The equation of the straight line L that has a positive slope and passes through the

point (4 » 1) and makes with the straight line 3 X — y + 4 = 0 an angle » the tangent of

1tS measure = = 918 .cocovvenn...

@y-X-3=0 (b)y-X+3=0 ()y+7X-29=0 (dy-7X+29=0

(22) {3 The opposite figure shows a triangular 4
piece of land » its vertices are 64
/51

A650) » B-6-0) , C (0 ,6),then: 4l PN

z‘/. 3 \\
First : The measure of the acute angle ‘ // 2 L
between (A_C> and the X-axis equals -+ eeoeeie ol L"'/ | : NALL o

' —{1—ﬁ—4~3~3-!(? 1 2 3 4 5 6

(a) 30° (b) 60°
(c) 45° (d) 135° !
Second : The measure of the angle between the straight lines AC and BC
equals ...............
(a) 30° (b) 60° (c) 45° (d) 90°
Third : The vector equation of the straight line AC iswaammmmne
@T=(650)+k(1,0) ®)T=(650)+k(051)
(c);=(6,0)+k(—1,1) (d);=(670)+k(1,1)
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Fourth : The vector equation of the straight line BCis o

@1=0,6+k(=1,1) ®)r=(056)+k(l,1)
©T=(6:0)+k(-151) @r=(056)+k(l,0)

Fifth : The cartesian equation of the straight line which passes through the point C
and parallel to ABis oo

(a)y=6 (b)yX=6 ) X+y=6 (dX-y=6
Sixth : The area of the triangle ABC equals - square units.

(a) 24 (b) 12 (c) 36 (d) 48

n Find the measure of the acute angle between each of the following pairs of straight lines :
(1)L,:r=k (1 50) s Lyir=(35-2)+K(15-2)
(2)@L,:r=@0>1)+k(l51) 5 Ly:2X-y-3=0

(3)L;: X+2y+5=0 » L,:4X-y-3=0
(4)L1:X+2y+3=0 ) LZ:X—3y+1=O
(5)L,:3y+2X-6=0 » Lyia--y=3
=Xy . _
(6)L1—3__T_1 s Izz.y—4X—2
(7)L;:3y=35 » Ly:2X+5y=1

(8)L;:T=(-2,-3)+k(1,-2) » L,:X=3+2k » y=3k-1

. — . . - XY
AL, :aXx-3y+7=0 5 L,:4X+6y-5=0 > Ly:5-5=3
» then find the value of a which makes :
( 1) The measure of the angle between the two straight lines L, and L, equals 0° «2»

(2 ) The measure of the angle between the two straight lines L, and L, equals 90° «Z»

£ Find the equation of the straight line :

( 1) Passing through the point (— 1 » 3) and makes with the straight line : X+2y +6=0

an angle 6 where tan 0 = %

( 2 ) Passing through the point (2 5 — 2) and makes with the straight line
T=(25-1)+k (3 »—4) an angle of measure 45°
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u If 6 is the measure of the angle between the two straight lines : X —y + 6 =0

andaX—2y+4=OWherecose=% s find the value of : a <<%0r14»

B If the measure of the angle between the two straight lines : ky + X=6 2 X +y =3

is O where tan 6 = % » find the value of : k «2or % »

m If the measure of the angle between the two straight lines : 3 X-5y—-1=0
and k X —y = 3 equals 45°, find the value of : k «— = or 4»

ﬂ If the tangent of the measure of the angle between the two straight lines :

r=(0,2)+k(2>32) » T=(4,1)+k(1,2)equals 2,

3
then find the value of : a G ron =

»

B Find the equation of each of the two lines passing through (3 » — 1) and the measure of the

angle between them is 6 where tan 6 = TST s
knowing that their slopes are m and —g—m where m >0

0 ABC is a triangle in whichA=(05,2) » B=3,1) » C=(-2,-1)
Find the measure of angle A «105° 15" 18»

‘m Find the measures of the angles of the triangle ABC whose vertices are A= (4 5 7) »
B=(-2,-1andC=2 +s-4) «26°347590° 563° 26 »

m Find the measures of the angles of the triangle ABC whose vertices are A= (2 5 3) »
B=(5>1)and C=(-2 5 1) s then find the area of the triangle to the nearest unit.

« 7 square units »

m L) ABC is a triangle in whichA=(0s5) » B=(2,-1)andC=(6 ,3)
Prove that the triangle is isosceles s then find the measure of angle A and find its area

to the nearest hundredth. «53° 8”5 16 square units »

[E] ABC is a right-angled triangle at A » the equation of BCisr= (1s1)+k(-1+3)and
the equation of ABist = (-1 55) +k (1 »2) Find : m (2 ACB) «45°»

m If the triangle ABC is right at B where A=(253) » B=(5,7)andC=(1 »y)

» find the value of y » then find the measures of the other two angles. «10 545° 545° »
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[BABCisatriangleinwhichA:(—3 s2) » B=(-3,+-13) 5 C=(55>3)and Dis the

midpoint of BC. Find the measure of the acute angle between : ADand BC  «56° 19

m 3 A ABC s a triangle in whichA=(55,7) » B=(155) » C=(4,2)
(1) Find the coordinates of the point D which divides BC internally by the ratio 1 : 2
(2) Prove that : AD 1L BC ’ (3 ) Prove that : AD = BC

(4) Find : The measure of the acute angle B ( 5 ) Find : The area of the triangle ABC

[MA=(,7) > B=(6+-1) » C=(3,5),then prove that : the straight linc

-; =3 s1)+k (-2 » 1) makes with the two straight lines AB and AC an isosceles

triangle whose vertex is A

[m Prove that : The triangle whose equations of its sides are : 3 X +4y =36 »
X-7y+13=0and 7 X +y =9 is right-angled and isosceles.

m Problems that measure high standard levels of thinking

£} Choose the correct answer from those given :
( 1 ) The measure of the obtuse angle between the two straight lines y = (2 —’\/E ) (X+5)
)y = (2+1/§) (XX =T)iS -rerreeee
(a) 150° (b) 60° (c) 135° (d) 120°

(2 ) The tangent of the angle between the two straight lines L; and L, is % » the slope of
L, equals twice the slope of L, » then the slope of the straight line L = oo

OFe (b) = 1 ©157 (d) All the previous.

( 3 ) In the opposite figure :

ZEN
@ 3 o

i - (—2,trzl}=‘-‘._ 0

.\I
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(4 ) In the opposite figure :

If cos 0 = L » then the coordinates

1/? %A(ﬂ-ﬁ)

of the point B i X\Q\

@ (8 50) \ \
(®) (7,0) o h hY o
() (6 50) of em \
(d) 4 ,0) g
y
(5 ) In the opposite figure : | yesx
e, = .t
=3 =4 Nk
@ =2 (b) h
3 3 .-"f "\.\\.
© 5 @ 3 AN\
( 6 ) In the opposite figure : %
The value of k = -++-vvvnveen
0.5 s
(a)3 /
) -3 X J —
fQ e (6,0)

© 5 éﬁéx/”‘
(-3-3) Y
@3 y

(7 ) In the opposite figure :
If the equation of AB is X+2y+6=0

and BC=2AC sthentan 9 =......cceeoe.. S
11 X A e X
@ 19 <3 =
® EARN
e <9

10 N

© 13 Q\Q\B“
11 N

(d) 5 \

8 Find the equation of one of the two equal sides in right-angled triangle if the equation of the

hypotenuse is 3 X + 4 y + 4 = 0 and the coordinates of the right vertex is (2 » 2)
«X-7y+12=00r7X+y-16=0»
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If the line L makes an angle whose cosine is

what is the slope of L. 7

Find the equation of L if it passes through the point (1 »— 2)

3410
10

with the lineL:3X-y+5=0

- 4
« undelined or—= »

3
ﬂ Prove that : The angle between the two straight lines : y = ll—f—,]; X+6andy-bX+1=0
has a constant measure for all values of b# 1 and find the measure of this angle. «45° »
) In the opposite figure : y ol
" The equation of y
L,is X+ 7y=7and e | o P
the equation of B 7Z e ——c_
> ) S x
L,is3X-4y=0 o s -
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Ex_ef cise The length of the perpendicular
Elghf - from a point to a straight line

m Multiple choice questions

e Choose the correct answer from those given :

v
Test
From the school book  yourself

( 1) The length of the perpendicular from the point (- 3 5 5) to

y-axis equals ««-wooeeee length unit.
(a)3 (b) 5 (c) 8 (d)-3

(2 ) The length of the perpendicular from the point (- 3 5 5) to
X-axis equals ---oeveeene length unit
(a)3 (b) 5 (c)8 d-3

(3 ) The length of the perpendicular drawn from the origin point to the straight line
3X—-4y—-15=0equals - eoeeees length unit.
(a) 15 (b)5 ()3 (d)4

(4 ) The length of the perpendicular drawn from the point (3 » 1) to the straight line
4X+3y-5=0equals oo unit length.
(a) 2 (b)3 (c)4 (d5

(5 ) The length of the perpendicular drawn from the point (0 » — 4) to the straight line
X+5=0equals oo length unit.
(2)0 (b) 4 ()5 (-5

(6 ) L The length of the perpendicular drawn from the point (1 5 1) to the straight
line whose equation is X + y = 0 equals -+ eeee length unit
@2 72 ©1 @0
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The length of the perpendicular drawn from the origin point to the straight line

= (152)+k(4s3)equals oo length unit.

() 3 (b4 (©)5 (d)1

The length of the perpendicular drawn from the point (0 » 2) on the straight line
_;= Qs +k@Bs—4)equals oo length unit.

@5 (b)1 (c)2 (d)3

The length of the perpendicular drawn from the point (— 2 s —4) on the straight
line T = (350)+k (6 s8)equals -ooeee length units.

(a) 1.6 (b) 2.6 (c)0.6 d)3.6

The length of the perpendicular drawn from the point (— 2 » — 5) on the straight
lineL: X=-2+4ksy=—3kequals -ee length units.

(@1 (b)2 ()3 (d)4

The distance between the point (1 » 5) and the straight line passes through the two
points (5 s—3) 5 (1 50) equals ------oeoee length units.

(a) 2 (b)3 (c)4 @S5

The distance between the point (1 » 5) and the straight line passes through the point

(2 »—3) and the vector (2 »— 1) is its direction vector equals -+ length units.

@15 ® 275 © 395 @ 45
InAABC:A(B357)sB(75-1),C (3 52) 5 then the length of the perpendicular

drawn from A to BC equals - length units.

(a)3 (b)4 (©5 (d)1
In the given figure :

The straight line 3 X + 4 y + 9 =0 is a tangent

to the circle M where M (1 » 2)

» then the radius of the circle equals -

@5 b5

(c)4 3 i

3X+4y+9

(1,2)

The area of the circle with centre (4 s — 1) and touches the straight line

L :?: (1s1)+k (12 55)equals oo square units.
(a) 87T ®om ()61 (d)37

=0



Straight line

(16) L] The distance between the straight lines whose equations are y=3=0 5 y+2=0

equals oo length unit,

(@3 (b) 2 (©1 (d)5
(17) The distance between the two straight lines ?= -1500+k@5-3),6X+8y-9=0

equals < e

(@ 5 (b) 1 © 3 @2
(18) The distance between the two straight line L :3X-4y+20=0

»L,:3X-4y+10=0equals ............... length units.

(a) 2 (b) 3 ()4 (d)5
(19) The distance between the two straight line : = 2,0)+k(12,-5)

)T = (4.6,0)+k (12 5—5) equals ............... length units.

(a) 1 (b)2 (©3 (d) 4

(20) If the length of the perpendicular drawn from the point (2 5 k) on the straight line
2X+y+1=0 equals\/glength unit then one of the values of k = --cv oo
(a)-4 (b)-5 ()-8 (d)y-10

(21) If the distance between the two straight lines L;:3X+4y-12=0
»L,:6 X+ 8y+c=0equals 3 length units 5¢>0 sthenc = wvveenen.

(a) 54 (b) 6 (c) 30 (d3

(22) In the given figure : 3% 4y_10=? Ao L
The length of the perpendicular drawn -~ / \
from A to the straight line BC equals .............. yi%.cff_ —\‘\1\3‘* L,
(a) 2 (b) 3 / \
(©)4 @5 € B

(23) In the given figure :

The length of AB = cocovvevven length unit, L) nmnti "E‘X"S_i(/),i.-{:"j_,
@1 ®2 g wewan
©3 (d) 4 .

(24) The equation of one of the two straight lines whose slope = % and the length of the
perpendicular drawn on it from the point (2 » - 1) equals 2 length units is ...............
@A5X+12y-28=0 (b)5X+12y-24=0
©5X+12y+24=0 (d5X-12y+28=0
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n Find the length of the perpendicular drawn from the point A to the straight line L if :
A=(2,1) s L:3X+4y-30=0

A=(4,5) y Lir=(1-2)+k(3,-4)

L A=(0 »0) . L:it=(0,5+k(34)

M A=(2,-4) , L:12X+5y-43=0

MA=(»2) , L:8X+15y-19=0

A=(25-7) L:X+y+9=0

A=(25-6) ; L:—)3£+%_
L:(a-byx+2Yaby-2a{b=0

(_8)A=(2«/E,—w/§) .

ngABC is a triangle in whichA=(355) » B=(- 1,2)andC=(7 5-4) »
find the length of the perpendicular drawn from A to BC « 4.8 length units »

B Calculate the radius length of the circle whose centre is M = (3 > — 1) and touches
the straight line L. : 4 X +3y+6=0 « 3 length units »

u Find the distance between the point (1 » —2) and the straight line passing through the
point (2 »—3) and makes angles of same measure with each of the positive direction of

the X-axis and the negative direction of the y-axis. «\[2 length units »

B If the length of the perpendicular drawn from the point (1 5 ¢) to the straight line

2X+3y+5=0equals \/1_3llength units » find the value of : ¢ «2or 22,
3
(1 If the length of the perpendicular drawn from the point (3 5 1) to the straight line
3 X -4y +c =0 equals 2 length units , find the value of : ¢ «50r-15»
n If the length of the perpendicular drawn from the point (7 5 — 1) to the straight line
a X +y =0 equals 2‘\’ 10 length units » find the possible values of : a «3or =13,
9
BProve that : The two straight linesL, : 2 X+y-3=0 » L,: r= (5s8)+k(—1,2)are
parallel, then find the distance between them. « 375 length units »
m (13 Prove that : The straight lines whose equations are 3 X -4y — 12 =0 and
6 X -8y + 21 = 0 are parallel » then find the distance between them. « 4.5 length units »
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[m Prove that : The two straight lines L, :?= ©0,2)+k(552) 5 L, :?: (25-3)+k (10 ,4)
are parallel then find the distance between them. «29 length units »

1) ) Roads : Two adjacent roadss the path of the first road is represented by the equation
3 X—4y -7 =0 and the path of the second road is represented by the equation

3X-4y+11=0
Prove that : The two roads are parallel s then find the shortest distance between them.

« 3.6 length units »

m If the straight line whose equation is 4 X — 3 y = 12 intersects the two axes at the
two points A s B » find :

(1) The area of the triangle OAB where O is the origin point.

( 2) The shortest distance from the origin point to the straight line AB

« 6 square units » 2.4 length units »

[E] If the points A=(—4 1) » B=(253)and C=(-26) are the vertices of a triangle »
find :

( 1) The length of BC
( 2 ) The cartesian equation of the straight line BC
( 3 ) The length of the perpendicular drawn from A to BC

(4 ) The area of A ABC « 5 length units 93 X +4y—18=0 »5.2 length units » 13 square units »

m Find the area of the triangle whose vertices are A=(3,2) » B=(-2,5)andC=(1 ,-3)

« 15.5 square units »

m ABCD is a parallelogram in whichA=(-1,4) s B=(3,-2)andC=(-1-5)Find :
( 1) The coordinates of D
( 2 ) The length of BC
( 3 ) The equation of BC
(4 ) The length of the perpendicular drawn from A to BC
( 5 ) The area of the parallelogram ABCD

« (=5 91) 95 length units 93 X -4y —17 =0 »7.2 length units » 36 square units »
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@Provethat:ThepointsA=(3 s—1) » B=(-5+2) » C=(-254)andD=(6,1) are

the vertices of a parallelogram and find its area. « 25 square units »

/) Prove that : The points A=(253) 5> B=(652) » C=(-25-2)andD=(-2 1) are

the vertices of a trapezium and find its area. « 18 square units »

{T) (0 Geometry : ABCD is a trapezium in which AD // BC 5 if A2 51) » B(553) >
C(@6s1) » D(4»y) > find the value of y » then find the area of the trapezium ABCD

«—3 5 12 square units »

m Find the equation of the straight line where the vector (— 1 » 7) is a direction vector to it
and the length of the perpendicular drawn from the point (3 » 1) to it equals 3 1/3 length
units. «7X+y+8=00r7X+y-52=0»

m Prove that : The two points (1 5 1) and (-2 » 3) lie on two different sides of
the straight line : 2 X —y + 3 =0 and at equal distances from it.

m Do the two points (1 »4) and (- 2 » 3) lie on the same or different sides of the line

2X-y+3=0?

P¥) £ Prove that : The straight line : 3 X—4 y + 3 = 0 touches each of the two circles in

which their centres are the two points N, =(5 »2) » N, =(-2,3) and their radius
lengths are 2 » 3 length units respectively s then show if the two circles lie on one side or

on the two sides of the straight line.

EB 11 Geometry : A circle of centre is the origin point in which two chords whose equations
are4X-3y+10=0 » 5X-12y+26=0 Prove that : The two chords are equal in length.

m Prove that : The point (11 » 8) is the centre of the inscribed circle of the triangle in which

the equations of its sides are:?:(—3 920)+k(150) » 3X+4y=5
and5 X+ 12y+5=0

@3 Prove that : The point A (4 » 6) lies on one of the two bisectors of the angle between the
two straight lines 9 X-13y-8=0and X-3y+4=0

m Find the area of the quadrilateral ABCD whose verticesare :A=(2,0) » B=4>51)»
C=B>s5andD=(-4,8) « 23.5 square units »
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~ Third \ Problems that measure high standard levels of thinking

£) Choose the correct answer from those given :
(1) ABCD is a square where A (2 »— 3) » the equation of BCis4 X +3 y—9=0 ,then
the area of the square = -+ square unit.
(a)2 (b) 4 (c) 6 (d)8
(2 ) ABC s an equilateral triangle in which A (2 5 — 1) and the equation of BCis X+ y=2
s then the length of any side of AABC = -+evieni. length unit.

(#@ @@i (&@ @12

(3 ) The equation of the straight line whose distance from the origin 4 units and makes an

angle of measure 120° with positive direction of X-axis is -
@X+{Y3y+8=0 O3 X+y£4=0
©Y3x+y£2=0 @Y3X+y+£8=0

(4) The intersection point of altitudes of the triangle whose sides coincide with the

straight lines : X =0 sy =0 s X +y =118 -rerees

@ 15D () (0 50) ©(150) @(%,1)
(5) If c is the length of the perpendicular drawn from the origin to the straight line

X+ by =2 c » then b could be equals ++-weeve.

@1 ®73 ©+ (d)c
( 6 ) In the opposite figure :

If the equation of L, is 2 X+3y +k=0
» the equation of L,is 2 X+3y-1=0 »,

» the equation of L, is2 X +3y—-4=0

d the area of (A ABC) _1
the area of (A ADC) 2

(@3 b)-5 ()5 (d)-3

s then k can be equal -l

(Y8 )Y @ /st V/ (onld) el -abual,- yalsdl 185
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g Find point on the straight line X + y + 9 = 0 that far from the straight line X +2y +2=0
a distance'\/g length unit. « (=11 92) (=21 512)»

E)IfA(B-4) » B(456) 5> C(-152)andD (2 ,0) »find the length of CD where C” and
D are the two points of intersection of the two perpendiculars dropped from C and D to
the line AB «

1/— length unit »
5

[} Find the equation of the straight line which passes through the point (2 » — 4) and the
length of the perpendicular drawn to it from the point (0 5 0) equals 2 length units.

Show that there are two straight lines satisfying these conditions.

«X-2=00r3X+4y+10=0»

B IfA=(3 55)and B = (11 » 11) are two fixed points s find the point (or points) C which
belongs to the X-axis where the area of A ABC = 30 square units.

«(%70)or(—%,0)»

BProvethat:ThepointsA:(—3 s—3) » B=(4:4) » C=(-1s4)andD=(-3,2)

are vertices of an isosceles trapezium if ACNBD= {E}, then find the coordinates of

the point E and the length of the perpendicular drawn from it to BA

o(-B,2), 300

9’9 i length units »
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Exercise General equation of the straight line passing
Nlne through the point of intersection of two lines

[ .1 From the school book

m Multiple choice questions

e Choose the correct answer from those given :

{ 1 » The point of intersection of the two straight lines : X +4 =0 5y =3 =01is oo
(@) (453) (b)(3-4) (c)(=453) (d) (4,-3)

{ 2 ) The equation of the straight line which passes through the origin point and the point
of intersection of the two straight lines : X =2 sy =515 ---ooovee
(a)5X-2y=0 b)2X-5y=0 ©)2X+5y=0 (d)5X+2y=0

( 3 ) The equation of the straight line which is parallel to the y-axis and passes through the
point of intersection of the two straight lines : y =4 5 X :%y IS woveveeeeeees
()y=3 (b) X =3 (©)y=4 (d) X =4

¢ 4 ) The equation of the straight line passes through the intersection point of the two

straight linesL : X+2y-4=0 , L,=X-2y= 0 and parallel to the X-axis

(a) X=2 (byy=1 (c)y=3 (dy=2

{ 5 ) The equation of the straight line passes through the point of intersection of the two

straight lines : 2 X+y=3 5 X+4y+2=0 and parallel to the y-axis is -
(a)y-2=0 by X—-y=2 () X-2=0 dX+2=0
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The equation of the straight line passes through the point of intersection of the two

straight lines : X+y =3 52 X —y = 6 and passes through the point (2 5 — 1) is -
(A X-y+3=0 b)Y X-y-3=0

©X+y+3=0 d2X-y-3=0

The vector equation of the straight line passes through the point (3 5 1) and the point
of intersection of the two straight lines 3 X+2y—-7=0 » X+3y=7is
(a)?=(2 s—1)+k@>1) (b)?=(1,3)+k(2 s—1)
©r=3B>1)+k@2,-1) @r=@,1)+k(=15,2)

The equation of the straight line which passes through the point (3 »4) and the point
of intersection between the two lines L, : 3 X+2y—-7=0

Ly iT=(=250)+K (3 »2)i8 o

(@ X-y+1=0 b)X-y+2=0

©)X+y-1=0 dX+y+2=0

The vector equation of the straight line passes through the intersection point of the

two straight lines L, : X-5=0» L, : X +y =13 and its direction vector (4 » 1)

I8 o length units.
@r=@>1)+k(5»8) B r=(556)+k(@ 1)
©r=0G:8)+k(@,1) @r=0>-8)+k(l-4)

The equation of the straight line passing through the point of intersection of the two
straight lines : 3 X-5y-13=0 , 2y-3X+7=0

and parallel to the straight line : = 1sD)+k(Ss4)is v
@4X+5y-14=0 b)4X-5y+14=0
©)5X-4y-14=0 (d4x-5y-14=0

The equation of the straight line passing through the point of intersection of the two
straight lines : 2 X+3y-2=0 5 3 X-y- 14 =0 and makes with the positive

direction of the X-axis a positive angle of measure 135°is ...............

@X+y=0 (b) X+y=2 ©X-y=2 dy-x=2



Straight line

n Find the equation of the straight line which passes through the point of intersection of the
two straight lines : 3 X+2y=4 and 2 X+ 3 y = 1 and passes through the point (1 5— 1)

«y+1=0»

B Find the equation of the line passing through the point of intersection of the two lines :

2X+y=254X+3y-3=0 and the origin point. «2X+3y=0»

B Find the vector equation of the straight line which passes through the point of
intersection of the two straight lines whose equations are r=k (352) » 3X-2y=13

and parallel to the y-axis. «r1=(3 - 2)+k(@©s1)»

ﬂ Find the equation of the straight line passing through the point of intersection of the two
straight lines X -3 y + 5 =0 and 2 X — y — 4 = 0 and parallel to the straight line

X-2y+1=0 «5X-10y+11=0»

B Find the equation of the line passing through the point of intersection of the two lines

5X—-y=5and X+2y=1 and perpendicular to the second line. «2X-y-2=0»

BMProvethat:Thetwostraightlines:2X—3y+4=0 ’ _;=(1 52)+k (-2 53)are

intersecting orthogonally s then find their point of intersection. «(192)»

n [ Prove that : The two straight lines : X—4y+14=0and4 X+ y+5=0are
perpendicular, then find their point of intersection and the equation of the straight line

passing through the point of intersection and the point (2 5 1) «(=293)92y+X-4=0»

B Find the equation of the straight line passing through the point of intersection of the two
straight lines : 2 X +y —1=0and X—y + 3 =0 and cuts from the negative direction of

the y-axis a part of length 3 length units. «8X+y+3=0»

Q Find the equation of the straight line passing through the point of intersection of the two
straight lines 5 X—y =5 and X + 2 y = 1 and cuts from the positive directions of

the coordinate axes two equal parts in length. «X+y-1=0»
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L, :3X+2y-7=0 > L,:r=(-2,0)+k(32)

s then find :
The Cartesian equation of the line L,
The measure of the angle between the two lines L, » L,
The point of intersection of the two lines L, » L,
The equation of the line passing through the point of intersection and the point (3 » 4)

The length of the perpendicular drawn from the point of intersection of the two lines

to the straight line whose equationis : 3 X-4y-9=0

The area of the triangle determined by the two lines L, » L, and the X-axis.

m Life : Two straight roads » the equation of the firstis : 3 X-4y—-14=0»
the equation of the secondis: 4 X+3y—-2=0
Prove that : The two roads are perpendiculars then find :
Their point of intersection.

The equation of the line which passes through the point of intersection and the point
3,-2)

The shortest distance from the point of intersection of the two roads and other road

whose equationis : 4 X +3 =0

The area of the triangular region enclosed by the two roads and the y-axis.

£J Choose the correct answer from those given :

Problems that measure high standard levels of thinking

The point of intersection of the two different straightlines : % + % =1 % + % =Tig o
L, 1
() (a » b) ) (L+a>1b)
a+b a+b ab ab
(C)(ab d ab) (d)<a+b’a+b)
) For any value of k the equation (2 + k) X + (1 + k) y = 5 + 7 K represents .-
(a) parallel straight lines. (b) straight lines intersect at (-2 »9)
(c) straight lines intersect at (2 5 —9) (d) nothing of the previous.
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Straight line

8 Find the equation of the straight line passing through the point of intersection of the two
straight lines : X + y = 4 and X —y = 2 and the length of the perpendicular drawn to it from
the origin point = 1 length unit. «y-1=00r3X-4y-5=0»

B Find the equation of the straight line passing through the point of intersection of the two
straight lines :?: G>2)+k253) » ;= (11 ,4) + K (3 » 1) and the length of the
perpendicular drawn from the point (- 2 5 1) to it equals 5 ’\/—E length units.

«TX+y-37=0>»

ﬂ IfA=(1,1) 5 B=(7 54)and D =(2 » 7) are three vertices of the cyclic quadrilateral
ABCD in which m (£ B) =90° , find :

( 1) The equation of (B_C)
( 2 ) The equation of (C_D)

(3) The coordinates of the point C «y+2X-18=056y+X-44=0,( %4, 1),
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MULTIPLE CHOICE
ACCUMULATIVE QUIZZES

First : Accumulative quizzes on algebra

Second : Accumulative quizzes on trigonometry

Third : Accumulative quizzes on analytic geometry



9 First :T Accumulative quizzes on algebra <@ m"cf

on lesson 1 - unit 1

Choose the correct answer from those given :

L |
(1)IfA=| 1 3 5
1 5 6

(a) -1

(2)IfA=( 2 ‘3) : B=(2
1 4

(a)—2
1 5

(3)IfA=( 3 2),thena]2+a32:

-1 7
(a) 8

1

I x 2
4)If =| _
wr( ) s

(a)—-15

(b) 12

(5)1f<1+i l—i)_(a
sin X 1 c

.1 T
(a)ﬁ (b)?
(6)IfA = sin 30° 1
—(tanz 60° cot 45°)
sthenm+s-n=............
(2)2 (b)~1
1+ 1-1 a
(7)If( ):(
i -1 C
(a)X2—4:0
(©)X?-2=0

(b) zero

!
21(

b)-3

1s a symmetric matrix s then X = -

(©4 (d)6
i)whereA:B‘,thenk:.....
()8 (d)-6
(c) zero (d) 10
1\
6) sthen Xy =
y
()2 (d) 15
Z)andabcd:l ,O<X<12c—,thenX=-------~------
T T
(C)T (d)T
m ~ cos 60° 1
B=(" 00260 : and A=B
S +sec”45° n + cos” 90°
(c)-2 (d)1

) » then the equation whose roots a> s 2 dis <« .......

(b)X?+4=0
dx?+2=0



Quizzes

(8)IfX=(a;b b]2> ’ Y:<a—264 6)and2X=Yt,thena+2b= -------------
- —a

(a) 4 (b) 8 ©) 10 (@ 12
(9) The matrix (3 2 1) of order oo

(@)2x 1 (b)1x3 (c)3x2 @d3x1

(10)If(a z):3IwhereIistheunitmatrix sthena+b+c+d=-e
C

@35 (b) 6 ©7 d) 8
(11) If the matrix A of order 2 x 2 and Ay = % sthena;; X ajy X @y X dyy = s
(a) 4 (b) 2 ©]1 @ %
X 2 3
(A2)IfA=|z y n | » which of the following sufficient to find the value of X ?
=3 5 m |
(@ A=A" (b)A=—A'
(c) A is a diagonal matrix (d) nothing of the previous.

al mg,.
RS

Choose the correct answer from those given :

(1) If the matrix A is of order 2 x 3 » then the number of its elements equals -

(@3 (b) 2 ©5 @6
(2)IfA+A"'=0 sthenAdsa e matrix.

(a) row (b) column (c) symmetric (d) skew
(3)If( 96< )_( )1, ):( 2 ) sthen X+ y = o

(@1 (b) 4 ©5 @3



Algebra -

5 -2 6 4\
(4)(4 7)+(2 6)—

| -4 110
(2) O (b)(O 1) (C)(O 1) (d) 1
(5) For any square matrix B # O > the matrix A= B — Btis -ovcoevvrnn.
(a) symmetric. (b) skew symmetric.
(c) zero (d) unit matrix.

( 6 ) If the matrix A is symmetric and skew symmetric in the same time s then -...c........
(a)A=0 b)A=1
(c) Alis a diagonal matrix. (d) Ais a row matrix.

(7)) If Ais a matrix of order 2 x 2 where a,,=y- 27 5B is a matrix of order 2 x 2 where

Z

b ,=Z-Y sthenA+B= oo

y
1 1 I -1 (=1 =2 (1 2)
a b c d
()(2 2) ()(—2 —2) ()k 1 2) ()1 2
a b c |
(8)If| d e f )isaskew symmetric ,theng—:;:\;:fzz .
X y z
(a1 (b) zero ©-1 (d)e
(9) If Ais a symmetric » which of the following could be a rule to find the elements of the
matrix A ?
(a)a,=2y-z (b)a,=y+z ©)a,=y (d)ayz=3y+2z
L
(10)If(4 ZX‘1)=(4 1) sthen X =
1 3 5 3
(a) 1 (b) 2 (©3 (d)5
t
(11)1fX+<f "03)=o,thenx= -

b d) I
(a)(—l 0) ()(1 0) (C)(3 0) ©
(12) (XY= X = oo

(a) O (b) X ©2X (d) zero



— - I N ) o Quizzes

< Marg

Choose the correct answer from those given :

(1) IfA 5B are two matrices where AB =( i ; ) sthen BPA" = ool

23 2 -1 5 -1 5 3
(a)(l 5) (b)(3 5) (°)<3 2) “”(...1 2)

(2)If Ais a matrix of order 2 x 3 » B'is a matrix of order 1 x 3 y then the matrix AB is of

order - o-oreereien

(a)3 x 1 (b) 2 x 1 ©)1x2 (d)3x3
(3)If(4 ]>( ! "1>=I,thenx= ---------------

3 1/\-3

(a)3 (b)-3 (c) zero d) 4
' 2 x\(y —4
4 If == ,h X = i
(4) (0 _1) (0 _1) then X +y

(a) 2 (b)-2 ()6 (d)-6

(5)IfA=(4 0),thenA60= ...............
3 4

530 il 0) b 260(1 0)
(a) (0 q (b) 0 1
590 | 0) d 2120(1 0)
(c) (0 i (d) : ,
(‘6)If( 3% 2X+y)=(25 b),then£= ...............
x+y ¥ a 5 a
@ 5 ) 3 () 15 )5

(7)If Ais a matrix of order 2 x 2 and A + A'=T , then the sum of the elements of A

(a) 4 (b)2 ©) 1 (d) zero

(i) Yfrg/c,\/(auwuowowu)wlﬂt 9



Algebra .

(8)(? 8)(8 ;)z

0 0 2 0
ofi 3} ol 3

0 2 1
d
(c)(o 1) ()(o

(9)If A 5 B are symmetric matrices s then the matrix (A B A) 1S +oeveeneenn

(a) symmetric.

(c) diagonal.

(b) skew symmetric.

(d) zero matrix.

(10) If O is a zero matrix of order 2 x 2 » then the number of its elements is =

(a) zero (b) &

(11)IfA=< 12) R B=(2 3),thenBA=---‘

@(-4) ) (4)

(12)IfA:(§ : 1 ),thel‘lA2=-- enssins

4 1 4 9
b
oy 1) o )

Choose the correct answer from those given :

©) 2 )4

2 3 2
d
(c)(_4 _6) ()(3

1 -3 1
d
(C)(9 2) ()<9

0‘3‘ May.

0
0
5

(© 15 (d)5

equals

2 0
(1) The value of the determinant | _ | 3
4 2
(@) 10 (b) 30
(2)IfA=( 22) y B=(2 5),then(BA)t:--.-v---~-
14
4 -1
@ -1) (b)(_14)

10

(c)( i ) @ (-6)

-10



Quizzes

(3)IfFA(B 55 » B250)andC(-3,3)
s then the area of A ABC equals - square units.

(a) 28 (b) 14 ©7 @2

2
(4) The solution set of the equation : );

_7 ) .
I .=zer01n©1s ---------------

(a) @ b){-2,2} ©{-2is2i} (@ {-i»i}
x Y| X-y 4Y|_ .
(5)1fZ fl—4athen Y.
(@)1 (b) 10 () 12 (d) 16

(6)IfA= ( X £ )is a skew symmetrix matrix sthen 2 f+3 e =
¢ Y
(@f () X+y (©)e+y (d) x

(7)IfA=((1) 1 )andA25=(a 3),thena+b+c+d= ---------------
C

(a) 25 (b) 26 (c)27 (d)28

4 sin O
Of ®)5 ©F @

(8)If‘3 +sin® 1-cos 9‘ = zero » then the value of @ = oo

(9)IfAtBt=(z _2),theanA=. ..............

=] =6 2 5 32 3 -6
b d
(a)(3 2) ()(3 4) (c)(_6 5) ()(2 5)

(10)IfA=(2 3) ’ B=("1C 0) ’ AXB=(9 6),thenx+y= ...............
y
(@3 (b)5 (©)7 @9
(ll)If’x _1‘+‘ I 3‘:2 sthen X = ccooomereeee
2 x| |2 X
(a)3or—2 (b)—-3o0r2 (©)3o0r2 (d-3o0r-2
(12)If‘3 1l><(x 2y)+1=(3 O)t,thenXnyz= _______________
1 0 0 z 1 2
(@1 (b)-1 (©)2 (d)4

11



Choose the correct answer from those given :

(1)lfA:(‘ 2),thenA2=--- o
3 2

Ly 2 4 5 _6 5 _¢6
| ‘ |
(a)<9 4) (b)<6 4) (“)(9 —2) ()<9 ~2>

s 3

3 5 2] -2 5 3 -1
oft 3 el 5) off 3) el )

( 3) The values of X which make the matrix ( X ) has no multiplicative inverse

X-2
2[[‘6 Ll T T

(a)49~2 (b)~-432 (C)—4,—2 (d)472

(4) The area of the triangle whose vertices are A (4 » 5) s B(6s—1)andC (1 56)

equals e square units.

(a) 16 (b) 8 (c) 32 (d) 24
(S)IfA:(:z' j)andA:A”]xB,thenB= ...............

(a)(iz ?) “”(:Z f) (C)(Z :f) (d)(Z *j)
(6)If‘2k3_1 i ‘=2k2+1,thenthevalueofk= ..............

(a) 2 (b) 4 (c) 6 (d)8

(7)If Ais a square matrix of order 2 x 2 and |2A|=8 sthen |3 A|= oo
(a) 9 (b) 12 (¢) 18 (d) 24

12



. P Quizzes

(8)If Ais a square matrix » then the matrix (A + A®) is --ooeeooos

(a) symmetric. (b) skew symmetric.
(c) zero (d) diagonal.
(‘))IfA=<_11 _lz()andA3=—A,thenk: --------------- where k E7
(a) 1 (b)-1 (¢) zero (d)3
(10)If<2 1)( a>=<9),thena+b= ...............
3 -1 b 6
(a)3 (b)4 ©)5 @6
a b ak kec
(an It =6 and =—24 sthen k= covvvveios
C d b d
(a) 4 (b)3 (©)-3 (d)-4
a 5 b 2 a 1 a 0 0
a2t =0 » =0 » =0sthen| -1 b O | = ceemresemennes
5 b 2 C 1 C
2 5 c
(a)+ 10 (b) £ 50 (c) £ 100 (d) £ 20

<o Moz

till lesson 1 - unit 2

Choose the correct answer from those given :
(1) The point that belongs to the S.S. of the inequality : y <2 X+ 318 oo
@E1-1 b)(=1,-1) (©)(©0-3) (d)(-3,-3)

(2)IfA= (3 2) sy B= ( _51 ) » then the only possible operation of the following

IS .............
(a)A+B (b) A' + B (c)AB () AB'
1 3
(3)If 0 2 X 5 =8 X sthen the S.S. 1§ «vvooeevvinen
0 0 X
@ {2,-2} 0{0,-2-2}  ©{LF}  @{o.5 -1}

13



2 6 6 -9
(4)IfA= s B= A 3 sthenAB= ... .. ..
e 7

()1 (b)21 © % I @31

(5) When solving the two equations: a X +by=4 , c¢X+d y =2 » the multiplicative

inverse of the matrix ( 4 Z ) found to be equals ( I : Z ) sthen X +y ="

c
(a)2 (b)3 (c)-4 (d)2
(6)IfA=(X ;) ’ AxA‘1=A2athenX><y= P
y p—
(a)-3 (®)-2 (c)2 (@3
(7)IfL s M are the roots of the equation : X2 ~4 X — 10 =0 » then the value of the
2L -1‘
determinant equals -
3 M|
(a-17 (b)-12 (c)-8 (d)-6

(8)IfX+<§ §)=O,thenX:---

o) el el D) el

(9 ) The point which belongs to the solution set of the inequalities X>2 y<2 s X+y>3

IS vreeereerininn
@@>1) (b)(352) (©@2-2) @d@2-1)
(10) The arca of the triangle with the vertices (1 56) 5 (0 5 10) » (0 » 0)
equals oo square unit.
@35 (b) 10 ()15 (d)20
sin® 0 0

ADE| 2 o 0 |+ $In6 - cosOl_ g then =
1 ‘3 x —cos 0 sin O

~ (a)l S (b)—1 ~(c) zero (d)2sin 6
(12) The solution set of the inequality : X +5<3 X+ 1<2 X +2inRis oo’
(@R-[1,2] ®) 1 ,2] (c)D @ {1,2}

14



Quizzes

Choose the correct answer from those given :

(1) The point that belongs to the S.S. of the inequalities : X>2 > y> 1 » X+y=3

IS =vsmesmmsnsmins

@@B-s1) () (1,2) ©) (352) @ 53)
(2)If|2x i}zm,thenX: ---------------

(@2 (b)3 ()4 @s

(3)If Ais amatrix of order 1 X 3 » B'is a matrix of order 1 x 3 s then we can perform the

Operation -«

(a)A+B (b)B' +A' (c)AB' (d) AB
(4) If the matrix ( )é ; ) has no multiplicative inverse »then X = oo

(a)—2 (b) zero (©)2 (d)3

( 5) If the area of the triangle with the vertices (k 50) »(4 »0) 5 (0 52) is 4 square units

sthenk = ooooven
(a) zero or — 8 (by—4or4 (c) zero or 8 (d)8or-8

(6 ) If A is a square matrix and A2=T,thenA = e

(@)0 (b)A ©)2A (dA+1
(7) The given figure represents the region %
of solution of system of inequalities ’ ls4C ! B |
, then the minimum value of the objective function {4 {_} ' /‘
D™ !
P:3X+2yis ............... I i l. \\J' ‘
N !*J - A -
(a) 6 (b) 8 X-.— =t | e :—x
| =9 1i 2 345 |
()12 (d) 13 R
y\

15



Algebra
(8) The shaded region in the given

figure represents the solution set

of the inequalities ...

(a)X>l ay>2

b 1<X<3,2<y<4 P

(©)1=<X=<3,2<y<4

dX+y=23,X-y=<7 X !

= y
I |
y
(9)If the malrixA:( 0 X - 1)is skew symmetric » then X &
xX2-1 0
(@ {-1,2} (b){0,-1} ey {1,-2} (@{o0,1}
10) 16| X IZJ_- 2N hen =
(a) 2 (b)5 ()6 d=x6

(11) If twice the number X is not less than 3 times the number y s then

(1)2X<3y (b)2X<3y (©)2X>3y

(12) The point that belongs to the region of solution of the inequalities : X=1 yX+y=5

» ¥ 2 2 and makes the objective function p =2 X + y is as small as possible is

(2) (0 55) () (4 ,3) (© (1,4

16

d2x=23y
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Choose the correct answer from those given :

(d) sin® 0 — cos> 0

(d)csc O

(d)-1

(d) sin© cos ©
@243
(@ 25

(d) 25

(d)0.9

(deo

C B

(1) (sin© + cos 0)>—28in B cos O = v (in its simplest form)

(a) 2sin B cos O (b) 1 ()2
(2) %chte_ = S

(a)sin 0 (b) cos 0 (c) sec ©
o sin (T - 6)

cos (27T -6)

(a) tan 6 (b) cot O ©1
(4)sin (90° —0) csc (90° —0) = --cvvveenn (in its simplest form)

(a) 1 (b) sin*@ (c) cos* @
(5)IfX+y=30°thentan (X+2y)tan (2 X +y) = -coooevees

(a) 1 (b) zero (c)-1
(6)Ifsin®—cos 6 = % whereOE]O ,%[ sthen sin 0 cos B = «voovvvvniinns

@ % (b) 5% OF-
(7)If sin O +csc @ =35 »then sin? O + csc? @ = --rvvvvvvvvven

(@)1 (b)5 ()23
(8)Iftan @ =3 »then sec? @ = «overevenene

(@9 (b) 10 (c)-10
(9)3tanOcotO+2sinBcscO+cosBsecO=-oorne

(a) 1 (b)3 (©)5
(10) In the given figure :

ABCD is a parallelogram » then

cosA+cosB+cosC+cosD=-mieeens

(a)-1 (b) zero (©1

(F 5 0) ¥ 05 [ [ (Sbeaaly W Sy, yalxell

(d)4

17



(1) If3sinO+4cosO=5sthen3cos0—-4sinQ=-coreee.
(a5 (b) 4 ©3 (d) zero
(12) The numerical value of the expression : 5 cos @ X 3 sec @ =

(@1 (b) 21 ()8 (d) 15

Choose the correct answer from those given :

(1) The general solution of the equation :

COS O =118 e where n ©Z
T 1
(2)n 7T ) 2nm (c)7+n3'li (d)7+2n3'l7
| —cos” 0
2 = b ] = i
(2) ] -sin‘(“}+
(a) 2 (b) 2 cos? @ (c) sec®® (d) csc?®
(3)sin0cosBcotO+8sinZ0 = (in its simplest form)
(a) -1 (b) zero (©1 (d)2

(4)If0089=% s 0E %J!,Zﬂ[,thenez ...............

@3 OF % ©2m @ K m
(5)Ifx,yE[0:27[ » 6=X+y »then the set of values of 6 satisfy sin X siny = 1
equals oo
@ {7 »2 7} ) {7 3 7} © {% 2L &%
(6)If X E[0 » 7| »then the solution set of the equation cos X = % is the same solution set
of the equation .-
(a) tan X=2sin X (b) 2 cos? X = cos X
(c)2cos> X +3cos X=2 (d)cos%X:l
(7)sin®0+cos? O +tan? Q= v oo
@1 (b) sec? @ (©) cot* @ (d) 2 tan®

18



Quizzes

(8)Ifk=4sin3X-5 thenk &vevveee
(a) [-454] (b) [8 5 11] © [57] @ [-9--1]
(9)Iftan @ =1 5 then one of the values of B8 -eoeeveivees
(a) 30° (b) 60° (c) 135° (d) 225°
(10) 3518 = 1 , where § €10 52 7T[ s then @ = oo
(a) 45° (b) 90° (c) 180° (d) 270°
sin © + cos> 0 _

(11) Iftan 0 =4 sthen ——5 ———5 = =

sin? @ —cos’ 6
@ () 1 © 5% (@ -1

(12) The solution set of the equation : sin X + cos X = 0 where 180° < X < 360°

(a) {210°} (b) {225°} (c) {240°} (@) {315°}

<! Mary

till lesson 3 - unit 3

Choose the correct answer from those given :

(1) In the opposite figure : a
M (L C) = creverrveennes ° g’
(a) 56° 27 (b) 39° 48
(c) 33° 33 (d) 50° 12 F——5

(2) In the opposite figure :

XY = e cm. (to the nearest cm.)

(a) 9.8 (b) 6.9

(c) 8.4 (d) 14.6
(3)If6E[0>T] » cosO+1=05then B = p

(@) 0 (b) 90 (c) 180 (d) 270

19



Trigonometry

(4)Ifc0t6=% ,thencs029=- ..............

OF ®) 5 ©% @3
(5) In the opposite figure : i
BC is a diameter in circle M »AB = 8 cm. ﬁﬁ:\“
>m (£ ABC) = 6° , then the area of AABC = ... cm? C "
(a) 8 cos O (b) 8 cot O (c)32tan 6 (d)32sin 0
(6) ABC is aright angled-triangle at B s AB = 3 cm. » its perimeter = 12 cm.
sthenm (£ C) = -vvvveeene.
(a) 37° (b) 14° (c) 18° (d) 53°
(7)) The general solution of the equation cos 6 = — 1 i ------vvet where n €7
(a)%+3’lin (b)%+3‘l¢n (C)T+2Tn (d)%+2nn
(8)IfcscO —ﬁ: % s then cot 0 + si; g =
@ 15 ®5 © 35 @1
(9)H2sin X—1=0 where X is the greatest positive angle » X €[0 5 360°]
sthen X = - oeovrnen...
(a) 150° (b) 315° (c) 330° (d) 30°
(10) sin? (%—e) + cos? (e-%)— 1= e ;
(a) zero b1 (c) sin® © (d) cos? 0
() Hsino=2 , oo ,%[ sthen1+tan? 0 = ...
(@) «/a%b_ (b) va‘%b © vlj—a ) VTI\
(12) The general solution of the equation :
3 cot (—ZL - G) =V§is --------------- (where n €%)
(a)%‘—+2nn (b)%+717n (c)7T“+2nn (d)%+3‘tn

20



Quizzes

<o Mar,

till lesson 4 - unit 3 v

Choose the correct answer from those given :
(1)1f0°<0<180° 5 Y3tan6—1=0 then = o
(a) 30° (b) 60° (c) 120° (d) 150°
(2) It is possible to solve the right-angled triangle except the case in which
the givens are - '
(a) lengths of two sides of the triangle.
(b) lengths of two sides and measure of the included angle between them.
(c) measures of two angles of the triangle.
(d) length of one side and length of the hypotenuse.
(3) The general solution of the equation : tan 6 =V§ IS eereeesenens

@ T+nm ®Z+207 @48 20w (@ F+nm
(4) sin (90° — 0) csc (180° — Q) = -vveveereeene (in the simplest form)

(@-1 ®1 (c) tan O (d) cot ©
(5)Ifsin A+sin B =2 sthen oo

(a) cosA+cosB=0 (b) cosA—cosB=1

(c)sinA—sinB=1 (d)sin(A+B)=-1

(6) If A ABC is a right angled-triangle and the lengths of its sides are : a »a + 1,a-1
where a> 1 » then the measure of its greatest angle is approximately -
(a) 36° 52 (b) 48° 18 (c) 53° 8 (d) 62° 42

(7)) From a point on the ground surface 40 m. away from a tower base » the measure of

elevation angle of the top of the tower is 72° > then the height of the tower to the nearest

MELLe 1§ «-eervrererer m.

(a) 120 (b) 121 (c) 122 (d) 123
(8) (5in® 40° + c0s2 40°)° = wvovvrins

(a) 1 (b) -1 ©)5 -5

21



(9) In the opposite figure :
ABC is a right-angled triangle
atA s AD L BC , AD =sin2 0
sthen BC = - vovovvnnn.
(2)sin O (b)tan © (c)cos O

(10) In the opposite figure :
The angle of elevation of the top of a tower of length 50\/3111.

is measured from two points A and B on the same horizontal

line as the tower base » their measures are 30° 5 60° respectively

» then the distance between the two points equals ... m.

(2) 1003 (b) 503 (¢) 100
(11) The expression : 1_7,““ ? in the simplest form is oo

sin” 6 —

(a) - tan® @ (b) - cot? 8 (c) tan® @

(12)Ifcsce—cot9=% sthencsc@+cot@ =
-1 1
(a) T (b)5 © 5%

weros

Choose the correct answer from those given :

(1) The perimeter of the circular sector whose area is 18 cm? and length of its arc

18 6 cm. equals oo cm.
(a) 18 (b) 12 ©)9 (d) 15
A
(2) In the opposite figure : ///
AC= oo, cm. /'/ g
2
(a)13.2 (b) 8.3 A3 d
(c)3.7 )59 3
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Quizzes

(3 ) The general solution of the equation 1cos (90° —0) = 118 ~ovevevereee (where n €7)
(2) TTn OF; Ni2mn (c)2Tn (d)TT+2Tn
(4) sin? @ + cos? 0 + tanZ @ — sec® @ = oo (in its simplest form)
(a) 1 (b) -1 (c) zero (d) 2

(5) From a point on the ground surface 35 m. away from the base of a house » a man
measures the elevation angle of the top of the house » its measure was 45° » then the

height of the house i -+ m.

(a) 45 (b) 35 (c) 25 (d) 55
( 6 ) In the opposite figure :

M and N are two distant circles » al and a

LN
are the areas of the two sectors and —=

2
9 A _
5
sthen © = e

(a) 72° (b) 80° (c) 90° (d) 100°

(7)) The area of the circular sector » the measure of its central angle is 120° 5 in a circle of
area 24 cm? equals oo cm?
(a) 24 (b) 16 (c)8 (d) 36

( 8) The perimeter of a circular sector is 12 cm. and its area is 9 cm? , then the measure of its

central angle 1S ST
1 rad

(@) 7
(9)If25sinOcos 6 =12 s then cos O —sin @ = oo

V3 (£

@ % OFE © x5 @

10 sin® , cos O _
( )cscﬂ ‘sec O

(a) 1 (b) sin O + cos 0 (c) csc O sec © (d) tan ©

(©) 1 3" (@ 2%

1) If6EJ0 52 [ 5> 2cos® +\l€= 0 » then one of the values Of 0 is «+wwveeeees
(a) 30° (b) 60° (c) 210° (d) 240°

(12) If 0° < X < 360° 5 then the number of solutions of the equation :
3 sin X = tan X is «eoeenee

(a) 2 (b) 3 (c) 4 (@5
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Trigonometry

Choose the correct answer from those given :

(I)Sin29+cos29+cot29= ...............

(d) cot® @

(d)8

(d) 120°
where n €7

(d)%+2n3‘lﬁ

A
C T D L B

(d) 5 sin 40°

(a) sec’ (b) csc® 6 (c) tan® @
(2 ) The area of the circular sector which the radius length of its circle is 4 cm.
and the length of its arc is 6 cm. equals --ooeenne cm?
(a) 24 (b) 12 (c) 10
(3)Ifsin®+cos0=0 5 where 0 <0 < 180° sthen @ = ----.......
(a) 45° (b) 135° (c) 60°
(4) The general solution of the equation : Cos B =11s ---oerenee.
(a)nT (b)2nTm (c)%+n3‘£
('5) In the opposite figure :
DEBC ,AD=DB =DC =5 cm.
sm (£ ADB) = 80°
sy AC = -iisicgimnsg cm.
(2) 10 sin 40° (b) 10 sin 50° (c) 5 sin 80°
(6)IfsecO—tanO=2 sthensec @ = -eovrvrr....
(@5 b1 ©) 4
('7) In the opposite figure :
The length of BC = --vvvoon..... cm.
(2)5 (b6 2
©3 2 ()3

( 8 ) The number of solutions of the equation :
cos’0—4cos O +4= Oequals oo

(a) zero (b) 1 (©)2
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Quizzes

(9) The area of the circular segment whose central measure is 30° and the radius length of its

circle is 27y 3 cm. equals oo cm?
@F+2 (b) T -3 (©) T +3 @T-2
(10) T:mfﬁ 43602 0 = reoersereerenes
(a) 3 (b) 1 (c) 3 sin® 0 (d) sec® ©
(11) In the opposite figure :
The area of the shaded region _
equals «--eorerees cm? §
()87 (b)16 T
(©) 4T @2 o
(12) In the opposite figure :
The radius of circle M is 10 cm. o
sBC =AC »m (£ ACM) = 36° A
» then the area of the shaded region = «---eooeeer cm? C ﬂ
(a) 20 T¢ (b)30 7T \ B
(c)40 Tv (d)50 7T 0&a\ m '9"4

Choose the correct answer from those given :

(1) If X is the side length of the equilateral triangle whose area is 9\/? cm?

s then X = -oereeeereees cm.
(2) 6 ®) 643 ©393 d)3
(2) The radius length of the circle of the circular sector whose area is 45 cm?
and the length of its arc is 10 cm. equals -+ cm.
(a)4.5 b)3 (c)9 @e
( 3) The area of the regular pentagon whose side length is 12 cm.
equals -eeeeeeees cm? (to the nearest cm?)
(a) 131 (b) 991 (c) 50 (d) 248
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(4) The area of the convex quadrilateral whose diagonal lengths are 12 cm. » 8 cm. and the
measure of the included angle between them is 30° equals

(a) 48 (b) 108 (c) 24

(5)If0E[0 5 7t[ 5 then the value of © which makes the roots of the equation :

X2+2X+2cos9=0areequalis ---------------

@Z b) 2 ©Fm
(6 ) In the opposite figure :

Mis a circle s MC = 6 cm.

»m (£ AMB) =m (£ CMB) = 40°

» then the area of the shaded region = ----.-.o.-... cm?

(a) 47T b)5sSm ()67

(7)Ifa+b=230°,then the numerical value of the expression :

sin(3a+2b)+sin(9a+8b)= e

(a) 1 OYE) () zero
(8) In the opposite figure :

The area of A ABC equals -+ooveve cm?

(a) 24

(b) 28

(c) 32

(d) 35
(9) The area of the circular segment whose chord length is 18 cm. » and the radius length of

its circle 18 cm. approximately equals ... cm?

(a) 29 (b) 28 (c) 30
(10) The general solution of the equation : cos 6 = 0 is «+ et

(2) Ttn (b) 27T n (c)%+3‘lﬁn
(11) In the opposite figure :

ABCD is a parallelogram

it’s areq = «-ovreeeereenns cm2.

(a) 16 (b) 20 (c) 24

(12) In the opposite figure :
BD = 6 cm. s the area of the figure ABCD = 24V§cm2.

»m (£ BEC) =120° sthen AC = -+oovvveee. cm.
(a) 12 (b) 14
(c) 15 (d) 16
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Choose the correct answer from those given :
(1) On the Cartesian plane sif A(4 5—-3) » B(4,4) > C+=2,-1) andﬁiis
equivalent to AB s then the point D is -eeoeov

(a) (=2 56) (b) (2 5-6) ()7 (d) (0 s=7)
(2) If ABCDEF is a regular hexagon whose centre (M) which of the following directed line

segments are not equivalent ?
(2) AB » FM (b) AB ,ED (©)AB,MC  (d)AB,MD
(3) A car covered 20 metres due north » then it covered the same distance due west s then the
displacement of the car is oo
(a) 40 metres due west. (b) 40 metres due western north.
(c) 20’\]3 metres due western north. (d) 20\/3 metres due western south.
(4 ) Which of the following is a vector quantity ?
(a) The time (b) The temperature

(¢c) The displacement (d) The mass

(5) If a cyclist travels 12 km. due to the north » then travels 4 km. due to the south from the

point he reaches » then the total distance covered by the cyclist during the whole journey

............... km.
(a) 12 (b) 4 (c)8 (d) 16

(6) ABCD is a rectangle » if a particle moves from A to C then to D » then its
displacement -
(a) of magnitude AB in BA direction. (b) of magnitude AD in DA direction.
(¢) of magnitude AD in AD direction. (d) of magnitude DC in DC direction.

(7) ABCD is a square » its diagonals intersect at M. If X » Y are the midpoints of AB »BC

respectively » then XY is equivalent to -
(2) CM (b) AC (c) CA (d) AM

(8) If the point B is the i image of the point A (2 » 3) by reflection in the y-axis and C (1 » - 3)
s ABis equivalent to CD » then the coordinates of the point D is «--e-e--

(@) (-253) (b) (2 5-3) (©)(=353) (dE3,-3)
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Analytic Geometry

<o Mar,

Choose the correct answer from those given :
(1)IfA=(6>-8) sthen || A || = e
(2) 6 (b) 8 (©) 10

(2)IfK=(3 '—2) 6=(—2 » k) are parallel s thenk = .-

(a)-2 (b) 3 ©) %

(3)IfA=(-4+2) 5> B=(3 »—5)sthen A +2 B = o

(@) (2,8) (b) (8 52) (©) (2 5-8)
(4)IfK=6V§T—6},thenKinthepolmf0m= ---------------

(a) (12 530°) (b) (12 5 150°) (c) (12 5210°)
(5)IfK=(3 ,%) sthen 2 A = ..

@ (6,2) ®) (6,7 ) ©(3,%)
(6)If|-4A]=5|kA>thenk = oo

(a) -l_-% (b) i—% ©) £5

(T)HEC=(551) 5 D=(-2:4) sthen|C+ L D= ..

(2) 25 (b)7 ©)5
(8)IfA=(-152) » B=(3,7) » C=(7512) »then C =
@2A-B ) A+2B ©2B-A
(9)IfA=(356) » B=(X=5,10)»and A LB »then X =

(a)—-20 (b)—18 (c)-16

(d) 14
=4
@

(d) (=2 58)

(d) (12 5 330°)
JT

@ (3,2)

(d+4

(d)-15

AOIEA=371-47 , §=},c=(5,%),then||x||+||§||+||a||= ...............

(a) 9 (b) 10 (c) i1
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Quizzes

—_—

(A)TfA=2i-] » B=i+] » C=i1+3jand A L (k B+C) sthenk= -

(a)-1 (b1 )3 (d) 4
(12)If A =—3 B »then ot

(a)-3 A=B (b) A » B act in the same direction

©ALB @A/IB

till lesson 3 - unit 4

Choose the correct answer from those given :

(1)IfAB =CD where AB=(6+4) » C=(=153) sthen D = -covcve
@G -7 ®) (=55-7) © (=557 @7
(2) The Vectotﬁ: —12_;— 123 is expressed in the polar form as ----e-eee
@M=(12,T b M=(1292,T)
5T

)

©M=(1292,3%) @M=(1292»

( 3) In the opposite figure :

ABCD is a parallelogram whose diagonals intersect at M D A

—_—

» then each of the following expresses AC except -

(2) AB + BD (b) 2 AM M
() AD + DC (d) BC + DC ¢ B
(4)In AABC »if D is the midpoint of BC
,then BA + CA + AD = oo
(a) BC (b) DA (c)2DA (d) CB
(5) IfK ,ﬁare two non-zero vectors s and || K+ _];” = || K—ﬁ" sthen «--vvvvvvveies
(a)A=—B b)A=B ©A/B @ALB

( 6 ) The measure of the angle between the two vectors A=3i+ 33 , B=i +\/§ 3

1S weeersnvaiears

(a) 45° (b) 30° (c) 60° (d) 15°
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Analytic Geometry

(7)E—B_AL=---~~--------
() zero (b) 2 AB (c)2BA @0
(8)TFA=20i-15] » B=7i+24jandM=A+B » N=A—B sthen -
(@) M/ N M LN (©)M=N @ IMI=IN]
(9 ) In the opposite figure : F E
ABCDEEF is a regular hexagon
sthen (AB-CB) + AF+DE= . . 8 L
(2) FE (b) AE /
() AD ) AC 5 ®
(10) In the opposite figure : A . E . D
ABCD is a rectangle » E is the midpoint of AD
sthen EB + BA — DC = vcevvrrereonn. \
(1) EB (b) BE 3 C
() EC (d) CE
(If3A+B=(5,-2) » AB=(=3,10) sthen A= .
(@) 2,-1) ®)(=1,2) ©) 2,-3) (d) (-2,3)
(12)IFA(k»2) > B(1>—1)and|AB|=5,thenk =
(a) 5 (by-3 (c)S5or-3 (d) 15
«o®! Moy

till lesson 4 - unit 4 w

Choose the correct answer from those given :

(1)If _ﬁl =2i-5 T > ﬁz =i+2 ] affect on one point » then the magnitude of the resultant

force = -ooviiinnnnnn. newton.

(@ 23 ()9 © 392 ) 92
(2)TfV, =120 5 Vy==90¢ »then Vg, = -

(a) 210 e (b) 30 & © -30¢ d) -210 ¢
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Quizzes

( 3) In the opposite figure :
ABC is a triangle » if D is the midpoint of BC
» E is the midpoint of AD » then

AB + AC = i AE
@1 (b)2 .

(4)IfA=(6+8 » B=(352Kk) » ALB sthenk=
-9 =)
(@2 (b) m © g
( 5) In the opposite figure :
OA=0B =6cm. sm (£ 0)=120°

s then ” K];" RN cm.
(a) 6 (b) 12
© 6y3 @ 642

( 6) In the opposite figure :
ABCD is a rectangle

E is the midpoint of CD
) then KE + ﬁh A
(2) AB (b) AC (©)2AD

(7)) If the vector (K -2 —6) is equivalent to EK s then -ﬁ is equivalent to «-ooooe

@2 A (b) C © 2BC

( 8) In the opposite figure :
" A " = 4 length unit » then A = s

| L
s
A B
(d) CA
@2C
7
i
30 X
(0]
}'\ /

@ (2,273)
® (243 »2) X
© (4+3)
@ (132
(9)Ifthef0rces§:= (8 2 % J'l?) s E:aq+ 3-3 ) I_:;=—5ﬂ1+(b+2)§actatone
point and the system is in equilibrium » then —le;— = i
(a) 13 (b) - 13 ()1

d-1
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Analytic Geometry
(10) In the opposite figure : y

If F; = F, = 3 newton » then the resultant
of the two forces F1 and F, is ﬁ T e B 7
(a) (3 5180°)
(b) (6 5 180°) o
() (3 590°)
(d) (6 590°)

(11) In the opposite figure : D X C

ABCD is a square s AY + XY =k XC :

sthen k= - oooiein. >Y

(a1 (b) 2 o
(c)3 (d)4 A .

(12) If A » B are two unit vectors sthen oo
@[Aa+Bl=2 ®|A-B]=2
©lA+Bl=>2 @|A+B]<2

Choose the correct answer from those given :

(1) If OC = (12 iy ) is the position vector of the point C with respect to the origin point O

, then the point% 0§ e,

(2) (6 »6) ) (6,673) ©(-61356) @ (6y3,-6)
(2)IFA(755) 5 C(55=2) »then AB + BC = ..

(a) (12 5 3) ) (=25-7) (©)(2-7) (d) (7 ,-2)
(3)IfC (4 5 6) is the midpoint of AB where B (258 sthenA=-...........

(a) (6 54) (b) (6 514) ©) 357 d)@2,-2)
(4)IfA=(k>5) > B=(=20516) » A LD sthenke= ...

(a)-4 (b) 4 (©)5 (d)-5
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Quizzes

( 5) In the opposite figure : A
v/ RE LAY _ 3 /\

IfA(l,2),B(6,2),XY//BC,E=§ / \\

. \
s then the coordinates of the point X is «----oeees y— \\

f \‘.

(@i (b)452) L
(©) (=2 ,4) (d)(-452)

( 6 ) The vector represents a uniform velocity 6 km./h. for a car moving due to the western

@32i+372 ®3Y2i-3V2
©-3Y21+3127] @-6y2i+6y27
(7 ) All the following are unit vectors eXcept -«
(a)(1-0) (0)(05-1) (¢)(0.6 ,0.8) (d(1-51)
(8)CEABand AB=4BC » A(=1,4) 5 B (3 »4) the coordinates of C is -
(@) (0 -4) (b) (4 -2) (c)(4-0) (d)2-4)

( 9) The ratio of division that the X-axis divides the line segment AB where

A(255) 5 B(75=2)is e
(a)5:2 b)2:3 (©3:2 (d2:5
(10)InAABC sA(355) » B(7510) 5 C(23) 5then the coordinates of the point of

intersection of its medians is -+«

(a) (4 56) (b) (6 »4) ©(©-9 ()9 ,6)
(11) In the given figure : A
If 4 AC = 3 AB » then the coordinates ’//” .
of the PoInt B is - wvvervvee- C:(;,- L B
(a) (=5 514) (b) (-4 ,16)
(c) (=3 520) (d(=252)

(12) If the position vector A= (V? > 1) is rotated around the origin by an angle of measure

45° clockwise s then the polar form of the vector A after rotation is -

(a) (2 »30°) (b) (2 5315°) (c) (2 5345°) (d) (2 515°)
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Choose the correct answer from those given :

(1) The equation of the straight line passing through (2 »— 3) and is parallel to X-axis

(a) X+3=0 (b)yy+3=0 (c)X-3=0 (d)y-3=0
( 2') The vector equation of the straight line : 4 X + 3 y = 12§ «-veevvevees
(1) T=(-456)+k (4 »3) D) T=(6>s—4)+k 3 »4)
©)T=(6s-4)+k (=3 54) (T=(6r—4)+k (=3 »— 4)
( 3 ) In the opposite figure :
All the following express AE EXCEPL revvsinivaenas D
(a) AC +CD +DE \
(b) AB + BD + ED
(c) AD + DE
() AB+BC+CD + DE e
(4)If u= (2 5-3) is a direction vector of a straight line » then all the following vectors are
direction vectors of the same straight line except the vector -«
(@) (-253) (b) (=2 >-3) (c)(45-6) (d) (= 4,6)
(5)If the point A (0 5 0) is the image of the point B (4 » 2) by reflection in the straight line L
» then the equation of L is --vvevevvno

(a)X=2y B)2X+y=5 (©2X-y=5 (I)X+y=6

( 6 ) The vector represents the displacement of a body covered distance 40 cm. due to eastern

SOUth 1§ «+-vrervenenn
@202 +20Y2 () -20Y27+2092
(©)-20927i-20Y2 ] @ 0Y2 2023
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Quizzes

(7)IEABs-5) » B(=155) » M (6 5 k) and AB // M sthenk = o
(a)-15 (b)—10 (c)-5 @3
( 8 ) The ratio by which the y-axis divides AB where A (2 55) » B(657)equals e
(a) 1: 3 externally. (b) 3 : 1 internally.
(c) 1: 2 externally. (d) 3 : 2 internally.
(9 ) In the opposite figure :
The equation of the straight line OC 1§ wepmispssss ¢

_ %,
@y=2x - <

(b) y= X x'f' (5] fnen. B_’x
N
©y=_-X

(d)y=mn X

(10) The straight line : 6 X8y = 48 makes with the coordinate axes a triangle

5 its perimeter = «-ooeoeeees length unit.
(a) 48 (b) 24 (c) 12 (d) 8

(11) The perpendicular direction vector on the straight line X=3+2k » y=4-k

IS rereeerraeene

(a)(2,-1) (b) (152) ©@2-51) (d) (4 +-2)

(12) The equation of one of the two straight lines bisecting the angle between the coordinate
AXES 1§ reererrrarnrn
(a)y=2 (b) X=2y ©y=X (dy=4X

till lesson 3 - unit 5

Choose the correct answer from those given :

(1) The measure of the acute angle between the two straight lines T= (252)+k(1s1)and
the straight line X = 0 equals -

(a) 45° (b) 30° (c) 135° (d) 60°
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If the perpendicular direction vector on the straight line is n= (3 »4) 5 then the slope of

this straight line is -----....

=gl 4 3 =3
3 3 4 4
If ABCD is a parallelogram » then BA + BC + DB = cvvvvvoo.......
Zero (b) Z;(; (©) E (d DB

The measure of the angle between the two straight lines L:X+2y+5=0
'Lyir=(15,4)+k(1,2) equals oo

ZEero 45° (c) 90° (d) 135°
IfB(@©5>3) 5 C(350)andA lies in the third distance between B and C » then the point
A is ............ .

(1,2) b) (2 5 1) ©15-2)  (@d)2,-1)
(6)fA=(m-1,2) , B=(3 »—4)and A // B 5 then the value of m = oo
(a) _% (b) zero (©) % (1

(7)) The measure of the angle between the two straight lines X=1 y=2equals i
(a) 30° (b) 45° (c) 90° (d) 180°

(8 ) The measure of the obtuse angle between the two straight lines y = (2 —’\/—3—) (X+5)
,y=(2+'\,?) (X —T) s cooererrennen
(a) 150° (b) 60° (c) 135° (d) 120°

((9) The perpendicular to the straight linc = Bs2)+k (1 s —'\/?) makes with the positive

X-axis an angle of measure -.-........

120° 30° (c) 60° (d) 150°
Two cars A and B move in a straight line , if ;I: =301 s -\§= 501
> then v, p = conesersernane i

80 (b) 20 (c)-20 (d) - 80

(11) If the straight line : % + % = 1 makes with the coordinate axes a triangle , its area = 9

square units sthenb=-..........
(@3 (b)-3 (c) 6 d)z6
(12) The set of values of k which makes the measure of the acute angle between the two

Straightlinesx+ky—8=0 s 2x_y—5=0equals%is ...............
(@ {3,-1} ®{-3:3}  ©{:1} {3}
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Choose the correct answer from those given :

(1) If (6 »4) » (3 » m) are two direction vectors of two parallel straight lines

(2) 4 () 3 (©2 @ =
(2) The equation of the straight line passing through the two points (3 50) »(0 »—2)

@ X +F=0 (b) X+ =1 ©X-F= @ F-F=1
(3) The measure of the angle between the two straight lines whose slopes are
_%_ s— 2 equals --rrereeeeeeee
(a) 45° (b) 30° (c) 90° (d) 60°
(4) The length of the perpendicular drawn from the point (1 » 1) on the straight line :
X+y=0equals oo length unit.
(a) 2 42 ©1 (d) zero

(5) In triangle ABC sB (3 55) » C (=3 5—7) »DEBC such that

the area of A ABD = % the area of A ABC s then D = - ovvereee

@(3,1) ®) (2 ,2) © ©>-1) () (1 51)

(6)If u= (3 »—4) is a direction vector of the straight line » then all the following are

direction vectors in the same direction as the line except -~
(a) (=3,4) (b) 9,-12) (c) 3 +4) (d) (155-2)
(7) The distance between the two straight lines 3 X -4y +20=0 > 3X-4y+10=0

equals oo length unit.
(@2 (b)3 (c) 4 (d) 5
(8) The length of the perpendicular drawn from the point (- 1 5 4) to the y-axis equals
............... length unit.
(@7 (b -1 ©1 (d) 4
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(9)ABCD is a square »A (2 5 — 3) ,theequationof(C_I-)) »3X—~4y+2=0 ,then the area of

the square ABCD = e square units.
(a)4 ®)9 ()16 (d) 25
(10) The measure of the angle between the two vectors K = 3? +1/§ ; ’ _ﬁ =— 4?
equals e
(a) 45° (b) 60° (c) 120° (d) 150°
(11) AB+BC+CD + DA = v
(a) CD (b) BD © 0 (d) CB
(12) The length of the perpendicular drawn from the origion to the straight line
r=(550)+k(4>3)equals - length units.
(a) 15 (b)5 ()3 (d)4

< Moy

Choose the correct answer from those given :
(1) The measure of the acute angle between the two straight lines :

X-3y+5=0 5 X+2y-T7=0equals ..

(a) 60° (b) 30° (c)45° (d) 75°
(2) The length of the perpendicular drawn from the origin on the straight line :

;= (10 50) +k (4 5 3) equals -evvvevvee length units.

(a) 15 (b)5 (c)6 (d)4

(3) The equation of the straight line passing through the origin and the intersection point of
the two straight lines: X=1 5 y=2is oo

() X-y=0 b)X-2y=0 (©)2X-y=0 (d2X+y=0
(4) In the opposite figure : 2 AD = oo A
(2) AB+AC //
(b) AB + BD /
(c)2AB+2CD Ay
(d)BA +CA £, J .
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Quizzes

( 5) Which of the following points lies on the straight line r = (-2, +k(1,-3)?
-5 -3 .1 3 1 -7
@ (525-2) b (253) ©(32,-1)  @(5-2)
(6 ) The straight line : % + —z— = 1 makes with the coordinate axes a triangle

its area equals «-ooeeeeee square unit.

(a) 4 (b)y7 (c) 14 (d) 28
(7 ) In the opposite figure :

ABCD is a trapezium AD + BC=k YX

» then the value of kK = »ovcoeveeees where k ER

(a) —2 (b) -1 ©1 @2 ©

(8)If E; =2,1) > E; = (- 2 »4) are direction vectors of two straight lines s then the
measure of the angle between these two straight lines equals -+
(a) 45° (b) 60° (c) 90° (d) 180°

(9) The vector equation of the straight line passes through the intersection point of the two

straight lines L, : X-5=0 > L,:X+y=13 and its direction vector (4 5 1) 1§ «eeeeees:

length units.
@ T=@>1)+k(558) (b)T=(5,6)+k@>1)
©T=(5-8)+k@»1) @) r=(5>-8) +k(l»4)

(10) If the two straight lines: y=5X+c » y=a X + d are parallel sthena =
(@5 (b) -5 (c)-4 (d 4

(11) The coordinates of the point lies at %— the distance between A and B where AB is a line
segment and A (3 »— 2) 9 B(=195)is e
@) (153) ) (Z,%2) © (3r=1) @ (4,1

(12) The equation of the straight line passes through the intersection point of the two straight
linesL;: X+2y—-4=0 > L,=X-2y=0 and parallel to the X-axig 1§ -+

() X=2 b y=1 (©y=3 (d)y=2
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First : Final revision on algebra.

Second : Final revision on trigonometry.

Third : Final revision on analytic geometry.



Matrices and determinants

' \ Order of the matrix )

» then the matrix is of order m X n

-1

For example : A= (
-4 5

and a11—2 » Ay = 3 5 ...

If the number of rows of the matrix equals m and the number of its columns equals n

)13 of order 2 x 3

_ \Some special matrices ﬁ

- The row matrix

Consists of one row and any number
of columns » as :

(1 2 3) 2 -1

—— The square matrix —
The number of its rows equals the
number of its columns » as :

L3 o)
-1 0
| ~———— The diagonal matrix ——

It is a square matrix and all of its
elements are zeroes except the
elements of its main diagonal » at least
one of them is not equal to zero » as :

0 0
(3 0), O 0 0
| 0 O 0 -5

— The column matrix

Consists of one column and any
number of rows s as :

—The zero matrix O
All of its elements are Zeroes » as :

0 (O 0)
0 ’

0 0
0

The unit matrix I—

-
It is a diagonal matrix and all elements
of the main diagonal equal one » as :

1 0 0
(1 O), 0 1 0
L : 0 0 1
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e =y ™\
\ Matrix transpose

The transpose of the matrix A is denoted by A and it is the resulting matrix from
replacing the rows by columns and the columns by rows.

s _B ¢ 3
For example : If A = sthen A'=( _ 4

3 4 6 6
| Notice that : (A%'=A

— N

\ The symmetric and skew symmetric matrices )

If A is a square matrix ¢ then :
* Ais called a symmetric matrix if and only if A = A*
* A s called a skew symmetric matrix if and only if A = — A"
1 -2 5
For example : A=| -2 3 6 |is a symmetric matrix
5 6 4
I -2
because : A'=| -2 3 6 |=A
6 4
0o -3 2
sA=| 3 0 4 |is a skew symmetric matrix
-2 -4 0
0o 3 -2
because: A'=[-3 0 -4 |=_A
2 4 0

| \LThe equality of two matrices )

The two matrices A and B are said to be equal if :

* They have the same order. » Their corresponding elements are equal.

The concept of equality of two matrices is used in solving some equations.

For example :
‘If X 2 -3 =<3 2 _3),thenx=3 » y—X=5 stheny=38
e S | -2 5 1 -2
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Final Revision

I \Multiplying a real number by a: matrix :}

To multiply a real number by a matrix > we multiply the real number by each element of ‘
the elements of the matrix. ‘

Forexample:IfA=(_4 ! 5) ,then2A=<_8 2 10
2 3 -1 4 -6 -2

|\ Adding and subtracting merices_‘fJ |

If A and B are two matrices of the same order m x n 9 then :

e A + B is a matrix of order m x n and each element in it is the sum of the two
corresponding elements in A and B

e A—B = A + (- B) is a matrix of order m x n and each element in it is the sum of

the two corresponding elements in A and — B
0 -3 4 ) | Notice that g—

<_1 2 -2

AsBsA+B>,A-B

) (3 =35 6) all of them are of
3

Forexample:IfA:(3 -2 2) » B=
2 5 —4

3 =2 2)+<0 -3 4
-2 5 -4

,A_B=(3 -2 2>+(0 3 —4 =( 1 _2)
2 5 —4/ \1 -2 2/ \-1 3 -2

athenA+B=(
-3 7 -6/ thesameorder2 x 3

[\ Multiplying matrices )

If A is a matrix of order m X { and B is a matrix of order r x n s then :

AB is possible if { = r (i.e. The number of columns of A = the number of rows of B)

and the resulted matrix from the product is of order m x n

3 2
Forexample:IfA:(2 -1 0) s B=|_1 0
3 1 -2 4 5

, then the number of columns of A = the number of rows ofB=3

i\ (B 2
. AB is possible and of order 2 x 2 > where AB = < ) -1 0

((2>(3>+(—1)(—1>+(0)<4> (2>(2>+(—1)(0>+(0><5>>=(7 4)
BR+MED+ED @ B@Q+D O+ /) \0 -4
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Algebra

Remarks
*(A+B)=Al+B! e (AB)'=B'A! j

meterm‘maﬁj

e If A is a square matrix of order 2 x 2 where A =( A ali—’-) s then :

- a
, 21 App
N 4y 45
Al= I e ) Rk SRV
4 )

4
For example : .

6 =(4Xx6)-—2x(-7)=24+14=38

4y 4, apy

° If A is a square matrix of order 3 x 3 where A = 4 @y,  ay|sthen:

d3) A3y Ay

L 4 Ay 41 Ay 1 Ay
|Al=|ay, Ay By =4y — +a;, {
a3, Ay, dy d39 Ay 31 A5 <) )
2 3 -1
Forexample:|-2 0 4 ="’(0x(—3)-]x4,}—3(~2x(—3)~1x4)—(—2xl~lx0)

bl 3lon0-4)-36-4)-2-0)

=—8-6+2=-12
Notice that
Itis possible to expand the determinant using the elements of any row or column by using
+ - o+
the rule of signs : |- + —
+ - o+

* The value of the determinant of the triangular matrix = the product of the elements of
its main diagonal.

% A A
Le. 10 Ay @y 1=ay, ay, a
0 0 a,
2 -1 3
Forexamp!e:’() 3 =2 |=2x 3% (=1)==6
0 0 =1




Final Revision

{ \Finding the area of a triangle using determinants )

eIfX=(@sb) » Y=(csd)yandZ=(e »f) sthen:

a b 1
theareaofAXYZisIAIwhereA:-%— © d 1
€ f 1

Notice that : If A = 0 , then the points X 5> Y and Z are collinear.
For example : If XYZ is a triangle where X =(152) » Y=(QB,-4)andZ=(-2>» 3)

I 2 1
sthen A= % 3 —4 1| by using the elements of the 3™ columns you get :
-2 3 1

A=1[0-8)-G+H+C4-6]=7 1-7-10)=-8

. The area of AXYZ =| A | =| - 8 | = 8 square units.

[\ The multiplicative inverse of a 2 X 2 matrix )

IfA= ( a b ) » then the multiplicative inverse of the matrix A which is denoted
c d

by the symbol A~ 1 is defined (existed) when the determinant of A # 0

i.e.|A|=A¢0and: A‘I=L(d _b) where AA"1=A-TA=1

Al=c a

For example : If A = ( = 2) » then A~ ! is defined because A # 0
3 -4

where A = =—2%x(-4)-3x2=2

-+ 2205 2
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Algebra

Solving equations
m Solving two simultaneous equations in two variables

It is possible to solve the two simultaneous equations :
a; X+b y=c¢; » a,X+b,y=c, byusing:

€) The determinants (Cramer's rule). @) The multiplicative inverse of a matrix.

[o By using determinants (Cramer's rule)]

We find the values of the determinants :
| b | b

A= » A, = y A= sthen X = X y=—y
X y A A
) b, ) b, a )
2 -3
For example : 1f2X-3y=4 , 3X+4y=23 ﬁhen:A:{ ‘=8+9=17
3 4
4 -3 4
»A, = =16+69=85 , Ay= =46-12=34
23 4 3 23
A A
Lx=—X -85 _ =Y _34_
SXERET TS Y= =7 =2

(e By using the multiplicative inverse of the matrix

We write the two equations in the form of the matrix equation : ( 4, b ( X ) = ( i )
8 b

i.e.IntheformAX:CthreA=< 4 bl) ) X=( X ) and C=< “l )
8 b, y
»then X = A~ !C and from that we deduce the values of X and y
Forexample : 1f2 X-3y=4 , 3X+4y=23

th A—2 . X={ *)andC= 4
7CI1—3 4:1 —yan —23

2 -3
" X=A"T"CwhereA=|A|= =8+9=17
3 4
4 3 4 3\/ 4
a1l 1 .
e ‘17(_3 2) - X 17(_3 2)(23)
X m— 85 - 5 ) - -
(y)_17(34>_(2 S X=5andy=2
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To solve the equations : a; X +b; y+¢c;z=d; > a,X+b,y+c,z=d,

anda; X+byy+cyz=4d,
We find the values of the determinants :

a, b1 ¢

a; b
d2 02 and AZ=
a; d; C3

A A
,thenx=—A£ ’ y=jAAL ,Z=_Ai

d
a, by d,
a, b d

For example :

If2X+3y-z=1 » 3X+5y+2z=8 > X-2y-3z=-1

2 3 -1
A=z 5 2|=2(15+4)-3(9-2)+ (1) (-6-5)
1 -2 -3
20 4+334+11=22
3 -1
Ag=ls 5 2|=1(15+4-3(-2%4+2)+(D16+5)
1 —2 -3
=—11+66+11=66
2 1 -1
A=[3 8 2[=202442)-169-2+D(3-8)
1 -1 -3
A4+ 1l+11=-22
2 3 1
A=l3 5  §|=2(-5+16-3(-3-8)+1(-6-5)
1 —2 1
—20+33_11=44
A A
_A 66 _ AN
X=f=g=3 »y=3 =7, =1
A
A a
2= = gy =2
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Algebra

Solving linear inequalities

‘ \_Solving ﬁrst_(leé;ee inequalities in two variables

The boundary line L : 2 X + 3 y = 6 divides the plane into two halves S,and S,

‘ where S, U S, U L = the set of points of the plane » and :

» The solution set of the inequality :
2X+3y=6isLUS,

* The solution set of the inequality :
2X+3y=<6isLUS,

Notice that :

The boundary line L is represented

by a solid line because the set of its
points is a subset of the solution set. |

|

(@

* The solution set of the inequality :
2X+3y>6isS,

* The solution set of the inequality :
2X+3y<6isS,

Notice that :

The boundary line L is represented
by a dashed line because the set of its
points is not a subset of the solution set.

‘ Remark - The following figures are the graphical representation of the solution
sets of the given inequalities under each figure in R x R

‘ yr ‘Y
!
X X % b
4—I = -‘-5:. o
~
@y
BRI ) §
Xza X>a
Y 9
1) L)
- .'Tl —t - e - h-
A X X X
\\ y\
y=a y>a
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Final Revision

\ Solving systems of linear inequalities graphically _\;

To find the graphical solution of two inequalities or more :
a Determine the region of the solution of each inequality »as S; »S, » S; ».....

e Determine the common region between S; »S, » S35 ...

by finding S; NS, N S5 ..... » then it is the solution set of the given inequalities.

\ —

Remark — — —
We can describe each quadrant of the four quadrants of the orthogonal cartesian plane by

using a system of linear inequalities as the following :

¥ b b/ A
b’y X X, x | % X 1o B 2
y\‘ y\ )J\ y\
First quadrant : Second quadrant : Third quadrant : Fourth quadrant :
X>0,y>0 X<05y>0 X<05y<0 X>0,y<0

Example

Solve the following system of linear inequalities in R X R graphically : X < I » X+y<3

[ Solution| Q| ‘
|
L, : X =11is parallel to the y-axis and intersects \\_‘:;‘ -
the X-axis at (1 »0) NN
L,: X +y =3 intersects the two axes at (3 »0) £
and (0 »3) -2
The solution set of the inequality : ol
X=1isS, where S, =L, U the e X
half plane in which the point (0 5 0) lies £ I ) I
, the solution set of the inequality : X +y <31is S, || 1
where S, = the half plane in which the point (0 » 0) lies ' - \ (@
.. The solution set = S, ('S, and it is represented by >

the shaded region.

(V@) Yesfen /(o\s\a:.pb)caw o\,.;a\.;))lalﬂau 49



\Li_near programming and np!imizu_t_ia D!

' Linear programming is one of the scientific methods that is used to give the best decision of
solving a problem that satisfies a certain object in view of some restrictions and available

| abilities and dependes on :
| c Representing the system of inequalities that expresses the stipulations.
|
o Determining the objective function : P={ X + m y where { and m are constants.

o Substituting by the resulting points from the intersections of the boundary lines that
represent the solution set of systems of the inequalities » then chossing the point that

‘ satisfies the required.

| For example : .
/4 ( )‘ y
I the opposite figure represents \

 the solution set of the system

|ofthe inequalities : X>0 ,y >0 G—D\m‘;_ £ 1 CEEr i

...F"

|aX+2ys8and3X+2ysl2 . ““n.\\
» then to find the point (X 5 y) from L \ 8 i

‘ the solution set that makes P maximum | | : : \ N L | .
where P=50 X + 75 y » we find : i B 8 BT TN

[P], =50 (4) + 75 (0) = 200 v lo 2 L3 TATS T4 13 1 0

[Pl5=50(2)+ 75 (3) =325 -
[P]. =50 (0) + 75 (4) = 300
| [P], =50 (0)+75 (0)=0

‘ . The maximum value of the objective function is 325 at the point B (2 » 3)

o0




The relation between the radian measure and the degree measure of the angle

If 04 and X° are the radian measure and the degree measure of
a central angle in a circle of radius length r subtends an arc of

length { » then : ‘
sy ==
{=9dy /
gred = — , then /
= F rad 7

Notice that

To convert from the radian measure (™) of the angle to the degree measure (X') and
vice versa , we use the relation :

X = gt 180°

prd _ X R (to convert from the radian measure to the degree measure)
T 180 erad = x" x T
) 180°

i (to convert from the degree measure to the radian measure)

The trigonometric identities

If the terminal side of the directed angle of measure 0 in the standard position intersects the
unit circle at the point (X s y) s then :

Reciprocals of the trigonometric l [ The relation between
- functions I 6 and -0 >
sec O = 1 , cscO= sin (-0) =—sin® > cos (—0)=cos 6
0s 0 sin O
cot 0 = s COs 0= l tan (—0)=—tan©® » csc (-0)=—cscH
tan 0 sec 0
sin O = - » lan 0 = I sec(—0)=sec® 5 cot(—0)=—cotO
csc O cot 6
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Pythagorian :
| identity 1.4 ‘
‘ | - / (00-0)
) 73 (ay _ _
® sin“0+cos“9=1 i T
. 9 X OC,9) ‘
sin?0=1-cos? 0 | X, l 1 o ) X
s then | ' 0 _
cos?0=1—sin? 0 ‘ Ne ‘
(C,-y)
e 1 +tan’ 0 =sec? O ‘ »

sec’ 0 —tan? 0 =1
s then

The relation between

The relation between 6
and (90° - 9) |

¢ sin (90° — 0) =cos O ‘

®cos (90°-0) =sin O

e tan (90°—-06) =cot

*csc(90°-0)=secH

tan 6 ¢sin O
sec?0—1=tan’ 0 | i ‘

'S and cos 0 ‘
e ) — 5 -
cot“0+1=csc” 0 tan @ = SN © |
5 5 cos O
csc“O—cot“9=1 |
‘ » then te_cose
csc?0—1=cot? 0 | ¢ " sin®

®sec (90°-0)=cscH

*col (90° -0)=tan O

Remark -
The relations between the 90
‘ trigonometric functions of the a Q) 9
EAb -9
related angles are identities » ‘
‘ sin and csc All the functions
and we can remember them are positive are positive
e ]
from the opposite figure. , B . |
| 80) = = ?:- 0
oc °c
For example : 2 ,/ 5
‘ . tan and cot cos and sec
54 —_
sin (90° + 6) = cos 6 are positive are positive
s tan (360° —0) = —tan Q » ... each of them is \,}‘,-, . - g
‘ . L . %0 0"
a trigonometric identity. '
270

The general solution of the trigonometric equation

If B is the smallest positive measure satisfying the equation »n & Z » then :

The general solution of the equation: cos @ =a is 9 == B+27n
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For example :

If cos 0= % (Positive)

.. The smallest positive measure satisfying the equation is
B = 60° (first quadrant)

.. The general solution is 6 = + % +27n

The general solution of the equation : sin 6 = a

is 0=B+2MTn,0=(T-B)+2Tn

For example :

Ifsin 0= % (negative)

Final Revision

. The smallest positive measure satisfying the equation is = 180° + 30° = 210° (third quadrant)

.. The general solution is O = I m+27n

6
,0=(m-Zm)+2n=-L m+27n

The general solution of the equation : tan@=a is@ =3 +JTn

For example :

If tan 6 =— 1 (negative)

.. The smallest positive measure satisfying the equation is
B = 180° - 45° = 135° (Second quadrant)

.. The general solution is 6 = % JT+TTn

\ The general solution of the_trig_onometric eqﬁations of the quadrantal angles )

sin9=0 its general solutionis : 6 =JUn
sin@=1 its general solution is : = % +27n
sin 9 =-1 its general solutionis : = 3Tﬂ: +27n
cos9=0 its general solution is : = 2-52— +JTn
cos9=1 its general solutionis : =2 JUn

cos 0 =-1 its general solutionis : 6 =7T+2 7T n
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Trigonometry

\Remarks . — =
a— 1<cosB<1and-1=<sin0 <1 for all real values of

So » we find that the two equations : sin®=a , cos 0 = a don't have solution in R
sifat [-151]
e To find the general solution of the trigonometric equation in the form :

cos@=a » sin@=a or tanB=a -,onaninterval follow the following steps :

(1) Let B be the measure of the acute angle which satisfies the equation : - -

cos@=|al 5 sin®@=|al or tanB=|a| 90
(2) Determine the quadrant in which the angle lies according A esc | All fonctions
to the sign of a "Look to the opposite figure" : :;goji;;e e posiive
(3) Find the values of the angle 8 where : 180 ﬂ—(18_6’$)- ' (366-p =_E') g
e If O lies in the first quadrant 5 then 6 = § a;:;o’sf;t,e are ;S)c;s?fi(\:/e
* If O lies in the second quadrant » then 6 = 180° —
* If O lies in the third quadrant » then 6 = 180° + 3 il

e I O lies in the fourth quadrant » then 6 = 360° — [3

Solving the right-angled triangle

Solving the right-angled triangle is evaluating the unknown measures of its angles and the
unknown lengths of its sides.

A\ To solve the right-angled triangle , we use \

* Pythagoras' theorem : ,f‘
2 2 g
(AC)? = (AB)? + (BC) i
« Trigonometric ratios : A0 o
C B
Opposile Adjacent Opposite
sin@=- TP oY _AB oo A9 =BC | tang=_TP"°_AB

Hypotenuse ~ AC Hypotenuse = AC Adjacent ~ BC
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Final Revision

Angles of elevation and angles of depression

[ Angle of elevation } [ Angle of depression \
If a person looked from the If a person looked from the
point A to an object at the B point B to an object at the
point B above his horizontal = BW point A down his horizontal
sight » then the included sight » then the included
angle between the horizontal angle between the horizontal
ray AC and the seeing ray ray BD and the seeing ray

to above AB is called the ; to down BA is called the
elevation angle of B with A A C depression angle of A with
respect to A respect to B |
i.e. Z CAB is the elevation i.e. £ DBA is the depression
angle of B with respect to A angle of A with respect to B
Notice that

The measure of the elevation angle of B with respect to A = the measure of the depression
angle of A with respect to B

ie.m(Z CAB)=m (£ ABD)

Areas of some geometric figures
iTriangle )

e The area of the triangle = % length of the base x height C
=L ABxCD ///Tj\\\\\
)
e The area of the triangle = % the product of the lengths B D A

of two sides x sine of the included angle between them

=1
2

e The area of the triangle =S (S—AB)(S - BC)(S -AC)

AB x AC x sin 6

where S equals half of the perimeter of the triangle ABC

. . . 32 C e
Notice that : The area of the equilateral triangle = g (" where { is its side length.
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"\ Quadrilateral )

D | [

_ ; ‘ * The area of the quadrilateral = 5 product of the lengths
‘ 6( P of its diagonals x sine of the included angle between them
| M = 2 AC x BD x sin 0
C B
o | 2 - /_-.A * The area of the rectangle = length x width = BC x AB
? 1 o '« The area of the rectangle = % the square of its diagonal length
<0
‘ g M ™ x sine of the included angle between the two diagonals
. B :%(AC)zxsinG
‘ D . T o
@ N /] | * The area of the rhombus = 5 the product of its diagonal
-g / N A / lengths
=) . \:
1 [ AN | ‘ =L ACxBD
=gy - -
| D A
‘ :  » The area of the square = the square of its side length = (AB)”|
g V4 * The area of the square = % the square of its diagonal length
o A
@ /M
r = 2 (AC)?
- L/ N — —
C B
TRugulul' polygon
* It is a polygon in which all interior angles Vil B
‘ are equal in measure and all sides are equal in length. / \
* The area of the regular polygon in which the number ’ | );g _ _ X
of its sides is n sides and the length \ M: : ’_/
L o x2 ot X N
20 cot 4 ~L

‘ of its side is X =
Notice that

o The measure of vertex angle of a regular polygon in which the number of its sides is
(n—-2) x 180°
n
e We can divide the regular polygon in which the number of its sides is n sides into
a number n of the congruent isosceles triangles and the measure of the vertex
angle of each of them = 2T

n sides =
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i \The circle and its parts (circular sector and circular se_gmeut})

s [ The circle |

The area of the circle = JTU r2
where r is its radius length
Notice that :

The circumference of the circle =2 T r

-

~——— The circular sector ]

The area of the circular sector = % {+

= % Gradrzz——xoo x JU 12

Notice that :

e X" and 0™ are the degree measure and the
radian measure of the angle of the sector.

» The perimeter of the sector =21 + {

= I_Ehe circular segment ]-— T;l : - l = - - _
e area of the circular segment = o 12 (0™ —sin 6)

Notice that :

I MC L AB » then the length of CD is
the height of the circular segment.

* The perimeter of the circular segment

BA = the length of its arc + the length of its chord.




\Ihe directed line segment 7

It is a line segment which has a starting point » an ending point and a direction from the
starting point to the ending point.

—_—

e AB % BA (because they are different in the direction) but AB=-BA

® The norm of E is denoted by ” A—ﬁ “ = the length of AB //A
«|ABl=]BA] B

— — — { Equivalent two directed line segments— —

ABis equivalent to CD (ﬁ = ﬁ) AB=- DC
If the following two conditions verified If the following two conditions verified :
©/|aB|-|cp] O/ aBl-=IdCl

o AB and CD have the same direction. o AB and DC are in opposite directions.
Notice that

AB and CD can not be in the same direction or in opposite directions unless one
straight line carries them or two parallel straight lines.

' \lgmember the position vector )

The position vector of a given point A with respect to the origin point y

is the directed line segment OA and it is denoted by the symbol A

* If OA is the position vector of the point A (X »y) » then . A( X; y)

of X” = the length of OA =Vx 2py?

N

o Jf “ X ” = 1 (the unit) , then Kis called the unit vector. X ;)

O

*i=(150)and j=(0 5 1) are the fundamental unit ‘
N |
vectors in the two coordinates axes. y
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e 0= (0 »0) is the zero vector and it has no direction and sometimes denoted by the
symbol O

o I[f OA is the position vector of the point A (X »y) and 8 is the measure of the positive angle
which OA makes with the positive direction of X-axis » then there are three forms for A :

“ Cartesian form é Polar form Q In terms of i and ;J
A=(X>y) { A=(IAal>e) [ A=Xi+y] ]
Notice that
. X=||X||cos 0 » then cos 6=é ° y=||X|| sin 6 > then sinG:%
N N

[ Example B

Write the vector A = (3 ’ —W/E ) in the polar form.

AR5 T3=243 .-.cose=4=i=§>o
DB Al 21

== =— .. 0 lies in the fourth quadrant.
IAl 243 2 R
- 8 =360° - 30° = 330° - A=(213,330°)

 Example P1

Write in terms of the fundamental unit vectors A = (10 5135°)

'.'X:”X”cosﬂ:10005135°=—5W/§ ’ y:||K||sin9:103inl35°=5VE
~A=(592,572) nA=-5Y2i+512 ]

e If B(X,»y,)and C(X,»y,) »then the position vector OA

which is equivalent to the vector BC is getten from the relation : } (XEYQ
OA = BC =0C - OB A ,"\(xl,yl)
e A=(Xy 5y, - (X, 5y )= (X=X 5y, ) o AN B
For example : -0
IfB=Bs1)andC=(255) sthen: N

BC=C-B=(2,5-03>1)=(-1,4)

i.e. The equivalent position vector to BC = -1-4)
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Analytic Geometry

Remieimber

Operations on vectors

L b
\Mu.llip[yiug a4 vector by a real number )

IFA=(X,y)ER® , kER

A
s then ; \
= X. X
kA=Kk(Xsy)=(k X ky) 0
Notice that ¥

(1 SIS

/1 k>0 "_{,]"ﬂ'l_)—“ A and k A have the same direction
[ and ]< —

- \_l E__<F _]‘4(.}11611_ }—" A andk A are in opposite directions

Olxal=IklIA]

. k\dding and subtracting vectors )

Geometrically ]_
A C D A ’j‘
C B A B ¢ ' D B C "B
AB+BC=AC | AB+AC=AD | AB+AC=2AD | AB-AC-(CB

_ ‘_Al_gobraicnlly j|

For any two vectors K: X,y and§= (X595,)

K+§z(x,+x2 'Y | +Ya)

Notice that

¢A+B=B+A -(K+§)+E=K+(§1 E):K;Ei—é
sA+(-A)=0 ¢A+0=A
*IfA+B=A+C,thenB=C eA-B=A+(-B)
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_\Parallel and perpendicular vectors_ \
For any two non zero vectors A (X yl) and B = (X, 5Y,)
AlB ALB 3
- Y . N
if R if N LA
The slope of A B The slope of A x e
= the slope of B the slope of B=-1
ie. RAN 3 ie£x£=—1
X1 X Xy Xy
ie. xlyz—x2y1=01 le. X, X,+y,y,=0
‘ and vice versa. and vice versa.

Applications on vectors

|, \_Geometric_applicat_ions )

o To prove that the pomts A 5 B and C are collinear using vectors »
we prove that : AB =k AC where k is constant.
o To prove that the quadrilateral ABCD in which ACNBD= {M} is a parallelogram
using vectors » we prove that :
The two diagonals bisect each other
i.e. We prove that: AM = MC » BM =MD
or two opposite sides are parallel and equal in length
i.e. We prove that : AB = DC or AD = BC

O To prove that the quadrilateral is a rectangle > thombus or square » then we should
prove first that the quadrilateral is a parallelogram as previous » then :

« To prove that the parallelogram is a rectangle s we prove one of the following

properties :
(1) Two adjacent sides are perpendicular. For example : AB LBC
(2) The two diagonals are equal in length. For example : H A_é N = ” ﬁj "
o To prove that the parallelogram is a rhombus s we prove one of the following
properties :
(1) Two adjacent sides are equal in length. For example : || Kﬁ “ = H ﬁ “
(2) The two diagonals are perpendicular. For example : AC L BD

« To prove that the parallelogram is a square s we prove one of the properties of
the rectangle and one of the properties of the rhombus together.
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\ Physicalﬂ)ﬁlicatiolls )

& [ The resultant force -15 - — e -

The resultant force of some forces acting on an object are subjected to the operatlon of
adding vectors. F,
- —
F, +F; + F, 5

—_—

i.e. The resultant force F= F |+ |

For example :
If we considered the unit vector e in the direction of body motion » then in the case of :

——— Body motion on a rough plane o —— The vertical motion —
— Th sultant (Resistance force) Y =y
(Friction force) — (Impetus force) ¢ resu tan_‘ R =30 kg.wt /#’ | I[ ‘ 1'1‘:}‘
K =3 newton =5 newlton force F 50e By
B e e e 4
i t R + (=30 e) 20 e
The resultant force F=5e+(-3)e=2¢ Le.
Le. * Magnitude of the
* Magnitude of the resultant = 2 newtons. resultant = 20 kg.wt W=0kg.wt 1

* Direction of the resultant is in the direction | ¢ Direction of the resultant  (Weight force)
of body motion. is in the direction of weight body.

| @ If the two cars A and B move in opposite directions »

 The relative velocity l e — - .

If the actual velocity of the body A = V and the actual velocity of the body B = VB s then :
The relative velocity of the body B with respect to the body A = VB A and :

—_— — —_—

Vpa=Ve-V, » V=V, -V,
For example :

If we considered the unit vector e in the direction of the motion of the car A » the velocity
of the car A = 80 km./h. and the velocity of the car B = 60 km./h.

—_—

€

» If the two cars A and B move in the same direction » 80¢e 60¢
= -~ = ~ —
then Vi, =60e-80e=-20¢

_ - f_@jks IR S
l.e. - A § )
The driver of the car A feels that the car B retreats i

with velocity 20 km./h.

then Vo, =—60c-80e=—140 ¢
ie.
The driver of the car A feels that the car B moves in

|| the opposite of its direction with velocity 140 km./h.
A
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ENEEY Division of a line segment

Ig_l_Il_mterilaiy division | <= ! Exterﬁyﬁv_ision =
m2 m2 _____
m, I e b et s
///——~\ i A //::..rp)lr////Z/l
z_._',""_'-_'-.‘__'_C (x]7yl) __‘/,:-"—’ B (Xl’yl)
B oy - C (X,Y)
(X,Y,) B (X,9) w
IfCEAB IfCEAB,C&AB
» then C divides AB internally. » then C divides AB externally.

And we can find the coordinates of the division point internally or externally by using :

m, +1m,

¢ The vector form :

where r 5 r; and r, are the position vectors OC ,OA and OB

for the points C » A and B respectively.

b

e The cartesian form : Bx ’y) = (

Remarks —

0 In the case of internally division s the two values m; and m, are positive.
. 15
ie.—>0
my
e In the case of externally division » one of the two values m, and m, is positive and the

other is negative.

L)
ie.——<0
m - -~
. . — ~ I,+T1,
o If C is the midpoint of AB > then r = >

Xi+Xy yitYa
a(Xay)=( ) R )

The slope of the straight line

If the straight line L passes through the two points (X »y pand (X, »y,)
Yo=Y
Xy =X,

(the vector form)

(the cartesian form)

» then its slope (m) =
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For example :

The straight line which passes through the two points (1 5 3) and (4 »2)

. 2-3 -1
its slope (m) = =~ = =
>l slope (m) =, =3
If Qs the measure of the positive angle which the straight line L makes with the
positive direction of X-axis » then its slope (m) = tan 6

For example :
If the straight line L makes a positive angle of measure 135° with the positive direction of
X-axis » then its slope (m) = tan 135° =—1

[ Ifu= (a »b) is a direction vector of the straight line L. » then its slope (m) = % J

For example :
If u=(2 »-3)is a direction vector of the straight line L » then its slope (m) = _73

—a

If the equation of the straight line L is in the form :
b

aX+by+c=0,then its slope (m) =

For example :

W

The straight line whose equationis 2 X -3 y + 1 =0 » its slope (m) = :—g =

If the equation of the straight line L is in the form : y = b X + ¢ » then its slope (m) = b ]

For example :

The straight line whose equation is y = % X+ 5 »its slope (m) = %

IRemarks - — — -
' o The slope of X-axis and the slope of any horizontal straight line (parallel to X-axis) are
equal to zero.

‘ e The slope of y-axis and the slope of any vertical straight line (parallel to y-axis) are undefined.
o If L, and L, are two straight lines of slopes m,; and m, respectively » then :

* L /L,om, =m,

i.e. The two parallel straight lincs have equal slopes and vice versa.

(unless one of them is parallel to one of the two coordinate axes)
o If the slope of AB = the slope of BC , then the points A » B and C are collinear.
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The direction vector of a straight line

[ o The straight line whose slope m = —2— » then its direction vector u = (b » a)

For example :
The straight line whose equation is 2 X -3y +5=0 »its slope (m) = % = E% = %

» then its direction vector u = (3 »2)

o The straight line which passes through the two points

— e

» then its direction vectoru CD=D-C=(X,-X;5Y,-Y)

Remoarks-—— —— —
o If the direction vector of the straight line L is u (a s b) » then the direction vector of the

perpendicular straight line to the straight line L is N= (-bsa)or(b>—a)

o The direction vector of any straight line parallel to X-ax1s i=(,0)

| o The direction vector of any straight line parallel to y—axist =0,1)

The different forms of the equation of the straight line

0 The different forms of the equation of the straight line which passes through the point A (X, »y ",
and its direction vector u = (a s b)

"The vector I _— | The parametric _ __'Tl‘he cartesian |
equation equatlons [ equation
= W™ - Y—9
= X=X,+ka =
r=A+ku 1 XX m
ie. | |>y=y,+kb
(Xoy)=(X,>y,)+k(asb)

e The different forms of the equation of the straight line which passes through the two
points P (X | »y ) and N (X, ’Y5)
ie.

its direction vectoru =N -P=(X, =X »y,-Yy )




Analytic Geometry

The vector

__P‘hea'amctrTc -

("]‘he cartesian

equation equations equati(m
r=P+k(N-P) X=X, +k(X,-X,) _Dyc_il 22 il
. =2l 1
Le. (X »y)=(X,»y,) Y=y +k({y,~y)
Q The cartesian equation of the straight line whose slope %
is m and intercepts from y-axis a part of length | b | L\
. } . (05b
(i.e. Intersects y-axis at the point (0 , b)) T N )

is y=mX+b bl \

o The cartesian equation of the straight line which X

\(2,0) X

] a|—=\

intersects X-axis at (a » 0) and y-axis at (0 5 b)
(i.e. intersects from the two axes

two parts of lengths | a | and | b | )

X Y
s —+4+—=—=1
a b

elfthetwo straight lines L, : a1X+b1y+cl=OandL2:a2X+b2y+c2=0intersect

at a point » then the general equation of any straight line passing through the point of
intersection of L ; and L , other than L pand L,
s a X+b;y+c +k (@, X+byy+e,)=0

Where k #0

Remarks.-— = — = —
o The equation of the stralght line Wthh passes through the origin point O (0 50) is :

® The cartesian equation is : y = m X s where m is the slope of the straight line.
o The straight line which is parallel to X-axis and passes through the point (X, 5y ;)

* The vector equation is :?: (X,2y;)+k(150)

* The cartesian equation is : y =y 1

o The straight line which is parallel to y-axis and passes through the point (X, >y )

*» The vector equation is T= X, sy)+k(©51)

* The cartesian equation is : X = X,

¢ The vector equation is : r =k u s where u is the direction vector of the straight line.
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The measure of the angle between two straight lines

If © is the measure of the included angle between the two straight lines L | and L., whose

m;—m, TT
2IwhereGE[O ,—2—]

slopes are m ; and m, »then tan 0= et

With noticing the following :

0 If the tangent is positive » then we obtain an acute angle.

e If the tangent is zero » then the measure of the included angle = zero
» then m | = m, and the two straight lines are parallel or coincident.

e If the tangent is undefined » then the measure of the included angle is 90°
sthen m ; m, =~ 1 and the two straight lines are orthogonal (perpendicular).

o The measure of the obtuse angle = the measure of the supplementary angle of the acute an gle.

The length of the perpendicular from a point to a straight line

e The length of the perpendicular (L) drawn from the point (X,)
(X, »y,) to the straight line whose equation is : aX + by + ¢
=0 is determined by the relation : L
' - . X, +b
The length of the perpendicular (L) = laXiby, +cl AN e
J a2+b2 by+C=H0H"~‘.
Remarks- -

c If the length of the perpendicular drawn from the point (X, »y,) to the straight line
aX + by + ¢ = 0 equals zero » then the point lies on the straight line.

e The length of the perpendicular drawn from the origin point (0 > 0)
to the straight line : aX + by + ¢ =0 equals — |. el :
a’+ b

e The length of the perpendicular drawn from the point (X; > y,) to X-axis = |y, |

0 The length of the perpendicular drawn from the point (X, »y,) to y-axis = | X |

6 If (X, »y,) and (X, »y,) are two points in the Cartesian plane which contains the
straight line : aX + by + ¢ = 0 and the two expressions aX, + by, +¢ and aX, + by, +
¢ have the same sign » then the two points (X, »y;) and (X, » y,) are on the same side
of the straight line s and if they have different signs » then the two points are in two

different sides of the straight line.
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SCHOOL BOOK EXAMINATIONS

First : School book examinations in algebra and trigonometry

Second : School book examinations in analytic geomeiry




D First : ISchooi book examinations in algebra and trigonometry
@

_Model (€

Answer the following questions :
ED Choose the correct answer from the given answers :
(1) The point which belongs to the solution set of the inequalities :
X>2 5 y>1 5 X+y=3is e
@251 (b) (152) (©)3>2) (d)(@1,3)
(2) If A is a matrix of order 1 x 3 » B'is a matrix of order 1 x 3 » then it is possible to
carry out the operation -«

(a)A+B (b) Bt + A (c) AB (d) AB
( 3) The solution set of the equations : 2 X—-3y=1 5 3X+2y=8is e
@ {12} (b) {2 > D} © {23} ) {32}

(4) The perimeter of a circular sector is 10 cm. » and the length of its arc equals 2 cm. »
then its area in square centimetres equals -+

(a) 4 (b) 8 (¢) 10 (d) 20
( 5) The solution set of the equation : sin X + cos X =0 where 180° < X < 360°

(a) {210°} (b) {225°} (c) {240°} (d) {315°}

B [a] Solve the system of the following linear equations using matrices :
2X-3y=4 5 3X+4y=23
[b] Prove the identity : sin 0 sin (90° - 0) tan 6 =1 — cos? 0

B [a] Find the area of the triangle whose vertices are (-4 52) 5 (3 5 1) » (=2 » 5) using
matrices.

[b] Find the solution set of the equation : 2 sin X + 1 = 0 where X €]0 , 2 7|

X 00
1 X X
52 X
[b] A boat was observed from the top of a lighthouse of height 50 metres » it was found

that its depression angle is of measure 35°. Find the distance between the boat and the

ﬂ [a] Find the values of X which satisfy the equation : =3X

top of the lighthouse.

ﬂ [a] AB is a chord of length 8 cm. » is opposite to a central angle of measure 60°
Find to the nearest tenth the area of the minor circular segment whose chord is AB
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[b] Determine the solution set of the following inequalities graphicallyin R xR :
Xz0 » y=0 X+3y=<7 » 3X+4y=<14

» then find from the solution set the values of X s y which make the value of the
function : P =30 X + 50 y is greatest as possible.

_Model (¢4

Answer the following questions :
n Choose the correct answer from the given answers :

(1) If Ais a matrix of order 2 x 3 » B'is a matrix of order 1 x 3 5 then AB is a matrix of
order «.--oeveennen

(a)3x3 b)3x1 (©)2x1 (d1x2
(2) The point which belogns to the solution set of the inequalities :
Xz0 » y20 5 2X+y<4 5 X+3y<6is -

(@) (1,-3) (b) 3 50) (€)(253) (dAs1)
2 x 2 el o tiisaasitaraaas
(3)If’4 3l-lO s then X =
(a)2 (b)3 (c)4 (d)S
(4)1+cot? 0= . in the simplest form.
(a) sin® © (b) cos’ 0 (c) sec’ © (d) csc? @

Q [a] Solve the system of the following linear equations using Cramar's rule :
2X-3y=3 5 X+2y=5

[b] Prove the identity : 00390680# =1 cos’X

B [a] Find the matrix A which satisfies the relation :

Ax( 2 2)=(12 23)
4 3 8 13

[b] Find the general solution of the equation : cos (% - 9) =1

ﬂ[a]IfAt=(i —:) ,provethat:A2—5A+ 221=0

[b] The measure of the central angle of a circular segment is 90° and the area of its surface
is 56 cm? Find the length of its radius.

&8 [a] From a point on the ground 50 metres distant from the base of a vertical pole s it is
found that the measure of the elevation angle of the top of the pole is 19° 24°
Find to the nearest metre » the height of the pole from the ground.

[b] Find the maximum value of the objective function : P=2 X + y given that :
Xz0 » y20 5 2X+3y=<18 » -4X+y=2-8
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g Second : 1 School book examinations in analytic geometry
O

_Model (§

Answer the following questions :

n Complete the following sentences :
(1)IfA=21+3] » B=3i-jsthen2 A—B=
(2)IfA=(2,1) » C=(-3 k) are parallel »thenk = «cccococceee
(3)IfA=(-4>4) » B=(5--8) » C& ABwhereAC:CB=2:1

(4)IfthetwolinesL,:3X-2y+7=0 » Ly:aX+3y+5 = 0 are perpendicular
sthena=-oovveees
(5) The vector equation of the line which passes through the point (2 5 — 3) and its

direction vector is (3 s 4) 518 --veeriveeen

B ait]-8Al=5kAl,find the value of k

[b] Find the length of the perpendicular drawn from the point (1 » 2) to the line whose
equationis: 5X-12y—-7=0

€D (2] ABCD is a quadrilateral » E is the midpoint of AB » F is the midpoint of CD
Provethat:B_Ch+X]ﬁ5=2E_l5
[b] Find the equation of the line which passes through the point of intersection of the two
lines whose equations are : 2X+y=5andr=(1,0)+t (1 » 1)

and passes through the point (5 » 3)

u [a] If the point C (2 » 5) divides Kﬁ by the ratio 4 : 15 where A (8 » 3)

s find the coordinates of the point B

[b] Prove that the triangle whose vertices are the points Y (4 52) » X(355)» Z(-55-1)
is a right-angled triangle at Y » then calculate the area of the circle which passes

through its vertices.

L, :3X+2y-7=0 > L,:2X-3y+4=0,find:
(1) The measure of the angle between L, » L,

(2) The vector equation of the line which passes through the point of intersection of the
two lines L, » L, and the point (3 s4)
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Answer the following questions :
n Complete the following sentences :
(1)IfA=(253) » B=(—152) sthen AB=rrrrrrrr...
(2)IfA=(452) > B=(1,-2) sthen|A=B| =
(3)IfA=(-354) » B=(65-8)then the X-axis divides _A_ﬁby the ratio ......--....

(4 ) The measure of the angle between the two lines whose slopes are % s —2

Bdia1 itk |4 A]=]-3A,find the value of k

[b] Find the equation of the line which passes through the point (-1 5 0) » and the point of
intersection of the two lines whose equations are : 2 X -y +4=0,X+y+5=0

B [a]fA=354) » B=(5,-1) » C=(2 5-2) are three vertices of the
parallelogram ABCD  find the coordinates of the fourth vertex D

[b] Prove that the two lines : ? =0>4)+t(15-2) 5 2X+y+2=0 are parallel
» then find the shortest distance between them.,

u [a] fA=(-154) s B=(55-1) ,find the coordinates of the point C which divides AB
internally by the ratio 2 : 1

[b] A circle whose centre is the origin points prove that the two chords drawn in the circle
whose equations are :

3X+4y+10=0and 5 X-12y + 26 =0 are equal in length.

D ABCD is a trapezium in which AD // BC
IfFA(75-1) » B3s-1) » C251) 5 D5 >»y):
(1) Find the value of y
(2) Find the area of the trapezium ABCD
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Mathematics

_@,\9 _——

[ Model @ JsERE I

Answer the following questions :
@1 AB=31+37 , BC=T]»then|AC]= .
@6 ®)392 ©1 )5

g A cyclist covers 5 m. from a fixed point (O) due to the north » then 12 m. due to the east »

then the total distance covered during the whole J OUINEY = «+--oevvveenees m.

(a) 13 (b) 12 (c)7 (d) 17

) In the opposite figure :

D is the midpoint of BC
s E is the midpoint AD
Prove that : AB + AC =2 EB + 2EC

n From the top of a light house 80 metres high s the measure of the angle of depression of a

fixed target on the see equals 80° » then the distance between the fixed target and the top

of the light house equals ............... to nearest metre.

(a) 78 (b) 79 (c) 80 (d) 81

B The equation of the straight line which passes through the intersection point of the two

lines X+5=0 5 y-—3=0 and the origin point is ...............

@5X-3y=0 (b)5X+3y=0 (©)3X-5y=0 (d)3X+5y=0

BIfB:(i ‘11) > AB =1 , then the matrix A= oo

12 = 2 1 2 i
N 0 5 10 3 N
Wil's _l_) ®i3 2 @l
10 10 10 5 10 5 5 10

n The intercepted negative part of y-axis by the straight line : 2 X — 3 y—-6=0
equals ............... length unit.

(a)2 (b)3 ()6 (d5
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OIA=(k>k+3) > B=(2k>5k-3)sthenone of the values of k which makes A/l B

(a)3 b)-3 (c)2 (d)-2

OiA=(5,2 » B=(2,5andC=A-B s then the polar form £Or C 18 covrrvvvvren

OIEEE b (312,3F) ©(3-5%) @ (372 -5%)
1 2 -1
m The value of "a" which makes| 3 a 1 |= 0 18 sorerumvoornnes
-1 4 -2
(@5 (b)-2 (©1 (d)3

m If the stralght line which passes through the point M (2 » 3) and W is a direction vector to it

where u = (— 1 »2) s then the parametric equations of the line L are ...............
(a)X=2-k » y=-3+2Kk (byX=2-k » y=3-2k
(c)X=2+k » y=3+2k (dx=2-k » y=3+2k

mIfA:(Z 3 ﬂl),thenZAtz ...............
4 -7 6

4 4 4 8
(a)(“ ) '2) (b)(6 _7) (C)(6 _14)
8 —-14 12 ) 6 2 12

m If K = (5 ’ STTE ) » then the vector K in terms of the fundamental unit vectors

2 8
@{3 -14
-1 11

equals ssseneses
s+ 53~ SV- -5Y3~ 5~ = 593~
(a)71+ 2 J (c) 5 1+7] (d)i-l—— 5 j
(1) The simplest form of the expression S tan X +5in X co8 X COLX. o, cevmmmmvian
sin X sec X
(a) cot X (b) tan X (c)cos X (d) csc X

@ The value of X which satisfies the equation : 5 sin X = 12 cos X where X & [0,m]

18 veveeririinees (to the nearest second)

(a) 157° 23 48 b)112°3713  (c)22°37 12 (d) 67° 23 48

{0 If AE is a median in A ABC > M is the centroid of the triangle ABC » A (5 >4) »M (7 > 8)
» then ﬁ = s e

@(%-3) ®»(£,3)  ©G:6 @1 52)
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)ik bls , d-c=7,then| 2 b*2_
c d | ¢ d
(a)5 (b) 14 ()-9 (d) 19
m Find the general solution for the equation : md X 1
" tan (90° + 4 X)
asinx O 0 |
19 )55 ' acosx 0 =-a’cos’ X+8 sthena=
sec X cotX atan X
(a) 8 (b)-2 (c)-8 (d)2

m The point which belongs to the solution set of the inequalities X>2 5 y<4 , X-y=<

(a) (2 53) (b) (0 54) (c)(3,3) (d@s1)

2
mlf2X+<4 0 )=O s then the matrix X = ...

-2 -2 (-1 -1 2 2 o1 1
o7 3) o' Y e ) oll,

£7) The measure of the angle between the two lines
L:X+2y+5=0 , Lycr=(15s4)+k(152)equals ...............

(a) zero (b) 45° (c) 90° (d) 135°

@ The length of the perpendicular drawn from the origin to the straight line 3 X -4 y = 10

equals ............ length unit.

(a) 1 (b)2 (c)3 (d) 4

FI) The area of the circular segment where the measure of its central angle is 30° and (he
length of the radius of its circle is 2 '\/Ecm. equals ...............

(@ T +2 (b) -3 © T +3 @ F-2
m The area of the convex quadrilateral whose diagonals lengths are 12 cm. 5 13 cm. and

cosine the included angle between them is % equals ..............

(a) 30 (b) 72 (c) 60 (d) 144

m IfB(0,3) 5 C(3,0)andA lies at third the distance from B to C s find the coordinates
of the point A.
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m Find the maximum value of the objective function P = 3 X + 4 y under constraints :

X=0 » y=0 » X+y=<3 » X-y=lI

m The ratio in which the X-axis divides the directed line segment BA where
AB52) > B(5s6)equals ..o

(a) 2: 5 internally. (b)5:2 externally. (c) 1: 3 internally. (d) 3 : 1 externally.

@1fA=(4 0) » find A%
3 -4

m In the opposite figure :
Circle M s MC = 6 cm.
»m (£ AMB) = m (£ CMB) = 40°

, then the area of the shaded part = «--oooeeee

(2)4 T (b)5 T (c) 67T (AT

m The shaded area in the opposite figure represents the solution set

of the inequalities y =2 s X2 0 and ............... %
|
(a) X+2y-6=<0 . "'%}\ y=2
b)) X+2y+6=<0 X b X
0 RN
()5X+2y-6=20 4

(dX+2y+6=0

EJ) In the opposite figure :
ABCD is a trapezium » if AD +BC =k y—X

sthen k= oooeennies where k ER
(2)—2 (b)) -1 ©1
ERIfV,=70e > 3B=—203,then?AB= ............... e
(2)—-90 (b)—50 (c) 50 (d) 90
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Answer the following questions :

. . -2 I . .
n If the slope of a straight line = =3 then its direction vector is

(d) All the previous answers are correct.

ﬂ If { and m are the two roots of the equation : X> -3 X+ 1 =0

(@ (3--2) (®)(=3,2)
(c)(65-4)
2 2
s then value of "m { =
m? m
(a) zero b1

ED In the opposite figure :

-

If the equation of the straight line AB is

y
8

Cocgrege S|

» then parametric equation of the straight line OC is ...

(a) X=3+4k , y=4+

3k

(b)X=4+3k » y=4+4k

(c)X=343k 5 y=4+

4k

(d)X=4+4k 5 y=3+3k

[} If the measure of the elevation angle of th
a lake level is 30° and measure of the depression angle of the reflexed image of the

N

e parachute from a point at 60 m. height above

parachute in the lake from the same point is 60° » then height of the parachute from the

lake level = --oooeeeenn.. m.

(a) 120 (b) 60

B The shaded region in the opposite gra

the S.S. of the inequalities
() X>1,y>2

b)I<X<3 , 2<y<4
(0)1<sX=<3 , 2=y<4
X+y=23 5 X-y=<7
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[ (sin? 5° + sin® 10° + sinZ 15° + -+ + 8in% 90°) = wvvvviervnne

(a) 7% (b) 8% (©) 95 (d) 104

(7 ] FA=i+ 3_3 , B=—10i+ é?are two parallel vectors > then [
(a)-30 (b) 6 (c)—6 d3

B Length of the drawn perpendicular from the point (1 » 1) to the straight line : X +y =0

equals oo length unit.
(@) Q w2 ©212 (@2

() Measure of the acute angle between the straight line T= (2 52) +k (1 5 1) and the straight
line X =0 i «eeeeveeees

(a) 45° (b) 30° (c) 135° (d) 60°
MIiA=207-15] » B=7i+24jandM=A+B N=A-Bthen o

@M/N bh)MLN ©M=N @IMI=IN]
m General solution of the equation : 3 cot (152— - 6) =V§ IS wreveeessneees

()2 +27n (b) L +Tn © I +27n @Z+mn

6 6 6 3

{7} In the opposite graph : .

A=(15,3),B=(5,5) [

» then which of the 13 ':

following represent AB o # 5

v
[ [
Shac=ax
3} | )
| . : 3 - c " s
0|1l Ol 1 5 21 X0 0 4
| 4 |

(a) (b) (©) (d)
EB If A is a symmetric matrix » then which of the following can be a rule to deduce the element

of matrix A ?

(a)aij=21—j (b)aij=i+j (c)aij-—-iJ (d)aij:3i+2j
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m If a zero matrix O its order 3 x 3 » then number of elements of the matrix = - Geaias

(a) zero b)) ()3 @9

Find the maximum value of the objective function P=3 X + 2 y under conditions :

Xz0 » y20 5 2X=<3y , 2y+X=<7

singe _—c0s59
EBHA: cos596 sin 50 o

(a) 1 (b) -1 ©)5 (d)-5

m The area of a circular sector is 45 cm? and the length of the diameter of its circle is

20 c¢m. , then perimeter of this circular sector equals --coveenen cm.
(a) 29 (b) 19 (c) 39 (d) 49
[D The area of the regular hexagon in which the length of its edge is 8 cm. equals -+ cm?
(@) 1293 (b) 2493 () 9613 (d) 14413
RL) In the opposite figure : A_\
m(LC)= oo to the nearest degree. L \“\_\\
(a) 30 (b) 35 i N
e
(c) 36 (d) 45 g ek
m All of the following are unit vectors except ...
(a)(150) (b)(05-1) ()1 s1) (d) (0.6 ,0.8)
fIlInAABC: AB-CB+AC= . ..
(2) AC (b) CA )2 AC (d)2 AB

@ The direction vector of the straight line whose parametric equations are X +3=2k ,y =5
is

(2)(250) () (25-3) (©)(253) (d) 2 >35)

FE)IfCEAB » 3AB=5CB ,then C divides BA by the ratio - ......
(@a)2:3 (b)3:2 ©3:5 (d5:3
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m The measure of the angle between the two straight lines 3 X=5 » y= 31§ eraresensrnrres

(a) 30° (b) 45° (c) 60° (d) 90°

fRIEAB=21+] » B(3>-1) sthen the point of Ajs -

@@1,-2) ) (=2,1) @251 @a,2)
2] |2 T _ B

mlf 3 X = 10 5 sthen X = oo

(@) 2 (b)5 ()6 d)+6
mIfAX(i ):I,thenA: ..............

—1 3 2 -1 -1 1 1 _1
b d
(a)<_1 2) ()(3 _1> (C)(_2 3) ()(2 _3)

mle=—21—2J ,thenthepolarformofAls ---------------

2,£) ®) (2 2,—) © (2 2,7) @ (2 Z’T)

—_ —

fOItA=3i-4] » B=j » C=(5a%),findthevalueof:||X||+||§”+”E"

EE Find the area of circular segment whose chord length is 18 cm. and the radius length of its

circle is 18 cm. to the nearest cm?

m The solution set of the inequality : X +5<3 X+ 1 <2 X+2inRis e

(@R-[1,2] by ]152] ©) @ @ {1-2}

EB Find the different forms of the equation of the straight line which passes through the point

(1 »3) and is perpendicular to the straight line T= 2+5)+k(-251)

m Find the area of the triangle whose vertices are A (2 »4) » B(=254) > CWO-,-2)

(H;e)”ﬁ;/bg/(auu«m\)cawo\,_b\g))ldl!dl 81
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Answer the following questions :
EDABCDis a parallelogram : AC () BD = {M} , then AB + AD = s
(a) CA (b) BD (©)2MC (d)2 DM

a If (a » b) belongs to the solution set of the inequality XX + 2 y = 5 where a , b are integers »
then the least value of the expression : 2 a+4b=..........
(a)5 (b)-5 (c) 10 )6

B IfA(=251) » B(253) 5 C(=2,—4) are three points s then the measure of the acute

angle between the two straight lines AB sBCis ...

@ (5 o' (2) (© tan~1(3) (@ tan! (3)

n If ABCDEF is a regular hexagon whose geometrical centre (M) which of the following

directed line segments are not equivalent ?

(a) AB s FM () AB , ED (c) AB s MC (d) AB » MD
B The matrix ( Z 12‘2 ) has multiplicative inverse at ...............
(a)a=6 (bya==+6
(c)aER-{6} (daER-{6,-6}
- _ x-2 0 0 -
ﬂ Find the solution set of the equation | 3 X-3 0| = zero
4 -1 X

n The length of the perpendicular drawn from point (- 3 » 5) to the X-axis equals ...............
length unit.

(a) 8 (b)5 ()3 )2

ﬂ If the area of the triangle whose vertices ks0)s(@4,0)5(0,2)is4 square unit
sthenk=...............

(a) zero or — 8 (by—4or4 (c) zero or 8 (d)8or-8
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gIn AABC »if sin? A+ cos? B =1 5 then AABC s voooverneen.
(a) an equilateral triangle. (b) an isosceles triangle.

(¢) a scalene triangle. (d) a right-angled triangle.

[m If ABC is a right-angled triangle at B and AB > BC » the area of A ABC = 30 cm?
4sAB + BC =20 cm. sthen m (£ A) = reeiverreee:

(2)77° 19 (b) 54° 37 (c)26° 18 (d) 12° 41°

m In the opposite figure : C1
If OB bisects £ AOC in a unit circle K 4
,thena+6§+66= ............... 1 0* .
({2 OB (h)2 OB \ /
) (Y2+1)0B (d)30B ;J

m A small factory produces metal furniture 20 cupboard weekly at most of two different
kinds A and B. If the profit from kind “A” is 80 pounds > and the profit from kind B is 100
pounds. The factory sells from kind A at least 3 times what it sells from the second kind.

Find number of cupboard from each kind to satisfy the greatest possible profit to the factory.

a b ¢ a+b+c+f
‘B If| g e f |is a skew symmetric » then : ———————= e
d+X+y+z
54 ¥ B
(a1 (b) zero (c)—1 (de
m In the opposite figure : f*
If 4 AC = 3 AB » find the coordinates of the point B. /V
_ \‘L
C(4,-1) D(1,8) B
@ Measure of the acute angle included between the two straight lines
V?x_y=4 s y=3equals ...............
(a) 30° (b) 45° (c) 60° (d) 90°
f[)Ifcsc®—cotO= % sthen csc O 4 cot @ = «oveiees
-1 1
@7 (b)5 55 (@1
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[ 17 ]S EM = (4 35 4) » find the polar form of the vector EM

E.Blf” 127’:”=2|le|| sthenk=..........

(a6 b)+6 ©-6 d 24

i£) ABCD is a square in which A (2 5 - 3) and the equation of CD :3 X -4 y+2=0,then

the area of the square ABCD = ... square unit.

(a) 4 (b9 (©) 16 d) 25

#24. 3 Sin2 O=............

1 +tan“ 0

@3 () 1 (c)3sin? 0 (d) sec? @
m The shaded part in the opposite figure represents i

the solution set of the inequalities : ...............

eSS TR

@x>3 , y<2 %/7
b)x=3 , y=2 P | %4//
7

77
% X
©X+1<4 5 y+1<3 //

- 5} | 2 W//ZEVJ;V\_'
f%/f}/

DX+124 , 2y=<4 k!

Xy =(253) » yz=(455) sthen Xz = . ...

(@) (6 »8) (b (2 ,2) ©) (858) (d)(4,3)

@ If the perimeter of a circular sector equals 10 cm. and the length of its arc equals 2 cm. »

thenits area= ... cm?

4 (b) 8 (© 10 (d) 20

m The distance between the two parallel straight lines : ? =450+k#,3)

saX—-8y+4=0equals - length unit.
(a) 20 (b) 0.2 (c) 28 d)2.8
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@ The vector equation of the straight line which passes through the point (2 s — 3) and

perpendicular to X-axis 1§ oo
(a);:(2,—3)+k(1,0) (b);=(3 »2)+k(051)

©1=02>-3)+k(©57) @r=(3,2)+k©0>51)

¥

MItA=-10i+k]j > B=i+3jand A LB thenk= o
(2)— 30 Ok © 15 ORC

(=

wls

m The solution set of the equationﬂ[g tan 6 = 1 where 90° <0 < 270° is e

(a) {30°} (b) {150°} (c) {210°} (@ {240°}
i t
1f{ 4 2X—1)=<4 1),h L
Em (1 3 s 3 then X
(@)1 (b)2 ©3 5

mlfx:(z 4),thenX_1. .............
0 1

1 1 1
(a)(1 - 2) (b)(2 2) (c)(z 2) (d)(z 2)
0 1 0 1 0 -1 0 1

Em A plane 1000 metres high was observed by a person at an angle of elevation of measure

40° , find the distance between the plane and the observer to the neanst metre.

En Ifu= (3 »—4) is a direction vector for a straight line » then all of the following are

direction vectors to the same straight line except the vector «--.---.

(a)(=3,4) (b) (95— 12) (c)3-4) (dass:-2

@IfA:(x 2) s AXA_1=A2,thenX><y: ...............

y -2
(a)3 (b)2 (c)-2 (d-3
EBvaAz?_sE , §B=_1()E,thenCAB= ............... o
(a) 35 (b)-35 (©) 15 (d-15
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Answer the following questions :
nIftan9=3 > then sec2 @ = oo
| 9
(29 (b) 10 © 15 ) 75

8 Measure of the acute angle between the two straight lines : X=3y , X+2y=0

(a) 15° (b) 30° 45° (d) 60°

B Which of the following points lies on the straight line = 25D +k(1 5=3) e

=15 =3 1 3 1 =7
@ (522-2) ®(F7) ©(3-7) @ (FF2)
(4 Dig d= (3 »4) is a direction vector of a straight line » then its slope equals « v vooevvee
3 & =4 =3
@ 3 ) 3 ©3 @)=

BIfA=(,2) > B=2i-JandifA LB sthenk = oo

(a) 1 (b)-1 (c)x1 (d) zero
6 | l_n _the opposite ﬁ_gure : B D
The area of the shaded region = -+ -cc..... cm? » |
(@) 10T (5) 2070 %/ /\\C
()30 ¥ ()40 7T &Jﬂim— J

) If the matrix A of order 3 x 2 and the matrix AB of order 3 x 1 » then matrix B

of order «+wooovonn

(a)2x1 (by3x1 (©)3x3 (d2x3
EA=(B5-2) » B=(@7,1)sthen|A+2B = oo length unit.

@113 0 512 (©) 11 (d) 17
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gAreaofAABCinwhichAB=SCm. s AC=4cm. » m(£LA)=60°

@52 593 ©5 (d) 10

m If position vector A= (\,_3- s 1) rotates around origin with an angle of measure 45°

anticlockwise » then the polar form of the vector A after rotation IS coverrveneines

(a) (2 530°) (b) (2 545°) (©)(2575% (d) (4 575°)

(@) 1f ABCD is a quadrilateral in which BC =3 AD » prove that : AC + BD =4 AD

m To make system of equations : a, X +b, y=c¢, » a, X+b,y=c,

has unique solution s it must be ...............

@] 21 bil_omls  Pil=o ©|%  Pilzo  @|% 51|20
4 2 © 2 4 b, © 2
m The point which belongs to the solution set of the inequalities :
2X+y<4 5 X43y<6is
(@)1 s—4) WXPERY ©)(152) (NCREDY)
m In the opposite figure : \ % .
N!s | |
The objective function =T ////// A
L] //’. ‘ 4z ///
a7 7
P= % X + y is minimum at which of the 1 \" % /{rf%f{% :}//////‘
;| Z 777
following points ? 1 f%///f/’é/}/ ’
_ 2, /
(2) © »4) () ©55) ™SI /
©@2s1) (d) @55 | BRNZ7%7;
sl R e
| O P12 LY o~
| '_LL = \?\\ |

EB In the opposite figure :
"X“ =4 cm. s then A=

@(2-213) ®) (293 52) £
©(4:1V3) @ (V32 & X
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[B If K ’ § are non-zero vectors and ” K+ E ” e ” K— § ” sthen -
(a) A=_B Aand B are equivalent,

(©) A and B are parallel. Aand B are perpendicular.

m A light pole of height 8 metres gives a shade on the ground of length 5 metres » then the
measure of the the elevation angle of the sun at that moment to the nearest degree

equals wrsssivas

(a) 32° (b) 51° 39° 58°

ED The length of the perpendicular drawn from the origin to the straight line r = (5:0)+k4,3)

equals ... length unit.

(a) 15 (b)5 3 4

{0 2 sin 613 = 0 where 90° < 6 < 270° , then 6 =
(a) 60° (b) 120° 240° 300°

ﬂD The perpendicular direction vector on the straight line X=3+2k , y=4-k

(a) (2 5 10) (b)1 ,2) 251) @,-2

mIf(: 1><1 ;C)=I,thenX= i

1/\-3
@1 (b)2 3 4

FF) Represent graphically the solution set of the following inequalities together :

X=4 5 y<X+2 3 X+2y2-2inRxR

PEJIfAB=(253) » CB=(—355)then AC = wrr..

(@) ¢ s-2) (b)=8,1 =2,5) 2,5
mIfJx ! 3‘:2,thenx=
2 x| |2 X
(a@)3o0r-2 (b)-3o0r2 3or2 —3o0r-2
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B sin? X + cos? X + Cot> X = oo

(a) 1 (b) cot® X © csc? X (1)) sec® X

m The area of circular sector equals 45 cm.? and the length of the diameter of its circle

equals 20 cm. » find the perimeter of this sector.

m If A (0 »0) is the image of the point B (4 > 2) by reflexion on the straight line L » then the

equation of L1 ..o

(@) X=2y b)2X+y-5=0 ()2X-y=5 (dX+y-6=0

X
@If( 3 2X+y):<25 b),ﬁndthevalueof%

X+y 3y a 5
¢ In the opposite figure :
o, an AY _ 3
XY //BC s AC =5
sthen X = «-vvevveeeeenns
@24 (b) @452
© 254 d) =452

€T Tf M is the midpoint of XY s then XM + YM = s

(2)2 XM (b)2 YM () XY 1Y)

EJIfX=(; ) ’ Y=(—3 5),thenYX= ...............

o) ek m o) e

t
EEIfX+( _3)=O,thenX= ...............
1 0

<a>(‘2 3) (b)(2 3) (c)(‘2 "1) @1
-1 0 1 0 3 0

Find the distance between the two straight lines : 3 X-4y+20=0 » 3X-4y+10=0
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voctive g
X~ 5 |

[_Model © CAS I

Answer the following questions :

3 1 1 (2 -1
A= and A~ 1= sthen X = oo
5 2 X 3
(a)3 (b)-3 (©)5 (d)-5
ng”X” = ||§|| sthen ««:vovvverennr
(@) A=B ()A=-B
(c) A=+B (d) It can't be find the relation between A B

B If A and B are the two images of the point (3 » 1) by reflection in X-axis and y-axis

respectively s find the point that divides AB internally in the ratio 2 : 3

ﬂ The point that belongs to the S.S. of the system of the following inequalitias :

X>250y>1 9 X+y=3is i

@ @21 (b)d,2) ©3>2) (d@A,3)
ﬂ In the opposite figure : C_———
g
If the area of the rectangle AEDF = 27 cm? / \ \
» find area of the shaded part B L ' ™ oA
| OE

[ If 0° < X < 360° 5 then number of solutions of the equation 3 sin X = tan X is «--ooeeie

(2)2 ()3 (c)4 (d)5

ﬂ Equation of the straight line passing through the point (2 » - 3) and parallel to X-axis

(a)X=-3 (b)y=-3 ©) X=2 d)y=3
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(EA+B=(5512) » A=2T49] sthen B= 1

()34 0 (312,38 ©E35-3) @ (312 %)

[1fA=(3+5 > B=(-1>m) > | AB|=4lengthunit ;thenm= oo

(a) zero (b)5 (c)-1 (d)-5

m Measure of the included acute angle between the two straight lines :

X-3y+5=0 » X+2y-T=0equals oo

(a) 45° (b) 60° (c) 120° (d) 135°

f) A car moved 20 metres in direction of North » then moved the same distance in the

direction of West » then the displacement of the car is -+
(2) 40 m. in the West direction. (b) 40 m. in the Western North direction.

(¢) 2042 m. in the Western North direction.  (d) 204/2 m. in the Western South direction.

sin® , cos O

+ R T G R |
csc® secH
(a)tan O (b) sin 6 + cos 0 (c) sec B csc O (d1
m A regular hexagon of area 54% cm? » then its side length «-eeeree cm.
(a)5 (b) 6 ()7 (d) 8

(0] If A is a diagonal matrix in the order 3 x 3 and 8 = 5 for eachi=j s then oo

(a) A=1 (byA=51 (c)A=50 (dA=0

{5 The points A (- 1 5 5) ,g 252)andC (@3 » 1_) i) (TRETIR
(a) vertices of right-angled triangle of area 5 square unit.
(b) vertices of isosceles triangle of area 10 square unit.
(¢) vertices of equilateral triangle of area 9 square unit.

(d) collinear.
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m Find the minimum value of the objective function P = 2 X + 3 y under conditions

X+y=<5 5 y=1 , X=2

m If the point A (0 5 0) is the image of the point B (4 »2) by reflection in the straight line L »

then equation of L is -.
@x=2y b2X+y=5
©2X-y=5 dX+y=6

m From the top of a rock 100 metres high s the measure of the depression angle of the boat

which is 200 m. away from the base of the rock equals (in radian) = i ad

(a) 0.08 (b)0.46 (©)0.25 (d)0.24

[m The area of the circular segment whose diameter length of its circle is 8 cm. and the

measure of its central angle is 1.2"¢ equals approximately ............... cm

(a) 8.57 (b)2.14 (c)4.28 (d)1.07

m The length of the perpendicular drawn from the point (3 » 1) to the straight line

4X+3 y— 5=0 equals e length unit.
(@2 ()3 (c)4 (@5
P IE3® = | where 6 €10 52 7T[ »then O = .0
(a) 45 (b) 90 (c) 180 (d)270
EB If the polar from of OA is (12 > ZTTC ) » then the polar form of AO is
T 27 47 - 5T
@ (12,F) ®)(12,5%) ©(6,%57) (@ (12,%¢)
FE)If the slope of a strai ght line = _Tz » then its direction vectoris ... ...
@@B:>-2 b)=3,2 (©)(65-4) (d) all the previous.
‘ X+2 2
FZ) The solution set for the equation =4is
(X X-3 ‘
(a){3,-2} ®) {2,-3} ©{5,-2} (d) {2 ,-5}
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mIfA=(—1 :) » A=A"!x B, find the matrix B

-2

aﬂ The vector equation of X-axis i8 ...
(a);=(191)+k(0,0) (b);=(1,0)+k(1,1)
©T=k(l,0) @r=k(©,1)

mIfAisasquarematrixinorder2><2 s]2A|=8 sthen |3 A" =i

@9 (b) 12 ()18 (d) 24
- 0 2 5
Iff x o 3 |isasymmetric matrix s then X = oo
5 3 0
@0 ()2 ©3 -2

@ Find the norm of the resultant of the two forces : 1_3: =-3i +\/€j ’ Fz = (6 ’ % )

fitA=(3sk > B=Q2>-3)andA LB sthenk=
@3 ®)2 ©-2 @-3

Eﬂ The solution set of the inequality 1 <2 X -1 <5inRis ..o

@ 1,3[ ®) ]1,3] @©[1,3] @[1,3]

32) In the opposite figure :
ABCD is a rectangle i < 7
, E is the midpoint of AD |
EB4BA _DC = oo B c
(@ EB (b) BE ©EC @ CE

mlfA:(i 1) a C=(4 7),then321+012=...........,,.

2 5 8 9
@) 5 (by 4 ©-5 (d)3

93



Mathematics

" wo,ctive l‘e,,.

[ wodel @ 21l |

Answer the following questions :

EDSS. of the two equations : 2 X—3y=1and 3 X +2y =8 is e
@ {1 »2)} (012> 1} (©{@2 >3} @ {G»2}

g Find the area of circular sector » length of the diameter of its circle is 12 cm. and measure

of its central angle 60°

B Point of intersection of heights of the triangle in which its sides coincide on the straight

lines: X=0 » y=0and X+y=118 ovienes

(@51 (6)©50) €150 @(5>3)
k+-L 1
O  k =15 , find the value of k2 + —L
1 k+—
K
D In the opposite figure Y
If area of A ABC = 15 square unit \'\\5(0’6)

» CA = CO » find the equation of L,

X \ NA X
- 8] - C#\ i -\'\-..‘. -
y Lz‘ LI“
(DIftan 6 + cot =2 , then tan®° @ + cot?19 @ = ...
(a) zero (b1 ()2 (d)3
L] L, and L, are two straight lines » the tangent of the included angle between them equals % and
the slope of L, equals twice the slope of L, » then slope of the straight line DR
(@) % (byx1
©)1, % (d) All of the previous answers.
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BIftheforcesFI:(8 2,1313) F=a4ih+3j ’ FA=—5-‘i‘+(b+2)‘jhareactingin

4
one point and equilibrium » then

(a) 13 (b)-13 ()1 (d-1

g If A is a matrix in the order 2 x 3 » B! is a matrix in the order 1 x 3 » then the matrix AB is

in the order --..ccooveeinns
(a)3x3 b)3x1 (c)2x1 (d)1x2

([ If C is the midpoint of AB where C=(0 53) > B=(756) sthen A= oo
(@) (7 5 6) (b) 3 56) © 7,0 (d) ©-6)

m General solution of the equation : cos 0 =1 1§ «+weereeees

(a)n TC (b) 21 T (c)%+n3‘l§ (d)%+2nﬂ?

m If the point (4 5 k) is lying on the axis of symmetry of the region of S.S. of the two
inequalities : X +y>a > X—y>asthenk= e

(a) 4 (b)—-4 (c)a (d) zero

m The straight line : 2 X + 3 y = 12 makes with the two axes of coordinates a triangle of area
............... square unit.

(a) 4 (b) 6 (c)8 (d) 12

m The point at which P has minimum value where P =35 X + 10 y from the following

POINLS 1§ orvvveserens
(a) (0 510) (b) (0 520) (c) (0 540) (d) (20 » 10)

@ In the opposite figure : E
If the elevation angles of the top of a tower from three different
points on the horizontal line passing through the base of the tower /
are of measures 30° »45° , 60° respectively /\4(? 45 A60
,then AB : BC = «oevvennenn PR & B C D
@1:43 (b)2:3 ©V3:12 @y3:1

[} In the opposite figure : b X . C
ABCD is a square and AY + XY =k XC sthen k= wovveeeerees \
(@1 (b2 Y
©3 (d) 4 o

A B



Mathematics

m The measure of the central angle of a circular segment is 90° and its area is 56 cm? » then

the radius length of its circle approximately equals ............... cm.

(@99 (b) 198 ()7 (d) 14

m The measure of an angle in a rhombus is 50° and its side length is 12 cm. » then its area

iS o cm?

(a) 36 sin 50° (b) 72 cos 50° (c) 144 sin 50° (d) 72 sin 50°

DUrA=(k>2 > B=3 k-5 andA LB »thenk = e

(a) 1 (b)2 ()1 (d)-2

)iIfA=3i-4j , B=j » C= (5,—),thenIIXll+||§||+||E||= ------------- :

(a)9 (b) 10 () 11 (d) 12

{3) The number of solutions of the equation : sin® X — 6 sin X + 9 = 0 i v.oooorvvovo.

(a) zero (by 1 ©?2 @3

2
@ The value(s) of X which makes the matrix ( ;C 7 ) has no multiplicative inverse

18/are oo

(@a)2or4 (by-2or-4 ©)x2 d)+4

m The shaded region in the given figure

represents the solution set of the incqualities ............... 5
(@ XxX>1 » y>2 ' o i
/”//7;//
byl<XxX<3 , 2<y<4 {—i3 /
/ 77
©)1=X=<3 s 2=xy<4 > /’/// i

(X+y=3 5 X-y=7
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m The length of the perpendicular drawn from the point (1 » 1) to the straight line X +y =0

equals ..o length unit.
2
@5 b)y2 ©212 @2
X Y X-y 4y
mlfz | =4 ,then ] g |
(a1 (b) 10 ©12 d 16

ﬂa Ifu= (2 »—5) is a direction vector of a straight line » then all the following are direction

vectors for the same straight line except ...............

@ (2-,5) (b) (6 5—15) ©@2»5) () (—1 ,2%)
t
mIf(i a;2)=(’?7) :) ,then(a b): ...............
@(6 ) ®)(7 6 ©0© 4 @(4 7

m Measure of the angle between the two straight lines L, : X = 3, 1L, T = 2-5+kd50)

(a) 90° (b) 180° (c) 45° (d) zero

EE]Ifo(l 2) =1, find the matrix 3 A
11

fIfA=(k»>2) » B=(1»-1)and|AB|=5sthenk =

@5 (b)-3 (c)50r-3 @15

) IfA=(35-5) » B=(=155 > M=(6:k) and M // AB sthenk = e

@-15 (b)-10 -5 5

EB The polar form of the vector A=-3 3 IS wsssssmissnes

@(-3-7) ®(3-2) ©(-3,2L) @ (3,21)

EAItA=(15>2) » B=(357 > C=(7512) » find C in terms of A and B
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Answer the following questions :

=

n If A » B are two matrices where AB = (i _51 ) sthen B'A'= oo

3 -1 3 4 5 -1 5 4
() ( ) (b) ( ) (©) < ) (d) ( )
4 5 -1 5 4 3 -1 3
E] ABC is an equilateral triangle in which A (2 , — 1) and the equation of BCis X+ y=25
then the side length of the triangle ABC = -+ vvv.. length unit.
2 6 6
@) 12 (b) e ©) e @2
2 2 3
E]The S.S. of the equation : sin X + cos X = 0 where 180° < X < 360° equals e
(a){210°} (b) {225°} (c) {240°} (d) {315°}
[ 2 =1
nlf X—-2 m ={mn where / s M » n non-zero numbers > then X = -
0 0 n
(a)2 (b)-2 ()6 (d) mn
D In the opposite figure :

If M is the point of intersection of the medians of A ABC , prove that :

MX+MY+MZ=O

ﬂ In the opposite figure :
M and N are two distinct circles and A1 ’ A2

are the areas of the two sectors.

A

lfA—Iz% sthen O = - coovvvvnnn.

(a)72° (b) 80° (c)90°
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) The solution set of the inequality : — X <y < Xis cerereeee:

X K X O

Blfﬁ=(2 s5) s ﬁ=(1 53) ,then2ﬁ—§= --------------
@@3>7 ®d52) (©)(358) @ @©>s1)

) An equilateral triangle of side length 8 cm. » then its area = oo cm?

(a) 813 (b) 163 ©) 2443 @) 3293

mIfX=(6 a%) ’ §=4_i‘+ 3—37thenK§= ---------------

(@) (-4 53) (b) (4 53) (c)(4,-3) d)(-4,-3)

(i) In the opposite figure :

If the area of the square ABCD = 36 square unit and D (- 12 , 0)

» then the vector equation of the straight line <E—B) 1§ seesrensiranens )1{ é
(2)1=(053)+k(352) X.D A /ﬁ %
() r=(053)+k(-352) i
©1=(-6,-6)+k(-2:3) ) SR

dr=(=6,-6)+k(25,3)

m The point which aren't lying in the region of the solution of the inequality : 2 X -y <7
INR X RIS coevreeenenees

(2)(050) () (250) ©@G>-2) (d)(5-4)

m M = (2 5 1) is a direction vector of a straight line » then all of the following vectors are

perpendicular to the straight line except the vector -«

@1 ,-2) b)(=2-4) ©-152) d(1,2)
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L) In the opposite figure : 2 y

15); ﬁ; =i- 3-3 ’ E =3i+ 6} » then the force ﬁ; which makes the resultant of the

three forces is a unit vector and acts in the direction of positive part
of y-axis equals ...............

@-3i-37  ®-4i-2] ©-5i-3] @-4i-37

L It the length of the intercepted part of y-axis by a straight line is twice the intercepted part
of the X-axis and the straight line passes through the point (1 5 2) » then the equation of

the straight line is ...............
(@2X+y=-4 b)2Xx-y=4
©)2X-y+4=0 @2x+y-4=0

m The area of the circular segment in a circle with radius len gth 10 cm. and its arc length

5 cm. approximately equals .. cm?

(a) 0.13 (b) 0.51 (c)2.05 (d)1.03
{[) In the given figure :

The length of BC= oo &

D

(@ 5 cm. b6 % om. {_/_

(©)3 3 om. @ 3 cm. ¢
L5 (sin 6 + cos 0)% 2 5in B cos B = ..

(a) zero (b) sin 0 ©1 (d) cos O
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(a)((l) ?) (b)(i 8) (c)(g 1) (d)((l) (1))
ml?X=2‘i+3§ y B=(k—-1)i+] » A/Bsthenk=

@3 ® 3 ©-3 @-2
fRIfAB=(-3,2) » BC=(0,2) sthen|AC]=

@113 +2 ®Y13-2 (©) 4 OF

@ Which of the following points belongs to the solution set of the system :

X>0 sy>0 » 2X+y>67

(@) (1,3) (b) (0 50) () (253) (d)4s5-2)

m Find the measure of the acute angle between the two straight lines :

{:T=@>0+k351)50,:2x=3-y

¢1) The matrix (X +3 2 ) has no multiplicative inverse at X = «--eeee
2 x-3

(a) 3 ) =413 ©5 @) 5

mlf[ » m are the roots of the equation : X2-4Xx-10=0

20 -1

, find the value of the determinant 3

@ In the given figure :

IfL1:3X—4y+10:OaL2:3X=4y -
/E/\D\(LZ

» then the length of the perpendicular drawn

from A to BC = -+eereeene length unit. c B

(a1 (b)2 (c)4 (d)6
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m The coordinates of the point C which divides AB internally in ratio 1 : 2 where A (5 5 - 6)

»B (— 1, 3) IS sammaeivi

(2)(050) ®)@3>»3) ©(-3,-3) @ @»>-3)
EE] The general solution of the equation : cos @ =— 118 ............... where n €7Z

(a)%+n3‘l§ (b)%+nn (c)TT+2Tn (d)%+2n3‘[1

Emlfﬁ=63 ’ a5=(6 s 4) ,X:(—],3),then§= ...............

CICRY) ®)(-5,-7) ©)(=55T7) CICREN)

mIfA‘1=(Il i) ) AB=(3 _f),findthematrixB

@ The polar form of the vector A =1/§ T+ ; 18 i,

@(2,%) ®)(4,%) ©(2,%&) @(4,Z)
@ The area of tl_le_triangle withV:tic_e; (1,_6) 5(0,10) 5 » 8) equals ............... square unit.
@5 (b)10 (©) 15 (d) 20
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Answer the following questions :
nlf(4 1)( 1 _1>=I,thenx= ...............
3 1/\-3 X
(a) 4 Md)>5 ©1 (d) zero

ﬂ If A is a square matrix » then (A + AY i e
(a) symmetric matrix. (b) skew symmetric matrix.

(¢c) zero matrix. (d) diagonal matrix.

B Measure of the included angle between the two straight lines their slopes are % and — 2

(a) 45° (b) 90° (c) 120° (d) 135°

0 If X and y are two integers where X>0 » y >0 and X +y <5 » then the number of

ordered pairs (X » y) that satisfy the previous conditions are -«----oeee-

(a) 4 (b)5 (c)6 (d)7

) The additive inverse of the vector AB is the vector e

(a) BA ) 0 (c)-BA (d) AB
ﬂ In the opposite figure :

If D €BC where DA = DB =DC =5 cm. » m (£ ADB) = 80°

sthen AC = -vrvvvvreennes cm.
(a) 10 sin 40° (b) 10 sin 50°
(c) 5 sin 80° (d) 5 sin 40°

BZSin23X3+2cosz3X3= ---------------
(@6 (b) 54 (©2 (d2x3
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) In the opposite figure : )
A circle whose centre (7 5 8) » the straight line ABis ‘Q
a tangent to it at A, then equation of the straight N A(10,13)
line AB s -oveevenne. ((7})\
(2)5X+3y=95 ®)3X+5y=35 x | X
(©)3X+5y+95=0 (d)3X+5y=95 4

E)1fAB=CD where AB=(5,—11) 5 C=(-18) »then D= ...

(a) (4 ,-3) bB)Y=5+-7) (c)4,3) (d) (6 5-17)
im Area of the triangle subtended by the straight lines : X=0 , y=0and % + % =1 equals
--------------- square units.
(a)2 (b)5 (c) 10 (d)7
11} If A and B are two unit vectors s then -
@IA+Bl=2  ®»IZ-Bl=2  ©|A+Bl=2 @ [A+B]s2

£ In the opposite figure :

If the equation of the straight line ABis:2X+3 y=12

» then the vector equation of the straight line DC s oo
@1=(253)+k(2»3)

Dr=@253)+k (3 »2)

©T=(352)+k(253)

Dr=0352)+k(3 »2)

2
‘B Find the solution set of the equation " =12inR
13 x
() I£0° <0 <360° and cos B+ 1=0 »then 6 = oo
(a) 90° (b) 180° (c) 270° (d) 360°

@ The point that belonges to the S.S. of the following inequalities :
X205y2052X+y<4and X +3y<6is
(2 (1,-3) (b) (3 50) (©) (2 53) d@,1)
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[B Which pair of the following vectors are perpendicular ?
(a)(3+0)5(2,-1) (b) (=2 +5)5(4 5-10)
(C)(2 ,0)7(0 ,2) (d)(l 7—4),(2 ,—8)

m From the top of a tower 80 m. high. » the measure of depression angle of a body lies on
the horizontal plane that passing through the tower base equals 24° 12 , find the distance

between the body and the base of the tower to the nearest metre.

(DifA=6-8 > B=@3sm) s C=m>9)andA/B>BLC  thenm+nz

(a) 8 (b)-8 (c) 12 (d)-12
Ifsind=2 , 8E 0,8 | sthen1+tan? @ = oo
b 2
1

() (b) ——= (c) == (d)

a®-b? Ya-b {1+a?

2053 A= (2 > % ) s find the Cartesian form of the vector 2 A

y
2

k

¢2) In the given figure :
A
The area of the shaded part approximately 4
equals .............. cm?
(@) 7.1 (b) 28.5
c B
(c)14.3 (d)2.02

m The perimeter of a circular sector is (4 r) cm. where r is the radius length of its circle »

then the radian measure of its central angle equals ............... radian.

(a) % (b) 8 ()2 (d) %

23] in the opposite figure :
M is the intersection point of the medians of A ABC
JAB+ AC =k AM sthenk = -roeeeveee
OF (b) 3

(c) (d)2
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a b ak kc
@]If c d =6 and b d =—24 sthenk =i
PAA=-7B then . .

@ALB b)A /B olal=]8] @7A=B

EB Measure of the acute angle between the two straight lines : X —\/E y=5 5 y=2
equals wimran
(2) 90° (b) 60° (c) 45° (d) 30°

F1) If the slope of a straight line = 0.6 » then its direction vector could be ..............
(@) (5 53) ®@355) ©)(=3,5) d @3 s-5)

F1]) Find the coordinates of the point lies at 2 the distance from A to B to the directed

5
segment AB where A 3s-2) » B(~1,5)
4 0 O
@ The value of the determinant| 7 2 0 |= oo
1 5 1
@1 (b)2 (4 (d)8
m Find the length of the perpendicular drawn from the point (3 » 1) to the straight line
4X+3y-5=0
ED By using the given figure » the point which ’
makes the objective function : P=3 X+ 2y L4 i
as small as possible ............... s &
()0 >4) (6)3»2) '%\\wf
©) (5 6) (d) (0 6) e ]
BE |
l(,l) | 2 3 4 § 6 ==
y\

@2 (2 )2 ) tenarbm

3 —1/\b
@3 (b) 4 ©5 @6
EEIf(?)—(}ll ):(2 ),thenx+y= ...............
(@5 (b) 4 ()3 (d1
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L]
Answer the following questions :
o If A is a matrix of order 1 x 3 » B! is a matrix of order 1 x 3 » then its possible to find --eoeveenernnes
() A+B (b) B + A (c) AB' (d)AB

a Projection of the point (2 » 3) on the straight line L : X 4y = 1118 «eeeeeeeeenes
(@ (=6>5) (b) (6 55) () (5-6) (@) (5-6)

B Measure of the obtuse angle included between the two straight lines :

y=(2—1/§)(x+5) , y=(2+’\/€)(X—7)is ...............

(a) 150° (b) 60° (c) 135° (d) 120°

) I A is a square matrix in order 2 x2and|2A|=8 ,find | 3 AY|

B The productive rate of a factory is 120 units at most of two different kinds of articles the
number of produced units from each kind equals X and y respectively.
If what is sold from the second kind doesn’t less than half what is sold from the first kind.

Which of the following system of inequalities represent the previous data and conditions ?
(@) X=0 5 y=0 » X+y=<120 », 2y=X
b)X=0 » y=20 » X+y=120 » y=<2X
() X=0 » y=0 » X+y=<120 » 2y=X
@xX=0 » y=0 » X+y=<120 > y=2X

B In the opposite figure :
Three congruent circles are tangent to each other
If C = (4 »4) » then equation of the straight

line AB i -+eereeere
@t=@-4)+k(1,-V3)
®T=@>H+k(1,-13)
©1=02,4+k(1,-13) R
@r=02,4+k(-V3,1)
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ﬂIfK: 654) » B=(2 sm)and A L B sthenme= oo
(@-3 (b)3 ()-6 (d)4

0 The direction vector of the straight line a X + by + c =0 is reeviensinn
(a)(a sb) (b) (a s—b) (c)(bsa) (d) (b s—a)

gNumber of solutions of the equation : sin X = 0 where X € Y B E——
(a)2 (b) 4 (©)6 (d)8

{[1) If the measure of the included angle between the two straight lines :
X=7 5 y=aX+2equals 90° sthen a = -oorvev..
(a) zero (b) 1 (c) 90 (d)y—1

1) Which of the following statement is incorrect ?
(a) lfK:E s then ”X” = “ §” (b) If” A”: ”ﬁ” s then X:ﬁ
()IfA//B sthen A=k B (IfA=kB,thenA /B

m The quadrant that represent the S.S. of the system of the two inequalities : X >0 5 y> 0 is
the oo, quadrant_

(a) first (b) second (c) third (d) fourth

(Bl 1f6 €]0° ,360°[ 52 cos +'\/§= 0 » then 8 may be equals -+
(a) 30° (b) 60° (c) 210° (d) 300°

m If sin O 5 cos O are the two roots of the equation : 2 X% +bX~1=0 sthenb= ...

(a) zero (b)2 (©3 (d)-4

» then its side length equals «--....... cm.

@) 1243

[B Which of the following vectors represents the velocity of a car moves with speed of

(] If the area of a regular hexagon is 54V? cm?
(a) 6 (b) 12 © 63

magnitude 100 km./hr. in the direction 60° West of North ?

(2)501+5093 ] (55043 1-507 (©)-50937+507  (d)-507-5043 1
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mIfABCDisaparallelogram,A(l,2) s B(X5-3) 5 C(-355) 5 D(-7>y)

,ﬁndﬁS

m IfA = (7-8) » B= (4 54) , then all of the following is true except

(A +B=(11512) (D) A-B=(3»4)
©2A-B=(10,12) (d)AB+A =4 6)

(E) In the opposite figure : K-
20
The length of AC = oo cm. g
b
(@6 (b) 10 &
©4 @5 5P
X+2 2
m Find the solution set of the equation =4
X X-3

mlfx »yE[0,27] » 8=X+y »then the values of 6 which satisfy :

sin Xsiny =1 are «..cooveeers
T 3% T
@ {m , 27} ) {7,375} @ {%3F @{%,%
cos® sin®
@IfA:( _ ),thenA2019= ..............
sin®@ —cos®
@A (b) A (c) 2019 A® (d) 20191
@ Equation of the straight line that is equidistant from the two straight lines :
y=- 2,y= 1O S ceererrrrmreees
(C)X=4 (d)X=—12

m If the heigth of a circular segment is 5 cm. and the radius length of its circle is 10 cm

, find the area of the circular segment to the nearest cm”

f1f2AB +2BC=k CA sthenk =

(®)2 ©-1 (d) -2

(a1
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f1) In the opposite figure :
D » E are the midpoints of AB , AC

sAB=M ,AC=N
,thenﬁ: ...............

(a)M+N MM =N

© 4 (7 -F) @ (F -F)

P IfA=(6,-8) » B=(-3»4) ,find the ratio that the X-axis divides AB

m If A is a skew symmetric matrix »then A+ A= ...

@2A (b)2 A’ ©o0

t
EDHX+<2 0)=o,thenX= ...............
5 7

(a)(z —5) (b)(-z -5)
0 -7 0 -7

fA=(X>4) » B=Q2sy)and A /B »then .o...
(@A) X+2y=0 b)x=2y )Xy =8

£1) Which of the following inequalities
represent the opposite graph ?
(1) X-2y-6<0
b)2X-3y+6<0
(©)3X-2y+12=<0
(d3X+2y+1220

SV A, h L 2
Zix |

@IfA=(§ ;) ) A_lz(2 _i),thenX:........._.....

X
(2)3 (b)-3 ©5

d-5

m The area of the triangle bounded by the straight line % + % =1 and the coordinates axes

equals o square unit.
@6 (b) 12 ©4

(d)3
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Answer the following questions :

nIfXX(Zl _1)=<1 ?),thenX: ..............

1 0

1
@z ° (b)(1 1) (c)i(1 1) (d)3(1 ‘1)
0o 1 1 2 3\t 2 1 2

aIfAB =AC sthen ---oooveeeeeees

(a) B = C for all matrices A (b) B # C for all matrices A

(c)B=C at|A|=zero (d)B=C at|A|#zero

B The normal straight line to the straight line r= (B3-52)+k (1 s —\/3) makes with the

positive direction of X-axis positive angle of measure ..o

(a) 120° (b) 30° (c) 60° (d) 150°

3 In the opposite figure :
If ABCD is a parallelogram in which
BF=2cm. sFC=4cm. ,thenﬁz ---------------

2 1 3 ek
(C)§AB+ 3 AD d) 7 AB + 7 AD

BIfA,Baretwo square matrices of order 3 x3and|A|=-1,+|B|=3
sthen |3 AB |= oo

@-9 (b)-81 (c)-27 (d) 81

B If matrix A of order 2 x 3 and AB of order 2 x 4 » then B'is a matrix of order -

(a)4 x2 b)2x4 (c)4x3 d)3x4
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—_ 2 -
) The expression ¥ _‘COS 2
sin“ 6 -1

(a) - tan® @ (b) —cot? 8

Duoc=(1292,2

pointCiS ...............

(2) (=6 5 6) (b) (- 12 512)
OilacAl=l-12A ] thenk =

(a) 3 (b)-3

in its simplest form equals

(c) tan® O (d) cot® @

4“) is a position vector of point C with respect to the origin s then

©) (12 »-12) (d) (6 5-6)

(c)+£3 (d)y+4

m Which of the following verbal expressions represents the inequality y = 2 X

(a) Two numbers » one of them greater than twice the other.

(b) Two numbers » one of them not more than twice the other.

(c) Two numbers » one of them less than twice the other.

(d) Two numbers » one of them not less than twice the other.

m The solution set of the equation csc 8 = -2 where 0 €[0 » 2 7| is

(a) {30° » 150°} (b) {30° ,330°}

7] In the opposite figure :
the area of A ABC

-+ square unit,
(a) 15
(c) 24

{E) In the opposite fig;c :
If BC =2 CA » then the equation
of the straight line ABis e
(A’ X+2y+6=0

©)2X+y+9=0
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(c){210°,330°}  (d) {150° ,210°}

)
Na
\\ q_.,&;\?"'
_\r: = ;:r\_,t;'/
(b) 20 1.+ ”\\\
/J 1'
(d) 32 g \
¥
XA =
N 0
C g
D) N
(b)X-2y-6=0 Y
y

(d)X-3y+1=0



Final Examination Models

m The area of an equilateral triangle whose side length X cm. equals -+ cm?
3
(a) X2 (b)Lx2 (c)ﬁx2 @ 1 x?
2 4 2
(B If A is NON-ZEr0 VECtor » then «------------
(a) — X 1 X (b) — K and K have same direction.
(c) ” -A “ < ” A " - A and A have opposite directions.
@ The point -«:ccooveees belongs to the solution set of the inequality : 2 X +y > 6
(@@ ,4) (b) (050) ©)45-2) @2 53)

. 4 N T .
m Value (s) of X that makes the matrix ( )96 5 ) has no multiplicative inverse s«

(a)—6 -4 (b)6 59 ©=6 (d) 36

m A circular sector » its perimeter 10 cm. and length of its arc is 2 cm.

» then its area equals oo cm’

(@4 (b) 8 (©) 10 (d) 20

@ Length of the drawn perpendicular from the origin point to the straight line whose

equation 3 X -4 y—15=0equals ---eoovee length unit.
(@3 b4 ©5 @15
m In the opposite figure : A
BC is a diameter in the circle M (&
»AC =6 cm. sm (£ ABC) = 8 » then area of A ABC = «+seevveevven em? C M T
(a) 6sin © (b)6tan O (c)18tan O (d) 18 cot O

mIf sin A + sin2 A =1 » find cos® A + cos* A

m The vector equation of the X-axis 18 <o
(@r=(1,1)+k(,0) M) r=(1,0)+k(l>1)
©)r=k(l,0) dr=k(,1)
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Mathematics ___ -

mlfsin6+cos 06=14 sthensinBcosO=-oe
(a) 0.96 (b) 0.24 () 048 (d)+0.24

@IifA=2i-j > B=i+j » C=i+3jand A L(kB+C)find the value of k

mlf(l »y) lies on the region of the S.S. of the inequality : X +2 y <7 sthen - oo

(a)y<3 b)y>3 (c)y=3 dy>7
f1 In the opposite figure : }'
-2
If cos 0= . ((:@K A

Find the coordinates of the point B

X, C
0 (3,0>\
5
mIfKZSE,then ...............
@ALB (b)A /B ©|Aal=B] @3A=B
mTriangle ABC in which D is the midpoint of BC sthen AB + AC = ...
(2) BC (b) 2 AD ©0 (d) AD
2x 0 0
FL) Find the value of X »if| 1 3 X 0|=48
2 4 X
Mx|?X 1 2 |=2K2+1,then the value of k= ...
3 k+1
(@) 2 (b) 4 ©6 d) 8
B IfA=ki+j » B=(k-2,2)and A/ B rthenk= ..
(a) 2 (b) -2 () +2 d3
EF 1t CEAB >3 AB =5 CB » then C divides BA by the ratio -
(a)2:3 (b)3:2 (©)3:5 ds5:3

EE) Find the measure of the angle between the two straight lines = BsD+k(2s1)
22X+y+5=0
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